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PREFACE 


The recent development of the theory of the liquid state, which dis- 
tinguishes this theory from the older views based on the analogy 
between the liquid and the gaseous state, is characterized by the 
reapprOximation of the liquid state — at temperatures not too far 
removed from the crystallization point — ^to the solid (crystalline) state. 

The apparent opposition between these two states has been removed 
by tl^ disclosure of elements of rigidity and order in liquid bodies on 
the one hand, and of elements of fluidity and disorder in solid (crys- 
talline) bodies on the other. 

The kinetic theory of liquids must accordingly be developed as a 
generalization and extension of the kinetic theory of solid bodies. As 
a matter of fact, it would be more correct to unify them under the title 
of ‘condensed bodies’. 

In the present book the main stress is laid upon the liquid state; 
the solid state is considered (in the first two chapters) from the point 
of view of the amendments which must be introduced in the classical 
theory of ideal crystal lattices in order to bridge the gap between the 
solid and liquid states. 

I was led to a revision of this classical theory in 1924, in connexion 
with a study of such processes as the evaporation, diffusion, and con- 
duction of electricity in solid bodies at elevated temperatures. 

The introduction into the kinetic theory of real crystals of the 
conception of a partial dissociation of the crystal lattice (Joffe), of 
interstitial atoms and movable holes, of the heat motion as an alterna- 
tion of small vibrations about fixed equilibrium positions with a jerk- 
like displacement of these positions, has paved the way to a correct 
understanding of the character of the heat motion of molecules in 
liquid bodies as a motion of a vibration-diffusion type, with a much 
more pronounced diffusion component than in the case of solids, i.e. 
with a much more rapid displacement of the equilibrium positions, in 
conjunction with the absence of regularity in their spatial distribution. 

This conception forms the molecular-kinetic basis for that pheno- 
menological unification of the solid and liquid states of matter from 
the point of view of their mechanical {‘visco-elastic’) properties, which 
was proposed long ago by Maxwell with respect to amorphous bodies. 

It was believed, however, until the pioneer work <tf Stewart (1928) 
on the X-ray analysis of the structure of liquid bodies, that these 
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differ sharply from soKd bodies in the thermodynamically stable (crys- 
talline) state by the absence of any regularity in the arrangement and 
orientation of the atoms or molecules constituting them. 

This difference has proved to be rather in the degree of order than a 
qualitative difference, since liquid bodies have been shown to display 
at low temperatures, lying in the vicinity of the crystallization point, 
a high degree of local (short-range) order in the relative distribution 
and orientation of their molecules, of the same type as that characteristic 
of the corresponding solids. 

While the fundamental principles of the kinetic theory of liquids can 
be regarded as more or less settled, the quantitative development of 
various general questions of this theory is still in an embryonic stage. 
.This refers, in particular, to such questions as the theory of fusion and 
the equation of state of liquid bodies. It has further been hardly 
possible to obtain a satisfactory quantitative theory of various types 
of liquids, corresponding to different special types of molecular structure 
and molecular forces, in spite of the considerable number of studies of 
this subject that have been published in the course of the last few 
years. 

In these conditions the publication of a book on the kinetic theory of 
liquids may be thought premature. I feel justified, however, in having 
WTritten it for three reasons. In the first place, because I myself have 
been interested in this theory for the last twenty years and have made 
a number of contributions to it (many of which have been published 
in Russian journals only and have remained unknown to foreign reader^). 
In the second place, because an understanding of the principles of the 
kinetic theory of liquids seems to have been restricted thus far to a 
somewhat narrow circle of physicists and chemists, whereas it is of 
vital importance to all those who have to deal with matter in the 
condensed state. Finally, a presentation of this new theory, even in a 
very crude and incomplete form, may serve to attract the attention of 
other scientists to this subject and accelerate its further development. 

The choice of the material incorporated in this book has been deter- 
mined partly by the author's personal interests and partly by the 
limitations imposed by its size. Certain topics are treated at a greater 
length than they may appear to deserve, while other very interesting 
topics are wholly omitted. I have limited myself to the consideration 
of ordinary liquids, whose properties can be understood on the basis of 
classical mechanics and statistical theory, leaving wholfy aside a number 
of interesting questions referring to ‘quantum liquids', such as liquid 
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helium II, the free electrons in metals, and the proton-neutron liquid 
in complex atomic nuclei. 

I have written this book at a time ill suited to the pursuit of purely 
academic tasks. I may be excused for this by the consideration that, 
when victory had become certain, it seemed advisable to revert to 
topics of pre-war and post-war interest. In recalling the state of mind 
and the conditions in which this work has been carried through, I wish 
to express my debt of deepest gratitude to the men and women of my 
country who, in the ranks of the Russian Red Army, have heroically 
and victoriously struggled for the salvation of our life and civilization 
against the ruthless forces of the Nazi barbarians. 

J. F. 

ACADEMV or SCIENCES or the 
U.S.S.R. PHYSICO-TECHNICAL INSTITUTE 
AND UNIVERSITY OF KAZAN, KAZAN— MOSCOW 

July 1943 


NOTE 

The publication of this book, which was written at Kazan in 1942 
under rather difficult conditions, has been delayed owing t6 mailing 
difficulties connected with the war. I wish to express my warmest 
thanks to Professor N. F. Mott and to Dr. R. Sack, who undertook 
the arduous task of reading the proofs and corrected a number of 
mistakes which had slipped in owing to the impossibility of reading 
them myself. 

J.F. 


LENINGRAD, PHYSICO-TECHNICAL INSTITUTE 

March 1946 
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I 

REAL CRYSTALS AT ELEVATED TEMPERATURES 


1. Evaporation of Crystalline Bodies 

Ceystalline bodies are usually described as possessing a perfectly 
regular structure. The only deviation from perfect regularity which is 
taken into account consists in the vibration of the atoms about their 
equilibrium positions, which are assumed to constitute an ideal three- 
dimensional crystal lattice (with a correction for the thermal expansion). 

From this point of view, however, such processes as the evaporation 
of a crystal, its dissolution in a liquid medium, or the mutual diffusion 
of two different crystalline substances would be utterly unintelligible. 

The simplest of these processes — the evaporation of a solid body — 
obviously consists in the separation of a fraction of the superficial atoms 
from the rest and their escape into the surrounding space. The possi- 
bility — more than that, the necessity — of such an escape directly follows 
from the general principles of statistical mechanics, in particular from 
Maxwell’s law specifying the velocity distribution (which at elevated 
temperatures is the same in the solid and liquid as in the gaseous state). 
If the component of the velocity of a superficial atom along an 
axis X normal to the surface of the crystal, is directed outwards and is 
sufficiently large, the attractive force acting on this atom will not be 
able to prevent it from escaping into the surrounding space. The 
minimum value of is determined by the equation 

where m is the mass of an atom and is the work necessary to remove 
it from its (superficial) equilibrium position to infinity, i.e. the evapora- 
tion energy referred to a single atom. 

Now according to Maxwell’s law the relative number of atoms whose 
velocity in the a;-direction lies between and Vy,+dVy. is equal to 

where iT is the absolute temperature of the body. 

The number of superficial atoms which during a time dt pass through 
the respective equilibrium positions in the outward direction with a 
velocity in the range between and referred to unit area of 

the surface is equal to nf{Vg^)dVg,Vgdt, where n is the average number of 
atoms in unit volume of the body. All those atoms for which Vg. > v^niin 

8696.89 n 
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do not return to their equilibrium positions but escape, i.e. are evapo- 
rated. Their number referred to unit time is thus equal to 

00 

<? = » J vj{v^)dv^, 


or 


G 


-My 


U^kT 


( 2 ) 


This expression is a measure of the rate of evaporation of a solid body 
as a function of the temperature. So long b& kT [/o, the rate of 
evaporation is practically negligible; it must rapidly increase, however, 
as kT approaches the value C/q. 

The preceding result can be obtained, without recourse to Maxwell’s 
velocity distribution law, by using Boltzmann ’s law for the distribution of 
molecules in space under the influence of given external forces. Accord- 
ing to this law the probability that an atom will be found in a position 
corresponding to a potential energy U is proportional to the expression 
^-uikT irrespective of the direction and magnitude of its velocity. 

Let us consider a definite atom and let us compare the probability 
P' of its being bound to a certain equilibrium position on the surface 
of* the body with the probability P*’ that it will be found in a free statd, 
i.e. in the gas phase. 

For the sake of simplicity we shall assume, to begin with, that the 
potential energy of the atom preserves over the whole surface S of the 
body up to a certain distance a; = 8 (of the order of the interatomic 
distance) the constant value zero, while for a; > 8 it assumes a constant 
positive value Uq. 

If F denotes the volume of the gas phase, we get 

^ f- S8 ' 

Now, the ratio of the probabilities P7P' must obviously be equal to 
the ratio between the number N* of atoms in the gas phase and the 
number N' of atoms situated on the surfaw 8 of the body (i.e. fprming 
its superficial layer). Hence it follows that 

N'i 
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where n*' is the number of atoms in unit volume of the gas phase and 
n' is the number of atoms per unit area of the surface of the solid body. 

Since n' is practically independent of the temperature, the tempera- 
ture dependence of the density (concentration) of the saturated vapour 
is characterized by the Boltzmann factor 
In order to obtain the equation (2) let us consider the inverse process 
to the evaporation of a solid, i.e. the condensation of a saturated 
vapour, and let us take into account the fact that in a state of statistical 
equilibrium the number of atoms which are evaporated per unit time 
and area must be equal (on the average) to the number of atoms which 
are condensed on the same area in unit time. Let us further assume 
that each atom of the vapour striking the surface of the solid remains 
attached to the latter (whereas in reality a fraction of the atoms 
striking the surface are reflected from it, as assumed in the elementary 
kinetic theory of gases). Under such conditions we get 

0 - n\, ( 6 ) 

where is the average velocity of the atoms of the vapour moving 
towards the surface of the solid body. 

Using Maxwell’s law we get for it the expression 



Hence, according to (6) and (4), 






( 6 ) 


This formula is identical with (2) if the number of atoms per unit area 
of the surface layer n' is identified with the product w8, which fully 
corresponds to the physical meaning of the quantity 8, namely the 
thickness of the surface layer. 

In reality, of course, the latter has no definite thickness, and a 
better approximation to the^actual conditions, referring to the super- 
ficial atoms, is obtained if the potential energy of one of them is repre- 
sented as a function of its distance x from the surface by a curve of the 
type shown in Pig. 1. This curve is characterized by a horizontal 
asymptote U == Uq for a: = oo, a vertical asymptote for x = 0 (which 
corresponds to the impenetrability of the following atomic layer), and 
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a minimum C/* = 0 at a point x — corresponding to the equilibrium 
position. 

U 


X 

Fig. 1 

For small values of the displacement x—x^ — f the potential energy 
can be represented approximately in the form 

U(x) = Uix,)+WW = m (7) 

where /, the value of d^U/dx^ at the point x = x^y is an essentially 
positive quantity. 

This approximate expression for the potential energy can be used 
for the description of an atom in a bound state (on the surface of the 
body), whereas the potential energy of a free atom (in the gas phase) 
is equal to Uq^ as before. 

Under such conditions equation (3) must be replaced by the following 
equation: pn y^-u^kT 

F ~ 

where the integration with respect to f can be extended from —oo to 
+00 (because of the rapid decrease of the function 
We thus come back to the previous equations (4) and (6) with the 
following expression for the ^effective thickness’ of the surface layer: 

, 8 ) 

Substituting in (6) we get 
Now the quantity ~ ^ 
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is the frequency of free vibrations performed by the surface atom in 
the bound state about its equilibrium position (so long as the amplitude 
of these vibrations is sufficiently small). We thus have 

a - (9a) 

From the definition of the quantity 0 it follows that the factor 

a = (10) 

can be defined as the probability of the evaporation of a superficial 
atom in unit time. This means that the reciprocal quantity 

T = (10a) 

where tq = I/vq is the period of free vibrations, is equal to the mean 
life of the superficial atom in the bound state reckoned from any given 
instant up to the instant of its evaporation. The exponential factor 
^ihtkT ig thus equal to the average number of oscillations about a given 
equilibrium position performed by a superficial atom before it is torn 
away from it and escapes into tlie gas phase. 

The actual length of time the atom remains attached to the surface 
of the body can of course be either greater or smaller than the mean 
life T. We meet here the same situation as in the theory of atomic 
collisions in a gas. According to Clausius’s formula the probability 
that a molecule of a gas will not suffer any collisions along a path with 
a length exceeding x is equal to where A is the mean free path. 
In a similar way it can be shown that the probability of a superficial 
atom remaining attached during a time exceeding i is equal to 

2)(l) = ( 11 ) 

The preceding theory f is not, of course, quite exact: it does not take 
into account the forces acting on the atom in a direction parallel to 
the surface and preventing it from moving freely along the latter; 
further it does not take into account the fact that different super- 
ficial atoms are, in general, characterized by different values of U^y the 
latent heat of evaporation per atom being equal to the average value 
oiU,. 

Along with the ordinary evaporation, which corresponds to a com- 
plete removal of a (superficial) atom from the crystal aggregate con- 
stituted by the remaining atoms, we must consider the other types of 
processes, which can be denoted by the tcftm inconipkU evaporation. 

One of them consists in a transition of a superficial atom from a 

[t Cf. J. Frenkel, Z.f, Phys. 26, 117 (1924); see also Dushman and Langmuir, Phys, 
Rev. 20, 113 (1922). 
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regular position in the outermost layer into a regular position on the top 
of the latter, which can be considered as the starting-point for the 
formation of the next layer of the surface on the one hand) and of a 
vacant site or ‘hole’ in the crystal lattice on the other. The second 
process consists in the transition of a superficial atom from a regular 
lattice site into an adjacent interstitial position (‘inner evaporation’), 
thus leading to the formation of a hole in the surface layer, which is 
the starting-point for the ‘self-solution’ of the external layers of the 
crystal in its interior. A similar process can, finally, take place not only 
on the surface of the crystal but equally well inside it ; one of the inner 
atoms jumping from its regular position in a lattice site into an adjacent 
interstitial position lying between the neighbouring atoms. This type 
of ‘inner evaporation’, resulting in the appearance of a dislocated 
interstitial atom and of a vacant lattice site or hole, will be designated 
in the sequel as a dissociation of the crystal lattice. 

These types of ‘incomplete’ or ‘inner’ evaporation must play an 
important role in the behaviour of a real crystal at elevated tempera- 
tures; we shall see later on that they are responsible for the processes 
of self-diffusion (i.e. mixing up of the atoms in a chemically homo- 
geneous crystal) and mutual diffusion in solid solutions. An under- 
standing of these processes can be obtained only if we abandon the 
idealized picture of the heat motion in a crystal as constituted by small 
vibrations of the atoms about fixed equilibrium positions, and complete 
this type of motion by larger displacements of an irreversible character. 
Just as in the case of an ordinary evaporation, these irreversible dis- 
placements are connected with an escape from the original equilibrium 
position, with the difference that the escaping atom is immediately 
captured in a new equilibrium position — in a previously vacant lattice 
site or in an interstice. 

The existence of such processes of incomplete and inner evaporation 
in a (srystal at T > 0 is a direct corollary from the general principles 
of l^tistical mechanics (in conjunction with the character of inter- 
atomic forces), just as is the existence of the ordinary evaporation. 
Hence it follows that at any temperature different from the absolute 
zero the structure of a real crystal must differ from that described in 
the usual conception of an ideal cr 3 rstal lattice by the presence of 
‘distortions’ in the form of holes (vacant lattice sites) and of dislocated 
(interstitial) atoms, the number of such distortioni|( increasing with the 
rise of the temperature according to a law of tl|e same type as that 
determining the pressure (concentration) of a saturated vapour. 
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2. Mechanism of the Processes of Dissociation and Hole Forma- 
tion in a Crystal 

The dislocated atoms and holes can arise in a real crystal lattice in 
two essentially different ways, namely inside it and on its surface. 

(1) In the first case one of the inner atoms escapes from the corre- 
sponding regular lattice site and is trapped in one of the adjacent 
interstitial positions, to which it remains attached for a limited length 
of time. This process, which was considered for the first time by 
Joff6 in connexion with the electric conductivity of ionic crystals and 
has been described as a ‘dissociation’ of the crystal lattice, f is connected 
with the simultaneous appearance of a vacant site, i.e. of a ‘hole^ It 
is thus quite similar to the dissociation of a diatomic molecule of a gas 
into two separate atoms, the interstitial atom playing the role of one 
partner and the hole that of the second partner. From this point of 
view a regularly located lattice atom corresponds to an undissociated 
diatomic molecule. J 

It must be noted that this dissociation process cannot be regarded 
as completed while the dislocated atom is situated in the vicinity of the 
hole left by it. A configuration of this kind might be described as a 
state of ‘pre-dissociation’, which can be followed either by a ‘recom- 
bination’ of the atom with the hole (i.e. by a return of the atom to 
its original place) or by a complete dissociation, if the dislocated atom 
quits its initial position and jumps into an interstice further removed 
from the vacant site, which thereby becomes an actual ‘free’ hole. 
This second step, connected with a transition from the pre-dissociated 
state into a truly dissociated one, requires additional energy, whereas 
all the subsequent wanderings of the dislocated atom and of the hole 
correspond to a constant value of the dissociation energy. 

The transformation of a pre-dissociated pair into a fully dissociated 
one can also be realized, not by the dislocated atom, but by a transition 
of the hole into an adjacent lattice site (farther removed from the 
occupied interstice) as a result of the transition of an atom, which was 
initially situated at this site, into the initially vacated site. A dislocated 
atom and a hole left by it can thus be treated as fully dissociated, i.e. 
capable oflnoving through the lattice independently when their distance 
apart is larger than the lattice constant. 

(2) Whereas inside the crystal the dislocated atoms and the holes 
can only arise simultaneously, through processes of pre-dissociation 

t A. Ann. d. Phya. 72, 461 (1923). 
t O'. Frenkel, Z.f. Phya. 35, 652 (1926). 
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and dissociation considered above, on the surface of the crystal they 
can arise independently, penetrating afterwards inside the crystal (over 
interstitial positions or lattice sites). They can form two independent 
types of ‘distortions’ with entirely different concentrations (numbers 
pef unit volume). 

(a) As regards the holes, they can arise on the surface by means of a 
process which may be described as the dissolution in the crystal of the 
surrounding vacuum.f The initial preliminary step of this process, 
corresponding to the process of pre-dissociation, consists in the dis- 
placement of a superficial atom outwards, as in the case of an ordinary 
evaporation, the escaping atom being attached on the top of the original 
surface layer and starting the formation of a new, still more external, 
layer. As a result a hole is formed which 
can be regarded as adsorbed on the surface 
of the crystal. 

The next and practically final step con- 
sists in the occupation of this superficial 
hole by an atom which was initially 
situated underneath it. The lattice site 
vacated by this atom (see Fig. 2, where 
the displacements of the two atoms are indicated by arrows) may be 
treated as a hole absorbed by the crystal from the surrounding space. 

Let us consider, for the sake of illustration, a simple cubic lattice 
built up of small cubical atoms, and let us assume that each atom 
interacts with its nearest neighbours only, with which it has common 
faces. The energy which is necessary for the separation of two such 
atoms will be denoted by C7j. In this case the ‘adsorption* of a hole is 
connected with an increase of the energy of the crystal by the amount 
iUi (for the atom 1 in its original position possessed five neighbours, 
and in the final position a single neighbour only); for the second step 
of the process, connected with the transformation of the adsorbed hole 
into an absorbed one, the additional energy IJ is required, and the third 
step proceeds without further increase of energy. In reality the 
relations are not so simple, but the simplified model gives a correct 
qualitative picture. * 

If the atoms displaced on the surface of the crystal by the absorbed 
holes make a regularly built layer (or several such layers), so that the 
effective volume of the crystal is increased without any essential change 
in the shape or structure of its surface, the increase^ of energy per hole 
t Cf. W. Schottky, Z. phy$, Ohem. B, 29, 336 {1936). 
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is reduced to Wi, which is equal to the evaporation energy of the 
crystal referred to one atom. This result follows in the simplest way 
from the fAct that the evaporation of a crystal consists in the subsequent 
removal of the atoms from its surface and requires, on the average, an 
energy equal to half of the energy which is necessary for removing an 
atom from an inner lattice site at an infinite distance.f The transition 
of an atom from the interior of the crystal to its surface, i.e. the forma- 
tion of a hole by the process of 'incomplete evaporation’, thus requires 
on the average the same amount of energy as the removal of an atom 
from the surface to infinity, i.e. as its evaporation. 

The equality between these two energies must be distorted to some 
extent by the elastic deformation of the crystal lattice in the region 
about the hole. So long as this deformation is due to the tendency of 
the atomic system constituting the crystal to assume a configuration 
corresponding to a minimum value of the potential energy, it must be 
accompanied by a certain decrease of the energy, so that the energy of 
hole formation must be somewhat smaller than the evaporation energy. 

(6) The dislocated (interstitial) atoms can also arise independently, 
i.e. without any holes, by a process similar to the penetration of the 
holes inside the crystal. This process begins with a transition of a 
superficial atom into one of the nearest interstitial positions. After 
thia preliminary stage the same atom can jump over to an adjacent 
interstitial position lying somewhat deeper below the surface of the 
crystal and become in this way a genuine dislocated atom; its energy 
undergoes no further change so long as it remains in the interstitial 
space. 

The actual existence of dislocated atoms in simple crystals has often 
been questioned on the ground that there is no room in an interstitial 
site for the accommodation of an atom, especially in crystal lattices 
with a close-packed arrangement of the atoms. This argument would 
be valid if the ‘undislocated’ atoms were rigidly bound to the corre- 
sponding lattice sites. In reality, however, they can be displaced from 
their normal positions under the influence of an atom occupying an 
interstitial position, so as to make enough room for the intruder. The 
latter muSt accordingly be surrounded by an elastically strained region 
whose energy can constitute a considerable fraction of the total dis- 
location energy. 

t The total energy of the crystal (with respect to the gas phase) is equal, if the surface 
energy is neglected, to — «= ~3Nl7j, where N is the number of atoms, i.o. 

—SDuper atom. 
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This energy may be roughly estimated by treating the crystal as an 
isotropic elastic continuum, strained by the insertion into a spherical 
cavity with a radius of a rigid sphere with a radlhs ^Ti > Tq, In the 
absence of external volume forces the elastic deformation of the medium 
is determined by the equation 

(\+fi)7e+fjLV^u = 0 , ( 12 ) 


where u denotes the displacement of a particle and ^ — div u the 
(relative) increase of volume. 

In the case under consideration, in virtue of the spherical symmetry, 
one can put 


u = -V^, 


(12a) 


where ^ is a function of the distance r from the centre of the sphere, 
representing the dislocated atom (the interstitial position being repre- 
sented by the spherical cavity in the unstrained elastic medium). 
Substituting (12 a) in (12) and noting that 

V$ = VdivVi^ = WV = 


we get = 0. Hence it follows that V^(f> == 0 (since must 
vanish at infinite distance) and == ajr where a is a constant. 

The field of the vector u is thus identical with the electrical field of 
a point charge 


(XX^ 




<13) 


i.e. inversely proportional to the square of the distance. 

At first sight it may be expected that the region suiTounding the 
intruder (interstitial atom) must suffer a certain compression. In 
reality, however, the volume deformation 6 vanishes. This m^ns that 
the volume of the whole body must increase by an amount equal to 
the difference between the volumes of the rigid sphere and that of the 
spherical cavity, while its density is not altered. 

The components of the strain tensor are 



The energy density can be calculated according to the formula 

e = (14) 

Multiplying this expression by inr^dr and integrating from to oo 
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we obtain the following expression for the total value of the elastic 
energy: ^ . 2 

W = (16) 

Tq 

The constant a is determined by the condition 

== ~ = fi-fo when r = Tq, 
i.e. a == rJ(ri~ro)» 

so that finally^ W = 87r/Ltfo(ri— ro)^. (15a) 

Putting here = 10*® cm. = 2ro (the latter figure is certainly 
exaggerated) and fx — 10^^ dyne/cm.^ we get IF = 2*4. 10-^^ ergs, which 
corresponds to 30,000 cal./mole. This energy is of the same order of 
magnitude as the evaporation energy of metallic substances. 

It should be noticed that a hole left by the removal of one of the 
inner lattice atoms has a tendency to contract; the elastic deformation 
arising in the surrounding region is of the same type as in the case of a 
dislocated atom, being described by the equation (13) with a negative 
value of the coefficient a. This deformation corresponds, however, not 
to an increase but to a decrease of the energy. In fact the equilibrium 
in a crystal will be disturbed by the removal of one of its atoms, if all 
the other atoms are supposed to remain fixed (under the condition that 
the mutual action not only between nearest neighbours but also between 
more distant atoms is taken into account). The removal of the central 
atom is equivalent to the introduction of an external field of force 
acting on the surrounding atoms and tending to shift them in the radial 
direction. The energy corresponding to this elastic strain is equal to 
one-half^of the work of this external force taken with a negative sign. 

3. Dependence of the Degree of Dissociation of a Crystal Lattice 

on Temperature and Pressure 

The number of holes {N') and of dislocated atoms {N'") in a crystal 
with a given total number of atoms {N) is determined by its temperature 
T and volume F, or pressure p, and, so far as equilibrium states are 
concernedi^ does not depend on the way these holes and dislocated 
atoms have arisen (simultaneously — inside the crystal, or separately-r- 
on its surface). 

It may seem at first sight that if they arise simultaneously, by way 
of dissociation processes, their numbers N' and N'' must be equal. This 
conclusion is, however, erroneous, for the holes, just as th^ interstitial 
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atoms, can diffuse independently throughout the crystal up to its 
surface, where they must vanish if their number exceeds the value 
corresponding to the condition of statistical equilibrium, or be com- 
pleted by additional holes and interstitial atoms of surface origin in 
the contrary case. 

A real crystal in a state of statistical equilibrium can thus be con- 
sidered as a saturated solution of N* holes and N" dislocated atoms in 
an ideal crystal lattice, constituted by N—N'" regularly arranged atoms 
and containing sites, among which these atoms and the 

N* holes can be distributed at random. So long as N' and N'* are very 
small compared with N, the numbers N—N" and N-N^-^-N' can be 
identified with N, 

- - It should be noticed that the holes form in the crystal lattice a 
solution of the ‘substitution* type, in the sense that each hole stands 
in the place of an absent atom, while the dislocated atoms form a 
solution of the intrusion type, as in the case of a solid solution of carbon 
in iron. 

If it is taken into account that the formation of holes is connected 
with an increase of the effective (macroscopic) volume of the crystal, 
and the formation of dislocated atoms (without any holes) with its 
contraction, the change of the volume associated with the formation 
of N' holes and N'' interstitial atoms can be represented by the fom^ula 
AF = ( 16 ) 

where v* is the volume occupied by an atom in the ideal crystal, dimin- 
ished by the volume contraction of a hole, and v" the same volume 
increased by the expansion of an interstitial site when it is filled by 
anatom. 

Farther let U* and denote the increase of the potential energy 
connected with the formation of one hole or one interstitial atom 
(supposed to arise independently by the surface mechanism). The 
additional energy of a real crystal in the presence of N' holes and N'' 
dislocated atoms can be represented by the sum 

AIT = (17) 

This expression, just as the preceding one, corresponds to the assump- 
tion that the holes and the dislocated atoms are isolated distortions 
not interacting with each other. This assumption is justified so long 
as and N'' are very small compared with N, 

In the case of larger concentrations it would b^ necessary to take 
into account, a mutual repulsion between distortions of the same kind 
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and a mutual attraction between the holes and the dislocated atoms, 
as a result of which the holes should tend to concentrate about dislocated 
atoms, and the dislocated atoms about holes, in a way similar' to that 
found in the case of positive and negative ions according to the Debye- 
Hiickel theory of solutions of strong electrolytes. This tendency must 
result in the formation of a certain number of ‘pre-dissociated' 
atoms. 

The number of ^stortions of each kind can be determined as a 
function of the temperature from the condition of the minimum of that 
part of the free energy, or thermodynamic potential, which is due to 
their presence, the corresponding part of the entropy being proportional 
to the logarithm of the number of different ways they can be distributed 
over the respective sites. 

In the case of holes this number is equal to 

^ m 

'N'\ (N-Ny. ^ N'\ (N~Ny 

N\ 

(so long as N' iV^). This gives for the entropy 8 =:k\og * 

so that the part of the free energy due to the presence of holes is equal to 

r = i\r'C/'--ifcT[logi\r!-logi\r'!-log(i^-i\r')!]^ ( 18 ) 

o O iV' 

Noting that 

1 

and log{N-Ny. « -log{N-N'), 

we see that the minimum of F* as a function of N' corresponds to the 
value of N' given by the equation 

— p^U'IkT 


or since N' <^N N' = (19) 

In order to determine the dependence of N' on the pressure p we 
must consider, instead of the free energy of the holes, the thermo- 
dynamic potential ^ 

where AF' = N'v' is the additional volume of the crystal due to the 
presence of the holes. This gives instead of (19) the equation 

iV" = (19a) 

This equation leaves out of account a very important circumstance, 
namely that the energy tl* is itself a function of the volume F of the 
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ments have exactly the same value 8. Another minor difference consists 
in the fact that in the case of a gas all the directions of each elementary 
displacement (free path) are possible and equally probable, while in the 
case of a crystal a finite number (z) of definite possible directions only 
have to be taken into account. 

We thus see that the thermal motion in crystals, at elevated tempera- 
tures at least, is not reduced to small vibrations about fixed equilibrium 
positions, as is usually supposed, but can be described as a combination 
of such vibrations with a series of elementary displacements of the 
equilibrium positions over the regular lattice sites (from a filled site to 
an adjacent vacant one) in the case of the holes, or over the interstices 
of the lattice in the case of dislocated atoms — to say nothing of an 
occasional transition from a lattice site into the nearest vacant interstice 
(in the case of dissociation) or from an interstice into an adjacent vacant 
site (recombination with a hole). As a result, the atoms move about 
over the whole crystal, continually mixing up with each other — ^just as 
in the case of a gas, but of course more slowly. The presence in the 
crystalline state of this t 3 rpe of motion, characteristic of the gaseous 
state, enables one to treat a real crystal as a combination of an ideal 
crystal with an ideal gas. 

The average velocity w with which the atoms are moving about in 
a crystal is much smaller than their actual thermal velocity iJ ^{kTJm) 
which differs from that in the gaseous state at the same temperature 
by its vibratory character only. Noting that r = we have; 

^ p-UIkT 

TQ^JikTIm) 

Putting 8 = 10“® cm. and tq = sec. we obtain for the ratio S/tq 
a value of the order 10® cm./sec., which is of the same order of magnitude 
as # at room temperatures. We thus have approximately 

The rate of mixing up of the molecules in a gas is measured by the 
fusion or, more exactly, self-diffusion coefficient 

(26) 

which can be rewritten in the form 

i) = JAVr, (26a) 

where r = A/0 is the mean time between two successive collisions. 

liCt r denote the actual (variable) distance travelled by . an atom 
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between two such collisions. According to Clausius’s formula the 
average value of r 

f = J* y 

0 

is identical with A. In a similar way for the mean square of r we obtain 
the expression «» 

= j j = 2A2, 

0 

so that, according to (26 a), 

1 «>2 

D = (26b) 

0 T 


This expression for the diffusion (or self-diff usion) coefficient has been 
obtained by Einstein in his theory of the Brownian motion. It is vaUd 
for any type of random motion, provided the displacements of 
a particle in two successive periods of time t are wholly independent 
of each other with respect to their direction. This condition limits the 
choice of T by a certain minimum value which in the case of a gas 
coincides with the mean duration of a free path. In the case of the 
motion of lattice distortions in crystals the minimum value of t can 
be identified with the ‘mean life’ of the corresponding distortion at the 
same place (in a lattice site, or in an interstitial position), since the 
successive elementary displacements of this distortion are wholly in- 
dependent in respect of their direction. 

Putting accordingly = 8^ (where 8 = 8' in the case of holes and 
8'’ in that of the dislocated atoms) we obtain the following expression 
for their diffusion coefficient: 


182 


6 T 


(26) 


Since 8 is known and has a constant value, the only quantity 
which must‘be determined for a complete description of the ‘Brownian’ 
or ‘diffusion’ motion of lattice distortions in a crystal is their ‘mean life*, 
i.e. mean time spent in the same position. 

Let ustfirst consider the case of a hole. Each of the z atoms surround- 
ing it has an equal chance to jump into it, which is equivalent to the 
displacement of the hole to the original site of this atom. 

The potential energy of one of these atoms (on the assumption that 
all the other atoms remain fixed) as it moves from its original equilibrium 
position (which is the new position of the hole) to its new position 
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(which is the initial one for the hole) must vary with the distance 
according to a law represented by the full curve of Fig. 3, i.e. by a 
curve of the type of a potential 'barrier* separating from each other 
two equivalent potential wells or holes. For the sake of simplicity we 
shall replace this barrier by a rectangular one with a height AC/' with 
respect to the level of the two adjacent wells. The probability that 



Fig. 3 


the atom will be located in one of the latter — the left-hand one, say — 
must be connected with the probability Pg of finding it in a range 
corresponding to the flat top of the barrier by Boltzmann’s relation 

5 — ^p-aU'IkT 


where Sj and Sg denote the widths of the well and of the barrier 
respectively. 

Since the probability of any states of the atom is proportional to the 
average length of time spent by it in these states, the ratio Pg/Pj can 
be replaced by the ratio of the corresponding time intervals We 


thus get 


h 8i 


The atom under consideration can jump across the potential barriers 
in that case only if, owing to its interaction with the adjacent atoms, 
it acquires a kinetic energy equal to or larger than the height of the 
barrier AC/', its velocity being directed from left to right. After jumping 
across the barrier into the right hole the atom would immediately come 
back if its kinetic energy should be fully restored. We shall assume; 
however, that in reality all this additional energy AC/') or at least 
a sufficiently large fraction of it is practically immediately transmitted 
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by the atom to its new neighbours, so that it arrives at the right hole 
with a kinetic energy smaller than AC/', which is insufficient for the 
return into the left hole. This assumption is based on the circumstance 
that the neighbouring atoms interact very strongly with each other. 
Its rigorous foundatipn is a difficult problem which we shall not attempt 
to solve. It should be mentioned that the excess energy which would 
enable the atom under consideration to come back to its initial position 
(in the left hole) must be got rid of within a time interval smaller 
than the period of free vibrations of this atom, calculated on the as- 
sumption that the surrounding atoms remain fixed — an assumption 
which is in obvious contradiction to the assumption of a rapid energy 
exchange. 

A way out of this contradiction consists in treating the process in 
question — the transition of an atom from one ‘hole’ to the next — as a 
complex process in which along with this atom, which plays the main 
role, a number of other atoms are involved to a larger or smaller extent. 
A general method of treating transition processes of this kind through 
a certain intermediate or ‘activated’ state of maximum potential or 
rather free energy has been recently devised by Polanyi, Wigner, and 
Eyringf with special application to chemical kinetics. We shall not 
discuss it here, for it leads practically to the same result as the simple 
method considered above, with the only difference that the ‘activation 
energy’ At/' introduced by us as the height of the potential barrier 
between two equilibrium positions is treated as the minimum value of 
the additional free energy, i.e. the smallest work which must be done 
at a constant temperature to bring the system into a configuration 
just intermediate between the initial and the final one. If At/' is 
defined in this way it can be represented in the form 

AC/' - Alf'-TAiSf', 

wh^e A IF' is the activation energy in the proper sense and A/Sf' the 
activation entropy of the system in the most advantageous intermediate 
configuration (with the given atom just on the top of the barrier separat- 
ing its initial equilibrium position from the final one). Our main 
point, namely, that a return of the atom from its final position — in the 
right hole— to the initial one cannot take place immediately, but only 
after a time of the same order of magnitude as that which is required 
for the accumulation of the energy AC/' necessary for jumping from the 

t See, for example, Evans and Polanyi, Trans. Far. Soc. 31, 876 (1935); Steam and 
Eyring, J. Ohm. Phys, 3, 778 (1936); Ohm. Rev. 29, 609 (1941). 
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left hole into the right one is not established in the Polanyi-Wigner- 
Eyring theory with any more rigour than in ours. 

It is interesting to note that while the activation energy A?7' is 
accumulated rather slowly in a time it is thrown down as a ballast 
very rapidly in a time which is necessary for the passage over the 
potential energy barrier with the average thermal velocity tJ = ^{kTIm) 
(the latter being, as well known, independent of the value of the poten- 
tial energy). We thus have ^ hJ^{kTlm) and consequently 




p^U'|kT 

^J(kTlm) 


The ratio bJyl(kTlm) at moderate temperatures is approximately equal 
to the period Tq of free vibrations of the atom about an equilibrium 
position, so that the preceding relation can be rewritten as follows: 

r' = (27) 

T standing for 

This relation is practically independent of the special shape of the 
potential barrier which has been used for its derivation. In the case 
of a barrier represented by the smooth (full) line in Fig. 3 it can be 
obtained in exactly the same way as the expression (10 a) for the mean 
life of an atom of a solid body on its surface; the evaporation of the 
atom in the volume V of the gas phase is replaced in the present case 
by a transition from a hole to the top of the potential barrier. The 
activation energy Af/' plays the role of the evaporation energy and the 
width of the barrier the role of the volume V. 

This analogy between the transition of an atom from the bottom of 
a hole to the top of the barrier separating it from the adjacent hole, 
on the one hand, and the evaporation process on the other, holds good 
in so far only as the total energy of the atom remains constant during 
its motion across the barrier, i.e. if its energy exchange with the other 
atoms during this short period can be practically neglected. In reality, 
however, such an energy exchange takes place throughout this short 
trip; the error introduced by a neglect of this, circumstance near the 
top of the barrier is compensated by an overestimate .of the rate of 
energy dissipation during the descent from the top of the harrier into 
the new hole. 

This descent is analogous to the process of condensation oi an atom 
from the vapour phase on the surface of the solid body. As has already 
been mentioned in § 1, an atom striking this surface does not necessarily 
adhere to it, but can be reflected. This reflection would correspond in 
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the present case to an immediate return of the atom into the original 
(left) hole. 

If the probability of such a ‘reflection’, due to an insufficiently rapid 
dissipation of the activation energy, is denoted by r; then the rate 
of condensation, and accordingly the probability of evaporation per 
unit time (which is proportional to it), must be diminished in the 
ratio (l—r) : 1 . 

Introducing the corresponding reflection coefficient r\ equal to the 
probability of an instantaneous return from the new hole to the initial 
one, we must decrease the probability of an effective transition fron^ 
the left hole into the right one by a factor l~-r\ i.e. replace (27) by 
the expression , 

(27 a) 

Practically, however, in the case of most substances r’ can be assumed 
to be equal to zero. 

The expressions (27) and (27 a) can be applied with a corresponding 
change in the notation (two primes instead of one) to the- diffusion 
motion of the dislocated atoms from one interstitial position to the 
next, the activation energy corresponding to a potential barrier 
similar to that shown in Pig. 3. 

The diffusion motion of the holes alone would be sufficient for a 
complete mixing up of all the atoms of a given crystal during a suffi- 
ciently long lapse of time. As a matter of fact this mixing is realized 
also by their transition (on the surface of the crystal or inside it) from a- 
lattice site into an interstice (dissociation) and the subsequent wandering 
over the interstitial space until a dislocated atom either arrives again 
at the surface of the crystal or meets a hole inside it; after Ailing the 
latter it will come back once more to a sedentary condition in a new 
site of the crystal lattice. 

The number of such recombination processes in a state of statistical 
equilibrium must be equal to the number of inverse, i.e. dissociation, 
processes leading to the formation of a dislocated atom and of a hole. 

Let us assume to begin with that the holes remain flxed and let us 
calculate tho mean length of the path /, travelled by a dislocated atom 
from a certain position until it recombines with one of the holes. This 
length can be determined in the same way as in the case of a gas, from 
the condition that the volume of a tube with a length I and a cross- 
section 8 = - 778 * (where 8 is the effective distance between a dislocated 
atom and a hole within which their recombination can take place) 
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should be equal to the average volume of the crystal containing one 
hole, i.e. to the reciprocal of the concentration of the holes n\ We 
thus get 

(28) 


sn 


The path I consists of l/B"* elementary displacements following each 
other every t'" seconds (on the average). Hence it follows that a dis- 
located atom will meet a hole, with which it will recombine, in a lapse 
of time equal on the average to 


A ff 

t — T 


I 


I 




i.e. 




1 

sn'w"* 


(29) 


where w" is the mean ‘wandering’ velocity 

= = (30) 

T To 

The reciprocal of (29) sn'w'' can be defined as the probability of 
‘collision’ between a dislocated atom and a hole referred to one second. 
Since each ‘collision’ of this kind is tantamount to a recombination, 
the total number of recombination processes in unit volume of the 
crystal per unit time is equal to 

Q = mx)”n'n\ 


In order to account for the mobility of the holes, w” must be replaced 
by the mean relative velocity w of the dislocated atoms with respect 
to the holes. Just as in the case of atomic collisions in gases, this 
relative velocity is given by the formula 

w = (30 a) 

We thus get Q = 8im!n\ (31) 

Substituting here the expressions 
n' = 

for the concentration of the holes and of the dislocated ato^s (n total 
number of lattice points per unit volume), we obtain finally 

Q (31a) 

where Up-U'+U". 

In a state of statistical equilibrium the rate of recombinations given 
by this formula is equal to the number of dissociation processes per 
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unit volume and time. The probabiUty of such a process referred to 
unit time is therefore equal to 

p = (32) 

The reciprocal quantity d=llp may be defined as the average length 
of time during which a given atom remains attached to the same lattice 
site before leaving the site and beginning its wandering through the 
interstitial space.f 

If one of the two velocities w', say, is small compared with the other 

(w"), one can put w « Since further sS" = vS^S" is 

approximately equal to the volume occupied in the crystal by one 
atom, the product is practically equal to 1, so that the expression 
for the mean life of a lattice atom can be written in the form 

0 ^^^^uikT (32 a) 

or 0 = (32b) 

where t'' ^ is the mean life in one of the interstitial positions. 

It should be noticed that the expression for t" and 9 are quite similar; 
the latter differs from the former by a substitution of the sum of the 
dissociation and activation energy for 

Along with the simultaneous birth of dislocated atoms and holes by 
way**of dissociation processes, an independent generation of both can 
take place on the surface of the crystal through the mechanism of 
‘dissolution of the surrounding vacuum’ or ‘self-dissolution . If the 
intermediate stages (connected with adsorbed holes) are left aside, the 
probability of these processes can be calculated as follows. 

The number of holes crossing per unit time a unit area of the crystal 
both at its surface and in its interior is equal to \n/w\ This expression 
gives accordingly the number of holes emerging on the surface of the 
crystal (from its interior) per unit time and area. If it is assumed that 
all these holes vanish (and are not ‘reflected* backwards), then in a 
state of statistical equilibrium the number of fresh holes which arise 
on the surface of the crystal per unit time and area must be equal to 
On the other hand, this number can be represented in the form 
w8'p', wh^re n8' is the number of superficial atoms per unit area of the 
surface layer and p' the probability of an ‘incomplete evaporation* of 
one of them, i.e. of its transition on top of the layer to which it originally 

t Formula (32) can be derived directly if we take into account that a transition of 
an atom from a lattice point into an adjacent interstitial position takes place through 
an intermediate position with an activation energy U +AJ/, where AC/ == V' or C/"'. 

86»6.29 n 
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belonged, the vacant place left by it being ‘swallowed* 
and transformed into a genuine hole. 

We thus get P' = 

DUO 


i.e. 

p' = ia'e-v'li‘T, 


where 

a' = = 1 = 

0 T 


or 


(33 a) 


In a similar way the probability of solution of the surface atoms, referred 
to unit area and time, is found to be 

(33 b) 

Although the preceding expressions for p, and p'* have been 
derived on the assumption that the crystal is in a state of statistical 
equilibrium, they remain valid in the absence of such equilibrium. In 
this case the concentration of the- holes and of the dislocated atoms 
must change with the time, tending to their equilibrium values. The 
course of these changes can be determined with the help of the following 
equations: « / 

^ = D'Vht'+np-svm'n" 
ot 

^ = D"Vhi"+np-svm’n’, (34) 

ot 

where the first term on the right-hand side represents the rate of change 
of the concentration due to the diffusion of the corresponding distortions 
(from the surface of the crystal or towards this surface); the second, 
that due to the dissociation; and the third, that due to the recombina- 
tion processes. In integrating these equations boundary conditions of 
tte type 

«sy-K«' = --0'“. w8y-jM>v = - d "^ 

OZ dz 

referring to a surface perpendicular to the z axis (directed inwards) 
muet be introduced; these conditions are formally identical With those 
which are obtained in a study of the absorption by a solid body of a 
gas in the atmosphere of which it is placed* 

It should be noted that the time which is necessary for the attainment 
of statistical equilibrium is much larger when the surface processes play 
an essential role than when the decisive role is played by volume 


by the crystal 
(33) 
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processes (dissociation and recombination); in the former case this 
time must increase with the size of the body. 

If the temperature of the crystal is suddenly lowered, the holes and 
the dislocated atoms form a kind of supersaturated solution which 
must gradually approach to the new saturation point by the processes 
of recombination and diffusion considered above. This picture must, 
however, be completed in one important point. Instead of diffusing 
outwards, the extra holes can ‘coagulate* with each other, forming 
small cavities inside the crystal with a considerable ‘inner surface*. 
This coagulation is quite similar to the coagulation of the atoms of an 
impurity dissolved in a given crystal when the latter is cooled down. 
It is possible that it is one of the causes of structural defects found in 
metallic ingots obtained by the usual technological processes, which 
are connected with a rapid cooling down of the melt.f The microscopic 
cavities arising through a coagulation of the holes must become more 
stable when they are filled up by gases dissolved in the metal, and 
cannot be removed by cold working. 

5. Self -diffusion and Diffusion of Impurities in Crystals 

The mixing up or self-diffusion of the atoms in a crystal can take 
place in three different ways: firstly, through the wandering of the 
holes; secondly, through the motion of dislocated atoms arising in one 
lattice site and ending their career (by recombining with a hole) at 
some other far distant site; and finally, by a direct interchange of the 
equilibrium positions of two (or more) neighbouring atoms. The latter 
mechanism has been considered by Hevesy in connexion with the 
experimental investigations on diffusion and self-diffusion in solids. 
For the investigation of self-diffusion Hevesy introduced the method 
of radioactive isotopes, using the natural radioactive isotopes of lead 
in his studies on the self-diffusion in this metal in both the liquid and 
solid state.J 

The possibility of obtaining artificially radioactive isotopes of prac- 
tically any element (with the help of neutron bombardment) has led in 
recent years to an extension of Hevesy ’s method to a number of other 
metals (siVer, gold, copper). 

This method is realized as follows. The surface of the crystal under 
investigation is covered by an extremely thin layer of the corresponding 
radioactive isotope, and the rate of penetration of the radioactive 

t J. Frenkel, Acta Physicochimica^ U.R.8.S, 4, 667 (1936). 

X A review of recent work in this line is found in Trana, Farad, Soc. 34, April 1938. 
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atoms in the interior of the crystal is^measured by detffmining the 
radioactivity found at different levels below the surfad^ at different 
times (the crystal being cut at the corresponding levels or constituted 
by a number of separate plates pressed against each other). 

It has been possible in this way, first of all, to check the validity of 
the usual equations of the diffusion theory 




and 

dx 


dn* _ jjdhi* 
di dx^ 


(where n*(x) is the concentration of the radioactive atoms at a depth x 
below the surface) in their application to crystalline substances, and, 
moreover, to determine the self-diffusion coefficient D at different 
temperatures. 

The dependence of Z) on T has been found to be expressed very 
exactly by the formula 

D = (35) 

where A and W are practically constant quantities. Their numerical 
values for a number of different metals are given in the following table. 


Table I 


Metal 

A {cm,^(sec.) 

W {kcal.jmole) 

^"^evap 

Pb 

6-4 

28 

47 

Au 

1*85 

61 

92 

Cu 

11 

67-2 

81 

Bi 

10-a 

31 

47 


For the sake of comparison the values of the evaporation energy are 
given in the fourth column. 

Returning to a theoretical consideration of self-diffusion in a crystal- 
line body, we shall discuss separately the three different mechanisms 
by which it can take place. 

1. The ‘Aofe’ mechanism. The average length of time required for a 
hole to move into a lattice site originally occupied by a given atom is 
determined by formula (29), where w'' must be replaced by w' (the 
mean velocity of the holes) and s « qj ^32 (3 ^ distanqe between 
the neighbouring atoms). Hence it follows that the average velocity 
with which a given lattice atom can move from site to site (by filling 
an adjacent hole) is equal to 

M? = ^ = SsnW, 
t 
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or, since 8^^ 8® » 1/n (n lotal number of atoms in unit volume) 

w = —w\ (36) 


We thus see that the ratio wjw* is approximately equal to the ratio 
n'jn, so that under ordinary conditions w is very small compared with w\ 

Inasmuch as the self-diffusion of the atoms is due to the above 
mechanism the self-diffusion coefficient D is obtained by multiplying 
w by JS. Since, on the other hand, the diffusion coefficient of the holes 
D' is equal to we obtain the following relation between D and D': 

D = ~D\ (36a) 

n 

Putting here n^jn — making use of the formulae 

D* ~ 8®/6t' and r — we get 

D = (37) 

6to 

This expression has the same form as that found experimentally (see 
(35)), the empirical parameters A and W being defined by 

J (37a) 

DTo 

and \Vr=U'+^U\ (37 b) 

2. Dissociation-recombination mechanism. The mixing up of the atoms 
located at different lattice sites through the agency of dislocated 
(interstitial) atoms can be realized in two different ways: without the 
participation of holes, if the dislocated atoms arise and disappear at 
the surface of the crystal, or with the participation of the holes, if they 
arise iind disappear inside the crystal by way of dissociation and 
recombination processes. 

In the absence of holes the process of interatomic mixing would 
proceed at an extremely slow rate depending on the size of the crystal, 
so that the self-diffusion coefficient D would be a function of its linear 
dimensions, which is in contradiction with the experimental facts. We 
are therefore justified in neglecting surface effects and limiting ourselves 
to that case only in which the transition of an atom from one lattice 
site into another takes place by way of its dissociation, a more or less 
prolonged trip through the interstitial space, and, finally, a recombina- 
tion with some hole. 

The average length of time 9 an atom remains in the same lattice site 
is equal to the reciprocal value of the probability of dissociation per 
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unit time, given by formula (32), while the duration of the trip through 
the interstitial space up to a recombination with a hole is determined 
by formula (29). The total length of time required fpr an atom to move 
fh>m one lattice site to another according to the mechanism under 
consideration is thus equal to 

W8m~ ^ * 

or since n' = and V = 

^(U'+UykT ^U'lkT 
8Wn 8w\ * 

Since the velocities w and have the same order of magnitude, the 
first term itf much larger than the second. This means that the trip of 
an atom from one lattice site to another through the interstitial space 
is a relatively brief episode compared with the time 0 of a settled life 
in the initial site. 

The ratio of the time Ijaw^n* spent in wandering from one interstitial 
position to another to the mean time r” spent in each of them is equal 
to the number of elementary displacements between a dissociation 
and a subsequent recombination. Noting that w"' = we obtain 
for this number the expression which, since sh"* « l/riy is equal 

to n/n'# Inasmuch as all these elementary displacements are wholly 
independent in respect of their direction, the mean square of the 
resulting displacement r is reduced to the sum of their squares, i.e. 



Dividing this expression by 60 we obtain the value of the self-diffusion 
coefficient, corresponding to the dissociation-recombination mechanism : 


2) = 


hhi 


(38) 


or, remembering (32b), 

(38a) 

6ro 

The expression (32 b) was obtained on the assumption that the 
. dislocated atoms move much faster than the holes. In the contrary 
case w can be replaced by w* which gives 
0 ^ 


and consequently D = — 

^0 


(38 b) 
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It is interesting that the expressions (38 a) and (38 b) are both inde- 
pendent of the energy of hole formation U\ that is, of the concentration 
of the holes. This is explained by the fact that an increase of this 
concentration leads, on the one hand, to a decrease of the duration of 
the trip through the interstitial space, and, on the other hand, to an 
identical decrease in the square of the resulting displacement r (so long 
as the latter remains small compared with the linear dimensions of the 
crystal, which excludes the case of excessively small concentrations of 
the holes, i.e. of excessively large values of Z7'). 

The expressions (38 a) and (38 b) for the self-diffusion coefficient are 
quite similar to the expression (37), corresponding to the hole mechanism, 
differing from it only by the substitution of U'* for (and jn the case 
of (38 a) of A?/"' for Ai7'). 

3. Mechanism of place exchange (Platzwechsel). According to Hevesy 
the mixing up of the atoms in a crystal takes place by a simultaneous 
place exchange between the neighbouring atoms. This process does not 
involve any permanent distortion of the crystal structure. Of course 
this ‘place exchange* occurs through an intermediate state corre- 
sponding to a simultaneous dissociation (or rather pre-dissociation) of 
two atoms and the formation of two holes, which are practically in- 
stantly filled up again. Under such conditions it is, however, meaningless 
to speak both of holes and of dislocated atoms. 

The probability of such a double place exchange (referred to unit- 
time) must be expressed by a formula of the same kind as the proba- 
bility of a single dissociation (or pre-dissociation) act 

a = v^e-wifcT^ (39) 

where vq is the frequency of the atoms in their normal (initial or final) 
position and W the increase of the potential energy with respect to the 
initial configuration in the intermediate one, separating it from the final 
configuration (more exactly, W can be defined as the corresponding 
smallest maximum value of the additional free energy). W may thus 
be denoted as the activation energy of the process of place exchange. 
Since in this process each of the two atoms moves a distance 8, the 
self-diffusipn coefficient corresponding to the mechanism under con- 
sideration is given by the formula 

(39 a) 
6to 

of the same type as in the case of the two" other mechanisms previously 
considered. 
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It should be mentioned that Hevesy*s conception of a double ‘place 
exchange’ can, in principle, be generalized to the case of a simultaneous 
place exchange of a set of three or more atoms forming a closed chain 
(each atom jumping over to the place originally occupied by the next, 
the resulting process being equivalent to a cyclic substitution). Such 
multiple permutation processes involving the participation of several 
atoms are, however, very improbable, for they require a still higher 
activation energy. 

A comparison of the preceding theory with the experimental facts 
does not allow us to choose between the three mechanisms of self- 
diffusion considered above or to ascertain which of them is the pre- 
vailing one. The theoretical expressions for D have the same form, 
coinciding with that which is found experimentally; more than that, 
they all lead to practically the same expression (35 a) for the coefficient 
A in the empirical formula (35). Putting 8=10-® cm. and 7^ 1 0"^® sec., 
we get A = 10"^ cm.^/sec., which, as can be seen from Table I, is about 
10^ times smaller than the experimental figures. 

This discrepancy between theory and experiment is probably ex- 
plained by the fact that both the dissociation energy U (U\ U") and 
the activation energy Ai7 (A?7', /iU'') decrease with a rise of the tem- 
perature (at constant pressure) owing to the thermal expansion of the 
crystal. The influence of the latter upon the dissociation energy of the 
crystal lattice (and, in particular, on the energy of hole formation U') 
has already been considered in § 3. According to (19) we can put 

(40) 

If we limit ourselves to low pressures, the term with p can be 
neglected; substituting (40) into (39 a) we thus get 

D = (40‘a) 

DTq 

where y = (40 b) 

Hence it follows that the’ coefficient A in Hevesy’s empirical formula 
(36) must be larger than the ‘theoretical’ value SVAr® by the factor eY, 
Putting eY « 10® we get y « 7. This means that the energy W, which 
is usually referred to as the activation energy for diffusion, is decreased 
by the amount of 14 cal./mole when the temperature is raised by 

t Measurements of the diffusion at high pressures are as yet unfortunately lacking. 



1 5 SELF-DIFFUSION OF IMPURITIES IN CRYSTALS 33 

1 degree. This decrease of Tf is quite insignificant if it is taken into 
account that W is of the order of 10* cal./mole; according to (40) W 
would vanish at a temperature of several thousand degrees, lying far 
above the melting-point. 

Whereas the parameters 8 and tq have approximately the same value 
for different metals, the parameter y or rather can vary in a marked 
way as we pass from one metal to another. This explains the variation 
of the coefficient A for different substances (see Table I). 

A numerical estimate of the coefficient y may be obtained in the 
following way. 

The energy W may be defined as a certain function of the interatomic 
distance 8. In determining its dependence on the temperature we can 
put accordingly: 

dT'^dhdT^ dh 8 dT ^ d8 3’ 


where a : 


3 ^ 

SdT 


is the (cubical) thermal expansion coefficient, that is 




d8 


The exact value oidW jdZ is unknown; taking, however, into account 
the extremely rapid falling-off of the interatomic forces with increase 
of the distance, it can be assumed that W practically vanishes when 8 


dW 

is, say, doubled. This means that the product 8 has the same order 

do 


of magnitude as the energy W (with the opposite sign) for a normal 
value of 8. We thus get approximately 


fcy «a\W\. 

Putting here a = 10"® and W/k = 10*-fl0® we obtain for y a value of 
the order of 1 cal./mole deg, which has the same order of magnitude 
as that found experimentally.t 

It should be noticed that a similar decrease with a rise of the tem- 
perature is found in the case of the latent heat of evaporation. This 
decrease is, however, due not only to the thermal expansion of the 
crystal but also to the difference between the specific heats of the 
crystal and the vapour. 


t If» following Eyring, W is defined as the additional free energy of the activated 
state, it must be represented as an explicit function of the temperature by the formula 
W « AE— TAiS, where AE is the activation energy and AE the activation entropy. 
Comparing this expression with equation (40) we see that AE corrraponds to and 
AE to hy» 

85B5.S9 « 
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It would be interesting to compare the temperature dependence of D 
measured in the usual way, i.e. at constant pressure, with its dependence 
on T at constant volume. It would be expected that in the latter case 
the coefficient A would turn out to be smaller than in the former by a 
factor of the order 10“®-10-^. 

As regards the activation energy W (or WJ) there exist at the present 
time no reliable calculations of its magnitude.! ®oth the ‘hole’ and 
the ‘dissociation recombination’ mechanism lead to values of the same 
order of magnitude as the latent heat of evaporation — which is in 
agreement with the experimental data. In the case of the ‘place- 
exchange’ mechanism ChichockiJ has attempted to compute the energy 
W from the wholly unwarranted assumption that it can be identified 
with the energy of the elastic deformation, corresponding to a doubling 
of the volume occupied by the two atoms in the intermediate configura- 
tion. Treating this energy as the compression energy of a continuous 
elastic medium formed by the surrounding atoms, Chichocki has ob- 
tained for it figures of the correct order of magnitude. This agreement 
can, however, hardly be considered as a justification of his assumptions. 
In the first place, the assumption that the volume is doubled at the 
climax of the process of place exchange between two neighbouring 
atoms is quite arbitrary. In the second place, the corresponding activa- 
tion energy cannot be ascribed to the mutual action of the surrounding 
atoms, while the potential energy of the two ‘transposed’ atoms is 
regarded as constant. Finally, the resulting elastic deformation of the 
surrounding medium corresponds not to a compression but to a shear, 
as has been shown in § 2 in connexion with the computation of the 
energy of the intrusion of a dislocated atom into an interstitial site. 

The preceding conception of self-diffusion in crystals can be extended 
with a few minor modifications to the process of diffusion of foreign 
atoms present in a given crystalline substance in the form of an 
‘impurity’ or ‘solid solution’ with a small concentration. 

If this solid solution is of the ‘intrusion’ type (as a solution of carbon 
in iron), the diffusion of the dissolved atoms can take place only by the 
second of the above considered mechanisms, namely by their wandering 
through the interstitial space. The activation energy W in the expres- 
sion D = reduces in this case to the height Ai7 of the potential 

barrier separating two equilibrium positions of the dissolved atom in 
two adjacent interstices. It is clear that under such conditions the 

t Cf. Huntington and Seitz, Phys. Pev. 61, 315 (1942). 

i Joum, de Phya. (vii), 9, 129 (1938). 
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activation energy W must be much smaller than in the case of self- 
diffusion, when it is equal to the sum of bJJ (for an atom of the basic 
substance) and of 17' or IJ\ Since the order of magnitude of the factor 
A cannot differ very much from it follows that the coefficient of 
diffusion of impurities, in the case of solid solutions of the intrusion 
type, must be much larger than the coefficient of self-diffusion (espe- 
cially in the region of lower temperatures). 

This conclusion is supported by the experimental facts, which show 
that in the case of self-diffusion W is as a rule about twice as large as 
in the case of the diffusion of foreign atoms. 

It is rather surprising, however, that this relation is often verified 
also in the case of solid solutions which apparently belong to the sub- 
stitution type. In the latter case the energy W is usually larger the 
greater the similarity between the atoms of the solvent and of the 
solute in respect of their physical and chemical properties (such as size 
and valency), as can be seen from the following table, which refers to 
a number of substances dissolved in lead. 


Table II 

Diffusion Constants in Lead 


Dissolved 

substance 

W {kcal.lmole) 

A 

Atomic 

radius X 10* cm. 

Pb 1 

28 

6-8xl0» 

1-76 

Sn I 

23-7 

2-4x104 

1-40 

T1 

20-6 

2-7xl0» 

1-72 

Cd 

18 

7-2x10* 

1-60 

Ag 

16-2 

6-6x10* 

1-46 

Au 

14 

8-9x104 

1-46 


This fact is surprising because the mechanism of diffusion must in the 
present case be the same as in the case of self-diffusion. Whether the 
dissolved atoms move from one lattice site to another with the help of 
holes or by way of a temporary wandering through the interstitial 
space, the activation energy W must be equal to the sum of and 
V or so that no obvious ground can be found for the fact that it 
is smaller than in the case of self-diffusion, and smaller the greater the 
difference between the atoms of the impurity and those of the solvent. 
A possible explanation lies in the fact that the substitution of a foreign 
atom for an atom of the basic substance causes a distortion of the 
lattice about the corresponding site, and in this way lowers the energy 
V' required for the formation of a hole next to this site. According to 
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Johnsonf each substituted atom is accompanied by a hole which 
revolves about it jumping from one adjacent lattice site to another, 
and thus gives it permanently a chance of moving to one of the neigh- 
bouring sites. It seems, however, improbable that a marked fraction 
of the foreign atoms should be permanently associated with such ‘hole^ 
satellites. 


6. Lattice Distortions in Ionic Crystals 

We have limited ourselves thus far to the consideration of the simplest 
monatomic crystals, which are found in the case of metallic substances 
and inert elements only. Essentially new features appear when binary 
crystals are considered, especially when the latter are built up of 
oppositely charged atoms. The simplest examples of such ionic or 
heteropolar crystals are rock salt and other substances of the same 
type A+B~. 

In this case four different kinds of lattice distortions are possible: 
dislocated positive ions and the holes left by them, and dislocated 
negative ions and the corresponding holes. If it is assumed that the 
dislocated ions of each sort and the corresponding holes arise (and 
vanish) inside the crystal as a result of dissociation (recombination) 
processes, then the numbers of holes N'q left by the A+ and A“ 
ions must be equal to the numbers of dislocated ions of the 

corresponding sign. Since a positive hole, i.e. the lack of an A+ ion 
with a positive charge +e, is equivalent in respect of the electrical 
effects due to it to the prc^nce of a negative charge —c, and a negative 
hole to the presence of a charge +e, the conditions = N*j^ and 
ensure the neutrality of the crystal as a whole, but are not 
necessary for this neutrality which can be ensured by a single condition 

= (41) 


A similar relation must exist between the concentrations of the 

distortions (i.e. their number per unit volume = N'JV, etc.) in 

order to guarantee the electrical neutrality of the crystal not only as 

a whole but also in each of its volume elements separately. If this 

condition is not fulfilled, then the crystal contains a space charge with 

a volume density / / . # / # v . , . 

p = 6(112+%-%-%). , (41a) 

Let us assume, following Schottky,} that the numbers etc., are 
connected with each other by the neutrality oond|kion (41). ~ 


t R. P. Johnson, Phy$. Rev. 56, 814 (1036). 

X W. Schottky, Z. phya. Ohwn. B, 29, 886 (1086). 
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determination by the method considered in § 3 for the case of a mon- 
atomic substance is impossible, for it would lead us to values incom- 
patible with the neutrality condition. 

In order to allow for the latter it is necessary to consider the total 
free energy of all the four types of distortions: 

F = n+n+n+n. (42) 

where ^ 


etc. 

From the minimum condition of F we get, making use of (41) and 
putting Nj^r=, N^=z N, 

= Net^Auym 

where /a is a Lagrange multiplier; substituting the preceding expression 
in (41) we obtain for it the following formula: 

1 e-u'jkT^e-^ykT 



Eliminating ft from (43) we obtain the relation 


(44) 


corresponding to the dissociative equilibrium of each kind of dislocated 
ion with the corresponding holes, and ?7 b+^b = 

being the respective dissociation energies. 

So long as the dislocated atoms and the holes arise and vanish 
simultaneously, i.e. by way of dissociation or recombination inside the 
crystal, a separation of the energy or into two parts has no 
physical meaning. Since in this case ~ N\ and = iV^g, we can 
put E71 = C71 =. \Uj,, C7;, = V], = and = 0. 

An independent determination of C7^ and (or and [7^) is 
possible — both in principle and experimentally — only if the holes and 
the dislocated atoms can arise and vanish independently on the surface 
of the crystal. 

In this case it is necessary to take into account the electrical charges 
which are left on the surface (in an ‘adsorbed* state) by ions or holes 
migrating inside the crystal. Thus, for example, a positive hole leaves 
on the surface a charge -f e, while an A+ ion, wandering through the 
interstitial space, leaves an uncompensated surface charge — c. In the 
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presence inside the crystal of lattice distortions of all 

the four possible kinds with a total volume charge 

a charge — ■ Q must remain on the surface of the crystal. 

The separation of these two charges must give rise to an electrical 
field tending to restore the neutrality condition. If the potential of 
this field is denoted by then the total potential energy of a distortion 
located inside the crystal can be obtained by subtracting the product 
from and C/g or by adding it to (7^ and U'^. 

Under such conditions the volume concentrations of the correspond- 
ing distortions are given by the formula: 

= ne-<uiW)/*y n' = j* 

The potential ^ is determined as a function of the coordinates by 
Poisson’s equation 

(46 a) 

where e is the dielectric constant of the crystal, in connexion with the 
expression (41a) for the electric density p and the equations (46). It 
should be noticed that these equations are identical with the equations 
(43) if the parameter p, is identified with e<f>lkT and the numbers N 
are replaced by the corresponding concentrations. 

Let us suppose, following Schottky, that the interstices of the crystal 
lattice are too small to accommodate an extra ion (which means that 
the energies and UJj are extremely large compared with and U^). 
In this case the distortions of the crystal lattice will be reduced to the 
presence of positive and negative holes. 

The preceding equation for the potential <j> is then reduced to the form 



(e-< e-< 

C 


or 



that is 

= K^sinhiff, 

(46) 

where 

e<f, V'^-V'^ 

^ kT 2kT 

(46 a) 

and 

, _ 8ire*n 

fkT 

(46 b) 


Equation (46) is identical with the well-known equation of the 
f^bye-Htickel theory, which determines the potential distribution in 
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a solution of an electrolyte, the role of the electrode being played in 
our case by the surface of the crystal. The number 

represents the concentration of the holes of both signs at a sufficiently^ y 
great distance from the surface, while the reciprocal of the parameter k 
is a measure of the thickness of the surface layer where these concentra- 
tions are different. We thus see that the neutrality condition % = 
is fulfilled at such depths only as are large compared with l/zc. (If 
and Tig are small, l//c can be of the same order of magnitude as the linear 
dimensions of the crystal; in this case the neutrality condition is not 
valid even inside the latter.) 

Whereas in Debye’s theory the charge of the electrode (per unit area) 
or its potential with respect to distant points of the solution are 
arbitrarily fixed, in our case these quantities are determined by the 
temperature of the crystal and by the condition that the quantity ifs 
should vanish at a sufficiently great distance from the surface. 

Since on the surface of the crystal {x = 0) its electric potential, in 
the absence of external electric fields, must vanish (the volume charge 
being compensated by the surface one) its intrinsic potential (far away 
from the surface) must be equal to 

,^ = 1(671- t/'s). (47) 

This quantity can bo treated as the contact drop of potential in the 
surface layer of the crystal, due to the difference between the absorption 
energies of positive and negative holes (from the space surrounding the 
crystal.f 

If the surface of the crystal can be treated as a plane, then directing 
the cc-axis normally inwards we can rewrite equation (46) as follows: 

^ = sinh,^, (48) 

U' — C7' 

where ^ = kx. Integrating it under the condition 0 = = ^2kT^ 

for f = 0 and 0 = 0 for | = oo we get 



i.e. ^ = M+e-'l‘}. (48 a) 

Of 

t It should be mentioned that (47) expresses the neutrality condition inside th^ 
oryst^ and is a particular case of the general formula (43 a) for ^ » e^jkT. 
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This formula can serve for the determination of the electric field at the 
surface of the crystal 







and consequently of the volume charge Q = iV^) or the surface 

charge compensating it; the value of this charge referred to unit area 
must obviously be equal to eSJiTr, 

If ^ 1 (this condition is in general unjustified) the equation (48) is 


reduced to == Jt and its second integral to 


0 = 


just as in the approximate form of the Debye-Hiickel theory. 

The preceding theory can easily be generalized to the case when 
dislocated atoms are present along with holes. It opens a new electrical 
method for an experimental solution of the question of the surface or 
volume origin of the lattice distortions in a crystal lattice. Another 
more straightforward method is based on the kinetics of the establish- 
ment of the equilibrium condition, as defined by the potential ^ or by 
the electric conductivity of the crystal. Inasmuch, as the distortions 
arise on its surface, the state of equilibrium must be reached by their 
cfiffusion (inwards if the temperature is suddenly raised or outwards 
wbenitislowered), which implies a very large relaxation time, increasing 
with the size of the crystal. 

This question has not yet been investigated experimentally, in spite 
of its obvious interest. 


7. Electrical Conductivity of Ionic Crystals 

Ionic crystals possess, as is weU known, an electrical conductivity 
which is very small at low temperatures, but becomes considerable at 
elevated ones. In some cases the conductivity has an ionic character, 
i.e. is due to the mobility of ions, as in solutions of electrolytes. In 
other cases it is due to the free electrons, as in metals and electronic semi- 
conductors. In a number of cases, finally, a mixed conductivity — 
partially ionic and partially electronic— -is observed.f 

A. Joffd was the first to express and establish experimentally the 
idea that the passage of an electric current through crystals of the 

f eleotoolytio character of the conductivity of the crystal han be establidied 
e:q>ertmentaUy by the presence of the Faraday effect (separation of the ions on the 
deotrodes) and by the absence of a Hall effect. 
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rock-salt type is due to the presence of dissociated (or, according to our 
terminology, ‘dislocated’) positive ions in a number rapidly increasing 
with rise of temperature and possessing a marked mobility. f 

This idea has been worked out quantitatively by the present writer 
and has been completed by the conception of movable holes, which in 
the case of positive ions behave in an external electric field in the same 
way as negative ions.J 

In fact, in the presence of an electric field the dislocated positive 
ions must tend to move in the direction of this field. This refers both 
to the dislocated ions moving in the interstitial space and to the 
regularly located ions situated in the neighbourhood of positive holes. 
In the absence of the electric field such a hole has an equal chance of 
being filled by a positive ion situated on the left of it and by another 
ion situated on the right. Under the influence of an electric field directed 
to the right the former process will be more probable than the latter; 
in other words, the positive holes will be more frequently displaced to 
the left than to the right, i.e. they will behave as movable (dislocated) 
negative ions. 

It must be remembered that the mobility of the dislocated ions and 
of the holes is mt due to the electric field; in the absence of the latter 
they perform a random motion, which has been described in the pre- 
ceding sections, and which leads to a mixing up of similar ions. In the 
presence of the field this diffusion motion acquires a certain degree of 
organization in the sense that the dislocated positive ions move prefer- 
entially in the direction of the field, while the positive holes move 
preferentially in the opposite direction. This preferential or drift motion 
constitutes the electric current. 

That part of the diffusion motion which consists in the exchange of 
places between two neighbouring ions of the same sign (if such place 
exchange actually exists) is wholly irrelevant for the electric conduc- 
tivity of the crystal, for a place exchange between two similar ions does 
not lead to any change in the distribution of the electrical charges in 
the crystal.§ The existence of an ionic conductivity can therefore be 
considered as a direct proof of the existence in ionic crystals of lattice 
distortions in the form of dislocated atoms and of holes capable of 
moving through all the space occupied by it. 

The question to be decided is which of these two kinds of distortion 

t A. JofI6, The Physics of Crystals^ 1931. t J. Frenkel, Z./. Phys, 35, 662 (1926). 

§ An exchange of places between two adjacent ions of the opposite sign is excluded 
on the ground that it would require a vast increase of energy. 

a«96,29 „ 
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prevails and plays the main role in the phenomena of diffusion and 
electric conduction. This question probably does not admit of the same 
solution in all cases. 

The electrical conductivity of an ionic crystal is made up of several 
parts corresponding to the different kinds of movable lattice distortions 
which are present in it. The mobility of distortions of any given type 
is measured by the mean velocity v which they acquire under the action 
of an external force or rather by the ratio vjF — which, for not 
too large values of Fj is a constant described as the mobility coefficient. 

It can easily be shown that this coefficient is connected with the 
diffusion coefficient of the corresponding particles (or holes) by the 
relation ^ 

9 = (49) 


which has been established by Einstein in his theory of the Brownian 
motion and which is applicable to particles of any kind performing a 
motion of the diffusion type and conforming to the Maxwell-Boltzmann 
statistics. 

The relation (49) can be obtained in the simplest way as follows. Let 
us suppose that the concentration of the particles under consideration 
varies in the a;-directlon and that each of them is acted on, in this 
direction, by a force F (which may be a function of a;).t The number 
of particles passing in unit time through unit area of a plane surface 

normal to a; is made up of two parts: the diffusion current, D — 

dx 

and the convection current = nqF due to the action of the external 
force. In a state of statistical equilibrium the algebraic sum of these 
two currents must vanish. We thus get 

-D^-\-gnF=Q. 


Putting hwe F — --dVIdx where U{x) is the potential energy of the 
particles in the field of force under consideration, and integrating, we 


obtain 


n == const. 


This relation is similar to Boltzmann’s equation and becomes identical 
with it if Djq = IcT, 

We shall give another derivation of this important relation, and also 
of the more general relation corresponding to large values of F^ for the 

f In the case of holes F must be identified with the force acting on one of the corre« 
sponding ions. 
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case of particles which require an activation energy for moving from * 
one site to the next. 

Let us imagine for the sake of simplicity that the particles under 
consideration — the dislocated positive ions, for instance — move in one 
dimension parallel to the a;-axis, jumping from one potential well to 
the next through a potential barrier with a height A?7 (Fig. 4, full line). 



If to the inner forces which correspond to this ‘potential relief an 
external force of constant magnitude F in the positive direction of the 
a:-axis is added, with a potential energy U = —Fx, the resulting 
potential relief, while preserving its wave-like character, will gradually 
drop from left to right, as is shown by the dotted line in the figure. 

The height of the potential barrier separating each potential well 
from the next one in the positive direction will now be smaller than 
A?7 by the amount JF8, while in the opposite direction it will be larger 
than A (7 by this same amount (8 being the distance between two 
neighbouring wells, and |8 the distance from the bottom of the well to 
the point corresponding to the top of the barrier). 

The probability that a particle will jump in unit time from a given 
well into one of the two neighbouring ones, in the case of a symmetrical 
barrier with a height AC/”, has been shown above (§ 4) to be given by 
the expression 

where vq is the vibration frequency of the particle as long as it remains 
in the well. 

Hence it follows that in the presence of an external force F the 
probability that the particle will jump (in unit time) from the initial 
well to the next one on the positive side (right) is equal to 
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and on the negative side (left) to 

a_ == 

The former is thus increased and the latter diminished in the ratio 

gF8/2fcr 

Under such conditions the positive transitions of the particles must 
become more frequent than the negative ones, so that they will on the 
average drift in the positive direction. The mean velocity of this drift 
motion is obviousty equal to 

V — (50) 

that is v = 

or v^hocsinh—^, (51) 

^ilC 1 


It should be noted that the product S<x = Sfr is equal to the mean 
velocity of the random (diffusion) motion of the particle parallel to the 
fl;>axis. 

If the force is not too large so that J JS << kT, the hyperbolic sine 
in (51) can be replaced by its argument, which gives 


- rr 

V — F. 

2kT ’ 


(51a) 


i.e. the ordinary linear relation between the drift velocity and the force 
causing it, corresponding to a constant mobility coefficient 

S^ac 


Noting that 


8^oc 82 


— is equal to the diffusion coefficient Z), we come 
2t 


. back to Einstein’s relation (49). 

In the opposite case of a very strong force whose product with 8 is 
much larger than kT, the relation (51) is practically reduced to the 
exponential formula ^ (6i b) 


If F represents the electric force eE acting on an ion in an electric 
field with a strength E, the product F8 — eE8 is seen to be small 
compared with the value of ifcT at room temperatures for field strengths 
up to 10* c.g.s. » 10* volt/cm. In the case of weaker fields the current 
must thus be proportional to the field strength, in agreement with 
Ohm’s law. At higher strengths deviation from thia law must be 
observed. Such deviations have actually been observed by Poolef and 
t Poole, PhU, Mag. 32j 112 (1916) ; 42, 488 (1921). 
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are represented with a satisfactory accuracy by the exponential formula 
(61b). 

The current density due to the drift motion of particles of a given 
kind (i) is equal to » _ . „ ^ 

In the case of moderate fields this expression is reduced to 

«i = = e\ntqiE = Cf 

The coefficient (^2) 


represents that part of the specific electric conductivity of the crystal 
which is contributed by the particles of the ^th kind. 

In the case of binary ionic crystal of the NaCl type the total value of 
the electric conductivity a is equal to the sum of four terms corre- 
sponding to the positive and negative dislocated ions and to the holes. 
Using the expressions 02 

(52 a) 

for the diffusion coefficients, and the expressions 

(52 b) 

for the concentrations of the various lattice distortions in the region 
where the space charge vanishes (i.e. at a sufficiently great distance 
from the surface of the crystal), we obtain for the total conductivity 
of a binary crystal the following expression: 

cr = C; OX (7„ (53) 

where the coefficients C are given by the formulae 




'Oa 


kT' 


etc., 


(53a) 


and the energies W by the formulae 

IFi = C^;+AC^;. 

The parameter ^ikT is equal to the product of the charge e of one of the 
positive particles (dislocated positive ion, or a negative hole) with the 
potential in the interior of the crystal in a state of statistical equili- 
brium. If there are only two types of lattice distortion actually present, 
jtx reduces to the difference between the energies for the corresponding 
particles divided by 2kT, and the expression for the electric conductivity 
assumes the following simpler form: 


( 64 ) 
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if we have to do with dislocated ions of a given kind and the corre- 
sponding holes, or 

<7 = c-{*< C7i)+A (7^ e-{i( ul+ ui)+A (54 a) 

if the conductivity is due to the positive and negative holes only. 

Since, according to (53 a), the coefficients C must have approximately 
the same value for all types of lattice distortions, whereas the activation 
factors can widely differ from each other (with respect to the 

order of magnitude),f it is practically always possible in the last two 
expressions to neglect one of the two terms compared with the other. 
This means that the electric conductivity of a binary ionic crystal, in 
the presence of several types of carriers of electric charges, is practically 
determined by a single type — that with the highest mobility. 

As a matter of fact it is found experimentally that the dependence 
of the electric conductivity of ionic crystals on the temperature is 
expressed, in very broad limits, by the simple exponential formula 

a = (54 b) 

with a practically constant value of the factor (7. 

According to the theoretical formula (53 a) this factor should be 
inversely proportional to the absolute temperature; this dependence is, 
however, masked by the much sharper temperature dependence of 
the exponential factor. 

Putting in (53a) e = 5x lO-^®, 8 = 3x lO-®, tq = lO"^®, n = 
and T == 300, we get 

C « 9x 10« C.g.8. = 100 

volt/cm. 

This theoretical value of C is in good agreement with the experimental 
values found in those cases when cr can be represented by the formula 
(64 b) within the whole accessible range of temperatures — from room 
temperature up to the melting-point of the corresponding crystal. The 
energy W is usually found to be of the order of 10,000 cal./mole, i.e. 
of the same order of magnitude as the latent heat of fusion. 

The values of C and W for a number of different crystals are given 
in the second and third columns of the following table. 

It must be mentioned that in the case of a number of ionic crystals 
the electric conductivity is represented by the formula a 
with a value of C lying close to the theoretical one, in a limited range 
of moderate temperatures up to a certain temperature Tq, Above 

t The activation energies are usually about ten times larg^ than hT (at room 
temperatures). Relatively small differences in their values corre(q)ond therefore to large 
diffnwnoes in the values of the factors 
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Table III 


Substance 

G 

W 

O' 

W' 

NaCl 

0*8 

21,000 

3-6xl0» 

60,000 

NaBr 

0'6 

18,400 

llxl0» 

44,000 

AgCl 

l-6xl0-« 

4,320 

3-2 X 10* 

22,100 

KI 

Oil 

9,316 

011 X 10* 

39,000 


the latter the conductivity can be represented by a similar formula 
a = ^ith a value of W' a few times larger than W and, 

accordingly, with a value of O' exceeding C by several orders of magni- 
tude (up to 10® times). The latter circumstance directly follows from 
the equality of the two expressions at T = in conjunction with the 
fact that W ^ kTQ. Taking 1 fT as the abscissa and log cr as the ordinate 
we obtain a curve consisting of two straight lines with different slopes 
intersecting at the point T = Tq (see Fig. 5). 


logo* 


To 

Fig. 5 


1 

T 



This dependence of c on T is usually explained by the fact that the 
electrical conductivity of the crystal is due to charges of two different 
kinds and is represented by the two-term formula 


one of the terms prevailing at lower and the other at higher tem- 
peratures. 


This seemingly natural interpretation ignores the fact that the co- 
efficient G in both terms of the theoretical formula (64) or (64 a) must 

have approximately the same value ^of the order of 100 

The above anomaly can, however, be explained in full agreement 
with our theory if it is taken into account that the energy (or free 
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energy) W decreases with a rise of the temperature owing to the thermal 
expansion of the crystal (cf. § 6). 

If the thermal expansion coefficient has a constant magnitude, the 
decrease of W with temperature can be described by the linear formula 
W == WQ—kyTy which leads to an apparent increase of the coefficient 
C by the factor ey (see eq. (40 a)). In the case of ionic crystals the 
thermal expansion coefficient is very small in a broad temperature 
range, while above a certain high temperature it begins to rise sharply 
up to the melting-point. The corresponding variation of W can be 
schematically represented as follows: 

W =Wq = const, for T <Tq \ 

W = Wo-ky(T^To)iorT>To I 

Substituting these expressions in formula (53 b) we see that above Tq 
it has the same form a — ( 7 'e-»’ 7 Arr below it, with the following 
altered values of the parameters W' and C : 


W = W,+yJcTo 
G' = Cer 


(55 a) 


In the case of rock-salt, for example, we have Tq — 560® C. = 830® K., 
W = 21,000 cal./mole, IF' = 60,000 cal./mole, C^jC = 10®. This corre- 
sponds to ky = 25 cal./degree. As to the thermal expansion coefficient 
of rock-salt, it is actually found to increase rapidly above 500® C.’ The 
corresponding data for a few other ionic crystals are collected in the 
preceding table. 


8. Electronic Conductivity and Optical Properties of Ionic 

Crystals 

A large number of ionic crystals, especially metallic oxides (CugO, 
CuO, MoO) and sulphides (CaS, PbS, etc.), display an electric con- 
ductivity not of an ionic but of an electronic origin. They are denoted, 
accordingly, as electronic semi-conductors, or simply as semi-conductors. 
Their conductivity can be due, in the first place, to free or ‘collectivized* 
electrons, i.e. electrons released from a fraction of the ions (usually the 
negative ones) and capable of moving through the whole volume of the 
crystal. Along with these electrons an essential role in the conduction 
of electricity can be played by the vacant places or holes left by these 
electrons. 

Such electron or positive holes, in the form of neutral atoms of the 
metalloid, for example, surrounded by negative ions of the latter (and 
of course by the positive ions of the metal), can move throughout the 
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crystal by obtaining an electron initially bound to one of the adjacent 
negative ions. As a result the positive holes must behave in exactly 
the same way as electrons with a positive charge. 

Inasmuch as the electrons and positive holes arise by a process of 
dissociation or ionization, their number must increase with a rise of 
the temperature according to the law const. where U is the 

ionization energy. It is conceivable also that they arise independently 
on the surface of the crystal, leaving there ‘adsorbed’ electrical charges, 
just as in the case of crystals with an ionic conductivity. In the case of 
electronic conductors such processes can, however, play but a minor role. 

The free electrons in a crystal are usually treated as a gas in a vacuum. 
It is possible, however, that in reality they are not quite free, but that 
after being released from negative ions they become attached to posi- 
tive ones (converting them into neutral atoms) and move through the 
crystal lattice by passing from one positive ion to the next — ^in the 
same way as the electron holes move by passing from one negative ion 
to the next. 

The factor outside the exponential in the expression 
W = A" - const, 


for the number of electrons and N*' of holes turns out to be somewhat 
different in the two cases. 

If the electrons and holes are localized in definite lattice sites — the 


former in those occupied by positive ions, the latter in those occupied 
by negative ones — this factor is equal to the number N of sites of a 
given type in the volume V of the lattice. 

If, on the other hand, they are treated as particles of two gases 
capable of moving throughout the whole volume F, the energy U in 
the preceding formula must be completed by the free energy 0 of the 
electron and hole in the ideal gas state, while the constant must be set 
equMtol. Now 
where 




where 


A = — A_ 
^{27mikT) 


( 56 ) 


is the de Broglie wave-length corresponding to the average thermal 
velocity of the particle. We thus have 


V 
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If the electrons and tlie holes are assumed to have the same effective 
mass m, then replacing \U by we get 

( 67 ) 

A* 

At room temperatures A is of the order of 10-’ cm., so that A”® is of 
the same order of magnitude as n = NjV. 

It can seem at first sight that the two conceptions of the motion of 
the electrons and holes — from one atom to the next, or quite freely 
throughout the whole volume V of the crystal — must lead to essentially 
different values of the diffusion coefficient, since in the former case the 
mean free path must be reduced to the distance 8 between neighbouring 
ions of the same sign (just as in the case of the motion of dislocated ions 
and ionic holes), while in the latter it is limited by the linear dimensions 
of the crystal only. 

This difference is, however, only apparent. The coincidence between 
I and 8 for ions and ionic holes is due to the fact that their transition 
from one site to the next requires a certain activation energy which is 
^dumped’ on to the surrounding atoms as soon as the potential barrier 
separating these two sites has been crossed. In the case of electrons 
(or electron holes) the transition of an electron from one site to the 
next can take place, owing to the smallness of the corresponding dis- 
tance 8, by the mechanism of the tunnel effect which does not require 
any activation energy. 

Under such conditions the electron (or hole) can make a number of 
subsequent transitions in the same direction, the corresponding set of 
atoms (ions) playing the role of frails* over which the electron is rolling. 
If the atoms of the crystal were distributed with perfect regularity, this 
rectilinear motion would proceed unperturbed up to its boundaries 
only. In reality, however, owing to the thermal vibrations of the atoms, 
the length of the rectilinear segments laid down by an electron or a hole 
is limited, being smaller the higher the temperature. 

The mean value of the ‘free path* can be determined by a formula 
of the same type as in the case of a gas particle 


1 = 


1 


(68) 


if f is used to denote not the radius of an atom (or ion) but its mean 
displacement from the corresponding equilibrium position (for, as has 
just been stated, I is limited by these displacements only); denotes 
the number of atoms in unit volume. 
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Putting where / is the coefficient of the restoring quasi- 

elastic force, we get = kTjf and consequently 

The mean free path of a ‘free’ electron or hole is thus seen to be 
inversely proportional to the temperature. At room temperatures 
(T 7^ 300° K.) the amplitude of the thermal vibrations is of the order 
of 1/10 of the interatomic distance 8; noting that « 1/8® we find in 
this case, according to (57) 

I = b(-Y « 1008 . 


The preceding theory enables one to calculate the diffusion coeffi- 
cients of the electrons and holes with the help of the usual formula 
B = JZv, and ftirther to determine the electrical conductivity of the 
crystal, inasmuch as it is due to them, with the help of the formula 

_ ehi'D' eVD" 

'' kT ^ kT ' 

Since W = w" and D' 7 ^ a can be represented as a function of the 
temperature by the simple formula 

<T = const. (59) 

where the factor follows from the fact that v is proportional to VT 
in conjunction with Z ^ l/T. 

Just as in the case of the ionic conductivity, the dependence of the 
factor outside the exponential on the temperature is masked by the much 
sharper dependence of the exponential factor, so that with sufficient 
accuracy one may put a — const, 

The preceding conception of the character of the motion of the 
electron and holes requires a number of corrections, the most important 
of which is the following. 

When the electron or hole becomes attached, even for a very short 
time, to some atom (ion) of the crystal, the surrounding atoms suffer 
additional forces of attraction or repulsion and tend to be shifted from 
their normal equilibrium positions in the lattice points. In other words, 
the lattice tends to get elastically strained and electrically polarized 
about the centre formed by the ‘visiting’ electron or hole. If the 
duration of this visit is long enough for such a strain or polarization 
actually to take place, the electron or hole will not be able to jump to 
the following atom (or ion) unless accompanied by the elastic and 
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electric deformation produced by it. The probability of such a transi- 
tion, implying the participation of heavy particles, is much smaller 
than in the case when the corresponding deformation does not arise. 
We thus see that a free electron or hole Visiting’ now one and then 
another atom can get ‘trapped’ by it if its visit becomes dangerously 
prolonged. In the case of slow (thermal) electrons and holes such a 
spontaneous trapping is very likely and may occur at every step. 

The trapped electron or hole can be again released; since, however, this 
release is connected with an increase of potential energy by a certain 
amount A 17 it will have to wait for a certain time r, increasing as the 
temperature is lowered according to the usual law t = const, 

The freedom obtained on release will, on the other hand, be of extremely 
short duration, being followed by a new trapping near one of the 
adjacent atoms. 

As a result, the thermal electrons and holes with a very small kinetic 
energy will move through a crystal in approximately the same way as 
dislocated ions or ionic holes, AU playing the role of the activation 
energy and 8 of the mean free path. 

This circumstance does not alter the character of the dependence 
of <7 on T, the energy in equation (59) being simply replaced by 
i£^+AC7. 

Summing up, we see that the regularity of the structure of aa ionic 
crystal, especially at high temperatures, must be disturbed in the 
genial case not only by its dissociation — ^in the sense of the appearance 
of movable dislocated ions and ionic holes — but also by its ionization, 
revealed by the appearance of movable electrons and electron holes. 
The ratio between the concentration of the former and the latter is 
determined by the rel^itive value of the dissociation and the ionization 
energy. In the case of ionic conductors, characterized by a relatively 
high ‘ionization* energy, this ionization, i.e. the production of free 
electrons and holes, can be realized at low temperatures by illumination 
with ultra-violet light. A very interesting relationship is found between 
these photo-electrons and electron holes, on the one hand, and the 
dislocated ions and ionic holes due to the thermal motion on the other. 

Theoretically speaking this relationship must be reducible to an 
additional trapping or ‘localization’ of the fonner by the latter. This 
type of trapping is revealed experimentally by the appearance in the 
preliminarily irradiated crystal of a specific coloration hich is preserved 
for a certain time after the irradiation has been stopped ; this time rapidly 
decreases as the temperature is raised. This coloration is due to the 
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absorption of visible light by the so-called ‘i^-centre’, formed by photo- 
electrons which have become attached to dislocated positive ions or to 
holes left by the negative ions. The latter conception is due to de Boer 
and Pohl;t the former has been discussed by the present writer in 
connexion with the question of the motion of coloured spots in alkali 
halide crystals under the action of an external electric field. J 

The preservation of the coloration, produced by a preliminary irradia- 
tion of the crystal with ultra-violet light, is due to the fact that for the 
release of the electron from the corresponding centre (e.g. the ionization 
of a neutral Na atom in an interstice of a NaCl lattice, or the removal 
of the electron, replacing a Cl ion) a certain energy W is required, so 
that the loss of coloration accompanying this release must proceed with 
a finite velocity proportional to At elevated temperatures the 

coloration is lost practically instantly, while at low temperatures the 
decoloration of the crystal progresses very slowly. 

According to the above conception of the nature of the jP-centres, 
they can arise in an irradiated crystal in the presence only of lattice 
distortions due to dislocated ions or ionic holes. It follows therefrom 
that a coloration of a crystal in a state of thermodynamic equilibrium 
at low temperatures is impossible. This conclusion is fully supported 
by experimental evidence and is of prime importance for the under- 
standing of photography, for the latent photographic image is con- 
stituted by a system of jP-centres created by preliminary illumination. 
An apparent violation of it is found when the crystal exposed to illu- 
mination has been preliminarily heated and thereafter rapidly cooled 
(quenched), so that the degree of dissociation of the lattice has remained 
at the initial high level. 

It should be mentioned, in conclusion, that the coloration centres 
can arise in crystals at arbitrarily low temperatures in the presence of 
impurities. The latter play an important role in the electric conduc- 
tivity of the crystal when the atoms of the impurity are easily ionized, 
being thus a source of free electrons, or have a large electron affinity 
and capture electrons from the atoms of the bulk substance, thus giving 
rise to free electron holes in the latter. 

t See discussion in Proc. Phys. Soc, 49 (1937). 

t J. Frenkel, Phya, Z, d. Sowjetunion, 5, 911 (1934). It is also possible to treat the 
F-centres as positive electron holes attached to negative ionic holes. 



II 

PERTURBATION OF ALTERNATION AND ORIENTATION 
ORDER IN MIXED AND MOLECULAR CRYSTALS 

1. Order and Disorder in the Distribution of Atoms in Binary 

Alloys (Inter -metallic Compounds) 

Thb disturbances of regularity in the structure of crystals which we 
have considered heretofore were limited to the presence, in relatively 
small numbers, of dislocated atoms, ions, or electrons, and of the 
corresponding holes, dissolved, as it were, in the crystal lattice and 
distorting the latter in the same way as foreign impurities. 

Along with such disturbances (which are characteristic of monatomic 
substances and binary ionic crystals), binary non-ionic crystals and, 
in particular, intermetallic compounds of the type AB (or more generally 
A^B^) display at elevated temperatures much more important struc- 
tural disturbances consisting in the lack of regularity in the alternation 
of the atoms of different kinds between the successive crystal sites. 

Thus, for example, in a 50 per cent. ZnCu alloy (jS-brass) the Zn and 
Cu atoms form a volume-centred cubic lattice, alternating between the 
neighbouring sites in a chainlike order, with complete regularity c^t low 
temperatures, just as do the Cs and Cl ions in a CsCl crystal. This 
regular alternation becomes, however, more and more disturbed as the 
temperature is raised, until at and above a certain ‘critical’ temperature 
Tq the distribution of the atoms of the two kinds between the lattice 
points becomes wholly irregular. 

This decrease of ‘alternation order’ in a binary alloy is to a certain 
extent similar to ordinary melting and may be denoted by the term 
‘alternation melting’, especially when the degree of order, gradually 
decreasing with the approach to a certain temperature Tq, suddenly 
drops to zero when this temperature is reached. Such a transition, 
which is connected with absorption of latent heat, is referred to as a 
transition of the first order. It can be exemplified by the case of the 
Cu 3 Au alloy. In other cases such as that of CuAu the alternation order 
decreases continuously, though at an ever-increasing rate, until it 
vanishes completely at a certain temperature Tq. This transition is 
characterized by an abnormal rise of the specific heat at constant 
pressure reaching a finite or infinite peak value at T = Jq and 
rapidly dropping to its normal value as the temperature is raised beyond 
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the point TJ,. The latter is referred to in such cases as a ‘Curie point* 
because of its analogy to the ordinary Curie point of ferromagnetic 
substances, while the transition is denoted as a transition of the second 
kind. This type of transition is illustrated by Fig. 6, the dotted line 




L j I j 

(a) (bj 

Fia. 7 

indicating the normal course of the specific heat. It has often been 
confused with a type of transition introduced under the same title by 
Ehrenfest, and characterized by a discontinuous change of the specific 
heat, illustrated by Fig. 7 a and 6. As a matter of actual fact, such 
transitions have never been observed and cannot correspond to a stable 
equilibrium between the corresponding phases. 

On the other hand, transitions of the second kind typified by Fig. 6 
are actually found not only in the case of ordinary Curie points or of 
alternation melting but in a number of other cases, some of which will 
be considered later on. They may be treated, from a purely thermo- 
dynamical point of view, as a generalization of transitions of the first 
kind, with the transition point replaced by a certain temperature 
range AT about Tq. The latent heat of fusion is replaced accordingly 
by the integral J AC dT, where AO denotes the excess of the specific 
heat over its ‘normal value* (dotted line in Fig. 6). As a matter of fact, 
a transition of the first kind may be described, in a formal way, as a 
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limiting case of a transition of the second kind with a specific heat 
anomaly AC^ represented by a delta function. The accompanying 
change of volume V^—Vi may likewise be represented by the integral 
Vo / dT, where is the additional value of the thermal expansion 
coefficient at constant pressure. In the case of an ordinary transition 
of the second kind with a finite range AT, as a function of T, has 
a form quite similar to 0^, as illustrated by Fig. 6. Indeed, the values 
of A(7^ and Aa^ are approximately proportional to each other within 
the whole range of the anomaly characterizing the transition in question. 

This parallelism between AC^ and Aa^ has given rise to the opinion 
that the anomaly of specific heat can be considered as a consequence of 
the anomaly of thermal expansion near the Curie point. In fact the 
specific heat at constant volume 0^, so far as it can be directly measured 
or calculated, displays a much smaller anomaly in the transition range 
than Cp, On the same grounds, however, it might be argued that the 
latent heat of fusion (at constant pressure) is due to the accompanying 
increase of volume, which is obviously incorrect, or but partially 
correct, since in reality the increase of entropy and the increase of 
volume are concomitant effects of the same cause. 


We shall come back to these general thermodynamic considerations 
later on, and shall now consider in more detail the special case of 
transitions of the second kind, constituted by the decrease of regul^-rity 
in the alternation of atoms A and B in the alloy AB with increase of 
the temperature. 

In the case of an ionic crystal A+B“ the alternation of the ions of 
opposite sign follows from the fact that unlike ions attract each other 
while similar ions are mutually repelled. A similar distribution of 
neutral atoms A, B found at low temperatures implies that unlike atoms 
attract each other more strongly than similar ones. The tendency 
towards such a distribution is thus characterized by a positive value 


of the energy 


U = ^AA+^BB j 


( 1 ) 


where denote the mutual potential energies of two atoms 

of the corresponding kind situated in neighbouring lattice sites (at the 
same average distance 8 from each other). 

Since the forces between neutral atoms decrease very rapidly with 
increase of their distance apart (in contradistinction t^ the ions), the 
potential energy of the whole crystal E can l^e represented with sufficient 
approximation as the sum of the potential energies 
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between the nearest neighbours only. A regular alternation corre- 
sponding to the minimum value of E must be realized at low tempera- 
tures only. At higher temperatures it is necessary to take into account 
not only the energy of the crystal but also its entropy, which has a 
tendency to increase by irregular interchanges of place between neigh- 
bouring atoms of different kind. In the case of ionic crystals such 
interchanges are ruled out by the resulting very large increase of energy. 
In the case of binary alloys, on the other hand, the corresponding 
increase of potential energy is relatively small, that is, of the order of 
or smaller than the value oi kT for the temperature of melting. Hence 
alternation melting can occur at a temperature lying below the 
melting-point, the atoms A and B preserving a regular distribution 
between the points of a crystal lattice, with loss of regular alternation, 
corresponding to lower temperatures. 

If the coordination number of the lattice (i.e. the number of nearest 
neighbours) is equal to then the interchange of two adjacent atoms 
A and B in a crystal with complete alternation order requires an 
.mouneofenero W (U) 

where U is given by (1). As, however, the number of such irregular 
pairs is increased, the energy required from the interchange of one more 
pair ,of adjacent atoms from a regular position to an irregular one 
gradually decreases, vanishing in the limiting case when the number of 
atoms of each kind remaining in their proper sites becomes equal to 
the number of atoms which have moved to foreign sites. 

Strictly speaking, the notion of ‘proper’ and ‘foreign’ sites becomes 
meaningless in this case. If, after this limiting form of disorder has 
been reached, the B atom moves to such places as were originally 
occupied by A atoms, and vice versa, we shall come back again to a 
completely regular distribution, with a reversed definition of proper 
and foreign sites. 

Let us denote those sites which were originally occupied by the 
A atoms as ‘even’, and those which were originally occupied by the 
B atoms as ‘odd*. Further, let denote the number of A atoms remain- 
ing in the even sites and the number of such atoms that have moved 
to odd sites; these numbers must obviously be equal to the number of 
B atoms remaining in the odd sites or situated in the even sites respec- 
tively. 

The fraction f «, (2) 


85M.2» 


I 
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where N = can be treated as a measure of the degree of order 

in the relative distribution of the atoms. It would be more correct, 
perhaps, to define the degree of this order by the square of or its 
absolute value, which remains the same when all the A and B atoms 
are interchanged. 

According to Bragg and Williamsf the energy increment U due to 
interchange of two atoms A, B from regular positions to irregular ones 
is proportional to the existing degree of order $ 




where W is given by (1 a). 

If pairs of atoms are interchanged consecutively, the energy of the 

crystal is increased by 

that is, E = M w. (3) 

The same result may be obtained on the assumption that the distri- 
bution of atoms around a given (even or odd) site remains on the 
average the same whether this site is occupied by an A atom or by a 
B atom. 

Let us consider an even site. Since it is surrounded by odd ones, 
then the number of adjacent A and B atoms is equal respectively to 






Now out of the N even sites under consideration are occupied by 
A atoms and Ng by B atoms. Their potential energy with respect to 
the surrounding atoms is thus equal to 

For the odd sites we obtain in the same way 

The total potential energy of the crystal is equal to one-lialf of the sum 


t W. L. Bragg and E. J. WUliams, Proc. Soy. 8oc. A, US, 699 (1934). 
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of these two expressions. Subtracting from it the smallest value of the 
potential energy, corresponding to = 0, we get 


E = 2Uz 


N ’ 


(3 a) 


which is identical with (3) if If is defined as 2zU instead of 2(2—1)17. 
Since by the definition of | 


JVi = iif(l+|), = iif(l-f), 


we have 




and consequently E = 

The interchange of atoms A, B from regular to irregular positions 
can be carried out in N ! /N ^ ! N 2 ! different ways, corresponding to different 
ways of choosing N 2 odd places for accommodating A atoms instead of 
B atoms. The resulting increase of the entropy of the crystal is thus 

given by S = ;fc(log77!_logifj!-log2fj!). (4) 

The equilibrium values of Ni and iVg corresponding to the minimum 
of the free energy F = E—T8 under the condition ^ 

thus determined by the equation 


= kT \og§. 


N, 


that is, 


^2 p-W^fkT 

Nr ‘ 


( 5 ) 


It should be remarked that this result is a direct corollary of Boltz- 
mann’s principle, in conjunction with the Bragg-Williams assumption 
as to the linear dependence of the interchange energy on the degree of 
order 

o. > N-N2 l-NJN^ 

it follows from (6) that 




l_e-w(ikT 


that is, 


^ 2kT 


(6 a) 


This equation, derived by Bragg and Williams in their original paper 
on order and disorder in crystal lattices, has solutions different from 
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zero for such temperatures only as lie below a certain ‘criticar or Curie 
temperature _ ^r 


7T — " 


(6 b) 


This follows from the fact that the initial slope of the tangent to the 
curve y == tanh ax which is equal to a must be larger than 1 in order 
that this curve should meet the straight line y = x. 

The dependence of | on T is illustrated by the curve, Eig. 8, which 



has a horizontal tangent at T = 0 and a vertical one at T = IJ,. In 
view of the smallness of $ in the neighbourhood of this point, the 
function (6 a) can be approximated by the expression af[l—J(af)^]. 

Equating it to ^ we get = “^|l — -j, 

W T 

or since a = close to 1, 

T — T 

( 6 ) 

-*0 

This equation represents a parabola the axis of which coincides with 
the negative direction of the T*axis. 

The rapid decrease of the degree of order near the Curie point Tq is 
connected with an abnormal increase of the specific heat. The additional 

value of the latter can be defined by the formula AC = T—, where 

dT 

the entropy 8 is given by (4). Noting that 
d8 == -IclogN^dN^-^klogN^dN^ 

= -*(iogiv,-iogiy,)|rff = - 
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we get, in virtue of (5), 


AC: 


NW 

2 


which, according to (3 b), coincides with dEjdTy i.e. with the rate of 
increase of the energy due to the decrease of the degree of order, f 
Substituting in the preceding formula the expression (6) for f we get 


(AC)o = 


3NW 
4To ’ 


or, since (AC)o - UN = fi?. (6 a) 

Thus, according to the preceding theory, the additional specific heat 



T 


due to the progress of alternation disorder with elevation of the tem- 
perature increases smoothly until the limiting value f i? is reached at 
T = jTo, after which it suddenly drops to zero. 

This behaviour roughly corresponds to Ehrenfest’s conception of a 
transition of the second kind, and can bo illustrated by Fig. 7 a, pro- 
vided the slope of the curve (c, T) is somewhat larger for T <Tq than 
for T > Tq. 

In reality, however, the curve c, T has an entirely different shape, 
more or less similar to that shown in Fig. 9. 

It seems thus more appropriate to speak not of a jumpy but of a 
peak of the specific heat with a somewhat asymmetrical form, the slope 
of the ascending branch being more gradual than that of the descending 
one. Fig. 9 gives a comparison between the actual course of the specific 

t This foUows from the general thennodynamical relation C’„ = T— = 

. dV BE 

irp__Oorifp^is smaU compared with — . 

dT ^ dT 
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heat of the alloy near the Curie temperature Tq (full line) and that 
following from the Bragg-Williams theory (dotted line). 

2. Distant and Local Alternation Order 

This discrepancy between theory and experiment is obviously due 
to the fallacy of the assumption that the energy which is necessary for 
the interchange of two atoms A, B from regular to irregular positions 
is proportional to the existing degree of regularity. 

The preceding derivation of this result from a consideration of the 
distribution of A and B atoms about even and odd sites is likewise 
incorrect, because it erroneously identifies the notion of order as defined 
above, i.e. referring to the distribution of the A and B atoms between 
even and odd lattice points, with a new notion of the order, emerging 
from a consideration of the distribution of the A and B atoms about 
one of them. 

It is clear that in complete absence of order in the above sense a 
certain degree of alternation order can persist in the sense that the 
A atoms, whether they are situated in even or odd sites, are surrounded 
mainly by B atoms, while the B atoms, irrespective of their position, 
are surrounded mainly by A atoms. This type of order, first discussed 
by Bethe,t is described as ‘short-range’ or ‘local’ order, whereas the 
type of order considered by Bragg and Williams is known as distant 
or long-range order. It is clear that the degree of regularity in the 
alternation of A and B atoms between neighbouring lattice sites is 
more adequately specified by the degree of short-range order than by 
that of long-range order. 

Let z' and denote the average numbers of different and similar 
neighbours of any one atom (either A or B). The degree of local order 
can be defined by the ratio 



If rj = I, then all the A atoms are distributed between sites of one 
parity (even only, or odd only), and the B atoms between the sites of 
the opposite parity. This corresponds to a degree of distant order 
^=+lor-l. 

We thus see that for small disturbances of the alternation order 
rj ^ f*. With further decrease of order, however, rj falls off more 
slowly than preserving a finite value above the Cqrie point where 
f = 0, and vanishing only in the limiting case T-^co, 
t H. Bethe, Proc. R<yy, 8oc. A, 150, 652 (1936). 
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The dependence of on T can be obtained in a roughly approximate 
form as follows. Let us first consider the A atoms along with their z 
neighbours. Let and denote the probabilities that one of 
these neighbours will be an A or a B atom respectively. If the mutual 
potential energy between these neighbours and more distant atoms is 
neglected, then, according to Boltzmann’s principle. 


Pa A e-VjjJkT 


5 ^ = --Tj-nPi, = 

■Pab e-'^AB/**’ 


Identifying this ratio with the average value of the ratio between the 
numbers of B atoms (zj^) and A atoms (zl) about an A atom, we might 
define the degree of local order with respect to A atoms by the ex- 
pression Pab-Paa 


that is, 7)^ = tanh^^ ^ - 

while the degree of local order with respect to a B atom would be given 
by the expression 

7?B = tanh-»»"’^AB 

2kT 

The two expressions coincide in the special case only. 

It seems natural to replace them in the general case by the single 

' 2kt 


that is, 


( 8 ) 


This result is obviously incorrect, since for very low temperatures rj 
must coincide with that is, approximately, with ta,nh.^(W l2kT), 
according to (5 a). It gives, however, a fair idea of the variation of rj 
at elevated temperatures when f = 0. 

We shall not stop here to consider various attempts which have been 
made by Bethe, Kirkwood, and a number of other authors to obtain 
a more exact expression for as a function of the temperature and to 
derive f — the degree of distant order — in conjunction with rj. It may 
suffice to note that this problem has not hitherto been solved satis- 
factorily. The approximate relation r] = f®, holding in the limiting 
case of low temperatures, can be established as follows. Since the 
energy of disorder E depends on the mutual action of adjacent atoms 
only, it can be expressed as a function of the local order rj and not of 
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the distant one as has previously been assumed. By the definition of 
7j according to (7) we have z' = |(1+^), z" = ^(1—1?), so that 

that is, E == ^NzU{1—7]), (9) 

Comparing this with the expression (3 b) of the Bragg-Williams theory 
and noting that 2zU = IF, we see that rj can be identified with 

As a matter of fact, however, the equation (3 b) has been derived 
under the erroneous assumption that the arrangement of A and B atoms 
about one of them is determined by the degree of distant order, so that 
equation (3 b) is wrong while equation (9) is correct. 

While the energy ^ is a function of local order, the entropy S seems 
to have been correctly defined by equation (4) as a function of the 
distant order (or of the numbers Ni^ which serve to determine it). 
If this were so, the distant order could never vanish, since for f = 0 the 
free energy F = E('r])—T8(^) would become a function of t) only, which 
would yield rj = I from the condition dF/drj = 0. We thus see that in 
the exact theory S must be defined as a certain function both of ^ and ry. 

The notion of local order can be considered as an extension of that of 
distant order applied not to the whole crystal as that of distant order, 
but to a limited portion of it. Under such conditions there is no need 
to introduce two different parameters for the specification of the degree 
of alternation order, the latter being defined by a certain function f of 
the coordinates a?, y, z, assuming all values in the range between — 1 
and + 1 (with the convention that opposite values of $ are equivalent 
with respect to the degree of order specified by them). 

This function can be introduced by considering each lattice point as 
the centre of a sphere (or cube) with a radius (or edge) L which is 
. much larger than the lattice constant a, but very small compared with 
the linear dimensions of the whole crystal. The degree of order ^ is 
thus defined according to equation (2) for the corresponding portion 
of the crystal. The subdivision of the lattice points into even and odd 
ones being the same for the whole crystal, can be either larger or 
smaller than The degree of the order f defined in this way and 
referred to the central point will be in general a continuous function of 
its coordinates y, z. This generalized and unified definition of the 
alternation order is especially convenient in the case of a non-uniformly 
heated crystal, f * varying from point to point along with the temperature. 

But even in the case when the crystal is under the same macroscopic 
conditions, it is necessary to distinguish the average value of the degree 
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§2 


of order for the whole crystal | from its local value y, z). The 
difference | = Af will be denoted as the fluctm tion of order. The 
average value of the square of this fluctuation {Af)^ is just as important 
for the specification of the state of the crystal as Above the Curie 
point, when | vanishes, (A^)^ can be identified with the degree of local 
order 17 previously introduced. In the general case the latter can be 
defined as the average value of 

= ( 10 ) 
When If I lies close to 1 this formula is reduced to the relation rj = (f)^, 
which has been used before, when no distinction was made between f 
and |. 

The degree of regularity in the whole crystal can be specified by a 
more general parameter, namely by the average value of the products 
of the values of the function f for two different points and 

(Xki Vki ^k) ^ given distance R from each other 

m = Uk- 

This parameter reduces to rj when R = 0 and to (1)^ when R = 00 . 
That value of R for which the function f(i2) reduces to a certain 
fraction, one-half, say, of its maximum value can be defined as the 
‘range’ of order. This ‘range’ determined by the equation 


m = iv 


must be a few times, at least, larger than the lattice constant; in the 
contrary case the above definition of f , as a function of the coordinates, 
becomes meaningless. 

If the distance R^^ is sufficiently small we can put 


and consequently 


since the average values of the differences ( 3 ;^— and of the products 
(^k--^i){yk—yi} vanish for all directions of the vector R. Using the 
transformation 


= 1 J rfF = i J [div(^f)-(V^)*] dV 

= -yjm^dv=-m. 


we find 
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Hence it follows that the ‘range’ of the order can be defined approxi- 
mately by the formula 

(Vf)« 

We have hitherto assumed that the free energy of the crystal is a 
function of the parameters | or (1)^ and ~ rj. In reality, as has been 
pointed out by L. Landau in a paper on the scattering of X-rays by 
binary alloys in the neighbourhood of the Curie point, f it must also 
depend on (V^)^. Assuming this dependence to be of the simplest form 
^y(Vf per unit volume, it is possible to determine the order of magni- 
tude of the coefficient y from the fact that in the limiting case of the 
contact of two regions with sharply different values of f, f = 1, and 
^ = 0, or f — — 1, for example, the quantity (Vf )2 reaches a maximum 
value of the order l/a^, where a is the lattice constant, to which the 
thickness of the transition layer is reduced in this case. The quantity 
Jy(Vf)^ can then be treated as the surface energy per unit area of 
this layer. On the other hand, it must be of the same order of magnitude 
as the interchange energy W = 2(2~1)Z7 multiplied by the number of 
atoms l/a^ per unit area. We thus get y ^ Wja, 

Surfaces of discontinuity of f actually arise in the process of quench- 
ing, i.e. of rapid coohng of the alloys under consideration. Starting 
independently at different points the process of ‘ordering’ can lead to 
the formation of contiguous regions characterized by opposite sign of 
f (‘antiphase’ regions of Sykes and Jones). 

In a state of thermodynamical equilibrium such discontinuities are, 
of course, absent and the variations of ^ due to thermal fluctuations are 
sufficiently smooth. 

3. Improvement and Extension of the Bragg -Williams Theory 

The preceding considerations, among other things, give a clue to the 
explanation of an essential feature of the curve of Fig. 6, representing 
the temperature dependence of the additional specific heat AC, namely, 
the preservation of the excess value of G above the Curie point, with a 
gradual decrease of AC to zero. This circumstance is obviously due to 
the preservation of a certain degree of local order rj (or in other words, 
to the fluctuations of the order function f about the moan value f = Oi) 
gradually decreasing with elevation of the temperature. 

Making use of the equation (9) and of the expression (8) for rj, we 

t L. Landau, Phya, Z. d, Sov^f4uniont 12, 123 (1937). 
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obtain the following formula for the energy of disorder as a function 


of the temperature 




2zUN 


whence 


AC = 


^UIkT_ I * 

2zNU^ zNm 


dE _ 

dT ^^2 - 2ifcT2 sinh2(C7/2fcT)‘ 


This expression describes correctly — from a qualitative point of view 
at least — the ‘tail’ of the specific heat curve above the Curie point. 

It must be noted, however, that an extrapolation of the expression 
(8) for the degree of local order in the region of lower temperatures 
would give no indication of the existence of a Curie point, i.e. of a 
discontinuity of the derivative dCjdT. 

As has been stated, however, this discontinuity is found experi- 
mentally to be much sharper (both with respect to the slope of the 
C-T curve and to the value of the maximum) than would be expected 
from the Bragg-Williams theory. This circumstance appears especially 
surprising because the latter makes use of an expression for the energy 
based upon an extrapolation to higher temperature of the approximate 
relation between local and distant order (t] == P) which is valid for low 
temperatures only, making no allowance for the smoothing influence 
of the temperature on the course of the local order, which is so con- 
spicuously displayed above the Curie point. 

In the theories of Bethe, Kirkwood, and of a number of other authorsf 
this difficulty is overcome by a more exact calculation of the entropy, 
associated with a given value of the energy, determined as a function 
of local order, according to (9). The expression (4) for the entropy, 
previously used, is inadequate for small values of f, for in this case 
different arrangements of ~ ^N(l—$) atoms over ‘wrong’ sites of 
the lattice (belonging to atoms of a different kind) correspond, generally 
speaking, to widely different values of the energy E, depending upon 
the resulting number of pairs of like or unlike nearest neighbours. The 
number P{E) of distributions, consistent with a given value of the 
energy (which is determined by the degree of local order, according to 
equation (9)) must thus in the case N 2 ^ be greatly reduced com- 
pared with the expression Nl/NilN^l of the Bragg-Williams theory. 
This corresponds to a decrease of the entropy = A;logP and to a 
slower rate of its increase with a decrease of the degree of (local) order. 

t H. Bethe, Proc. Hoy. Soc. A, 150 , 562 (1936); R. Peierls, ibid. A, 154 , 207 (1936) ; 
J. Kirkwood, J. Ghem, Phyg, 6, 70 (1938). See also the review of Nix and Shockley, Rev, 
Mod, Phye, 10 , 1 (1938). 
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Let US consider the expression of the free energy as a function of f 
for small values of 

Putting in (4) = i^(l+f) and .^2 = ^*^(1— f) and using Stirling’s 

formula a;! ^ (xje'f we get 
hN 

-^[(l+^)log(l+l)+(l-aiog(l-f)], (11) 

which for f 1 reduces with sufficient accuracy to 

8 ^ -kNiU^+U*+i,^). (11 a) 

The free energy in the corresponding region thus assumes the following 
approximate form: 

= iNW-N{iW-lkT)P+~}^NkTeH6^^^^^ 

i.e. F = A+Bi+lCCmm (12) 

where ^ (this quantity must not be identified with the degree of 
local order) and 

A = iNW, B = -N(\W-\kT), C = ^NkT, D - l^NkT. 

(12a) 

The decrease of the value of 8 and of the rate of its increase with a 
fall of i and the corresponding more correct expression of the energy 
as a function of the distant order (as a matter of fact it must be treated 
as a function of local order) can be accounted for by an adequate 
definition of the coefficients A, B, 0, Z> in (12) as functions of the 
temperature. 

This question has been considered from a purely phenomenological 
point of view, without allowing for fluctuation effects, by L. Landau.f 
Let us assume, to begin with, that because of the smallness of £ the 
last term in (12) can be neglected (this implies that the coefficient G 
should remain finite in the limit r)-^0). From the minimum condition 
for F as a function, of J we get 

(13) 

which coincides with equation (6) of the preceding section if the co- 
efficients B and C are defiined according to (12 a). 

In the vicinity of the Curie point T = Tq, defined by the condition 
= 0, the coefficients B and C can be represented as functions of the 
tempmture by the expressions 

B = C == Co+C,(T--T,)[ 

f Phye, d. Stnvjetunion, 8, 113 (1036). 
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where Cq > 0, since (12) corresponds to a minimum of F, The fact 
that 7 } must remain zero above the Curie point means that the function 
F = has no minimum for T > Tq, whence it follows that 

the coefficient B must be positive. We thus obtain from general thermo- 
dynamic considerations the same results as those following from the 
Bragg-Williams theory, and, in particular, the same course of the 
additional specific heat. 

In order to obtain a sharper increase of the latter with approach to 
the Curie point it can be assumed, following Landau, that T ~ Tq 
not only B but also G vanishes = 0). Under such conditions the 
pubic term in (12) must be retained and we can put 

B == B,(T-T,l C == C,(T-T,l D = D,+D,(T-T,\ 
where Dq ^ 0 . The condition dFfdl — U yields the equation 
B+C^+IX^=0, 

, 14 ) 


Substituting this expression in the second derivative of F with respect 
to £ we get 

^ ^ C+2/)£ ±^(C^-4BD). (14a) 

Hence it is seen that one of the roots, namely 

v _ ^C+yj(C^-iBD) 

^ 2D ' 

corresponds to a minimum of F and the other to a maximum. In 
the vicinity of the Curie point tliis expression reduces to 



since (T—Tq) can be treated in this case as small compared with 
^J(\T’-TQ\), In order to obtain real values for rj below Tq we must have 
B/D > 0, i.e. BJDq < 0. 

Whereas in the previous case (CJ, > 0) the quantity r) vanished near 
^0 as Tq—T, in the present case {Cq ~ 0) it is seen to be proportional 
to the square root of this difference. This circumstance leads to an 
essentially different course of the curve C{T) near the Curie point. 

Using the general expression S = —dFjdT for the entropy, we get 
in the first approximation 
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and consequently AC = 

that is, according to (14 a), 

const. 


AC = 


^J(To-T) 




(16 a) 


This result, obtained by Landau, is in much better agreement with 
the experimental data about the rise of the specific heat with approach 
to the Curie point from the side of lower temperatures than the Bragg- 
Williams theory. In order to explain the ‘tail’ of the C, T curve above 
this point it is necessary to take into account either the local order as 
a parameter independent of the distant order (see the beginning of this 
section) or the thermal fluctuations of the order function f . The latter 
procedure is in principle equivalent to the former; it has, however, the 
important advantage of enabling one to use the accurate expression 
for the free energy as a function of f near the Curie point. If Cq > 0, 
then just above this point the increase of the free energy of a small 
volume V due to a deviation of f from the value zero can be approxi- 
mated by the expression = IvCq^*, Since the probability that this 
deviation will be enclosed between f and f+df is proportional to 
the average value of AjP 


Af = I AFdi I j 

is found to be equal to 
where 

+ <» +00 

2 = J df == J e-^* du = const, a-1 and a = 
— 00 —00 


that is. 




The corresponding value of the entropy of the volume element v, 

Q — 

A/S == , turns out to be independent of T, so that the 

preceding approximation is insufficient for the interpretation of the 
tail of the C, T curve. In order to obtain a non-vanishing value of AC 
above ^ it is necessary to take into account both the cowefiicient B and 
the temperature-dependent part of the coefficient C. According to 
Landau it is necessary also in this c^ to introduce the additional free 
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energy (per unit volume), which is due to a variation of f from 

one point of the crystal to another.f 
We shall not enter on a more detailed investigation of this question. 
It should be mentioned that if in the expansion of jP in a series of 
powers of i, the coefficients of all the terms up to the nth were supposed 
to vanish for T = Tq, then we should obtain, instead of (15) and (15 a), 

and AO -- (To-T)-<”-2)/("-i\ 

i.e. a still sharper increase of C near Tq, tending in the limit ri — oo to 
an inverse proportionality to T^—T, 

If the expression (12) is assumed to hold exactly for all values of J 
up to f = 1, then it can happen that above a certain temperature T* 
the derivative of the free energy with regard to ^ does not vanish 
anywhere. This requires that for T > T*, D > With this 

condition, the continmus drop in the degree of order of C (= |^) with 
increase in temperature does not extend to zero, but ceases at a finite 
value reached at T ~ T*, and corresponding to D = 2>* = 
i.e. at I* — 

The simplest assumption about the coefficients C and D which 
satisfies the preceding requirements and the condition f = 1 for T == 0 
consists in — Z) = (7 > 0 and B = BqT > 0, 

The expression (12) for the free energy is reduced in this case to 

F = A + B,n~m^+lC^^ (16) 

and the equation dFJdl^ == 0 to 

C(i-0 = -[7^. (16a) 

The smallest possible value of J turns out to be equal to J. It should 
be mentioned that this equation has two roots, one of which lies 
between 1 and J and the other between J and 0. Since 

and C > 0, the former corresponds to a stable equilibrium {F — mini- 
mum) and the latter to an unstable equilibrium {F = maximum). The 

t In order to account for this term in the free^ energy it is necessary to expand ^ into 
a Fourier series ^ = 2 * v^hich gives == **^6 consequently 

J iy(Vf )*d V — ^ 2®n(*^n)*‘ 11^ AF is assumed to be quadratic in it can easily be calcu- 
lated; since J i 2 (^n)* (the integration being extended over the whole volume of 

the body) we get AF = J J iy(Vf)»(iF = i 2 l^nl‘(^i+y«n)» whence 
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dependence of ^ on T is shown graphically in Fig. 10, the upper branch 
of the curve (which is an ordinary parabola) corresponding to physically 
realizable states. 

In the case under consideration the transition from a partially 
ordered state (for which { > to a completely disordered one (with 
J = 0) must be discontinuous if equilibrium states only are taken into 



account, and must be associated with the absorption of latent heat. 
The transition point corresponding to an equilibrium between the 
initial and the final state must lie somewhat lower than T*, being 
determihed by the condition 

Here is the limiting value of the degree of order at the transition 
point (> J). States with a lower value of £ (> J) must be treated as 
metastable, corresponding to a ‘superheating’ of the body. The dis- 
ordered phase can, on the other hand, be supercooled below the tem- 
perature T^, 

4 We thus see that the behaviour of a body with a free energy of the 
type (16) is qualitatively similar to that of an ordinary ‘condensed’ 
body, with a stable crystalline structure below and a stable amorphous 
structiire above this temperature. The latter can thus be identified 
(approximately) with the melting-point. 

It is interesting to note that the approach to this ‘fusion point’ from 
the side of lower temperatures must be accompanied by an abhormal 
increase of the specific heat. This abnormal rise of (7 is actually observed 
near the melting-point of all solid bodies and has been denoted by 
Ubbelohde as ‘pre-melting’ (see Ch. VII, § 3). 

In order to obtain an expression for C we must note that with 
1 ) = ^(T) as determined from the condition dF/dr) ~ 0, the entropy 
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can be defined by either of the formulae 


S^- 


■,F[T,UT)]. 


In fact the latter reduces itself to the former, since — 0. 

Turning to the determination of the specific heat we obtain, however, 
two different values for it, using the expressions 

- and 


n _ 




The latter can be defined as the equilibrium value of the specific 
heat corresponding to the variation of J with the temperature according 
to the condition dFjS^ = 0, while the former corresponds to a fixed 
value of ^ characteristic of the temperature under consideration. While 
Cl is a smooth function of T of the usual type, the difference C—Ci = AO, 
representing the additional specific heat due to a variation of the 
structure, shows a sharp increase with approach to the point T* or T^. 

To see this let us differentiate the equation (dF/dC) = 0 with respect 
to T. This gives 

dm I8^F\ lem 


that is, since 


A ld^F\ , W A = o 

)iF\ _ _m 

\d;j 

(dS\ _ /m 

\K^ji~ldT 


'd^F \ 


Substituting this expression in the formula 

w.g.t ''‘'“’’©(.((S)"' 

Since f has a minimum for 1^ = 1, the second derivative of F with 
respect to ^ must have for J f ft positive value, which in the present 
case is equal to — C7(l— 2f). We have further, according to (16a), 

C’ 


and consequently 


'2^-1 C’ 


astt.u 
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or, according to the definition of as that temperature for which 
J I rp 

Thus AC is found to depend on T in exactly the same way as in the 
case of Landau’s theory of the Curie point, examined above. 


4. General Thermodynamic Theory of Phenomena connected 
with a Variation of the Degree of Order 

We have limited ourselves thus far to the investigation of the 
dependence of the degree of order on the temperature, leaving aside 
the second parameter specifying the state of any material body, namely 
its volume V or pressure p. In reality, however, the degree of order 
must depend upon the (specific) volume or the pressure — in a very 
marked way, falling off with increase of v. This dependence can be 
calculated if the expression of the energy W in the equation giving the 
dependence of ^ (or rj) on the temperature is itself known as a function 
of the volume. If the variations of the latter are not too large this 
function can be approximated by the linear expression 
W = 


where Vq is the volume at T = 0 andp = 0, say, and j8 a certain positive 
coefficient (see Ch. I, p. 14, 1. 6). Under such conditions the Curie tem- 
perature must fall off with increase of the volume according to a linear 
law, i.e. rise according to a similar law with increase of the pressure. 

Without giving an explicit expression for If as a function of V and 
without expanding F into a series of powers of f or nj'f with coefficients 
A, B, Cy etc., defined as certain functions of T and V (or p), it is possible 
to obtain by the application of general thermodynamic equations a 
number of interesting relationships which characterize the abnormal 
behaviour in the vicinity of the Curie point not only of the specific 
heat of a crystal but also of other properties connected with its volume 
or the pressure to which it is subjected, viz. the thermal expansion 


coefficient at constant pressure a = y 


the thermal coefficient of 


the pressure at constant volume 


3 _ il^P\ 

^ PW)y 


and tbe modulus of 


compressibility at a constant temperature R = 



t In the sequel we shall use the notation I to indicate either one of the quantities 
i or If (not to be confused with the C used in §§ 2 and 3). 
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We are using here the notation for total and not partial derivatives 
in order to indicate the fact that in performing the differentiation 
account must be taken of the dependence of the corresponding function 
on the equilibrium degree of order ^ = l(T, V) or KT.'p) as determined 
by the condition dFjdl^ = 0 or = 0 (where (f) = F+pV is the 
thermodynamic potential). 

Just as in the case of the specific heat, it is interesting to compare 
the ‘complete* or equilibrium values of the quantities a, j3, and K 
(a, j5, K) and those values aj, jSj, which are obtained if the degree of 
order is kept constant while the temperature is changed in the vicinity 
of a given value T, The differences = Aa, etc., can be treated as 
the additional values of the corresponding parameters, due to change 
of the degree of order with a variation of the temperature or of the 
volume. 

If the expression of as a function of T, and V is known, the 
pressure can be calculated by means of the general formula 



which for ^ ^ yields the same equilibrium value of p — p a>8 the 

formula 



because of the minimum condition for F, i.e. dFjd^ = 0 serving to 
determine 

An entirely different situation is met with when the derivatives of p 
with respect to V and T are compared with each other. We have 



and further, in the same way as in the derivation of (17 a): 

and consequently ^ (18) 

Since dl/dV < 0 and dlldT < 0 while > 0, AjS must have 

an essentially positive value with a temperature course of a similar 
type to that of the additional specific heat A(7. 
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We obtain in a similar way 



For the calculation of the thermal expansion coefficient (at constant 
pressure) it is more convenient to use the thermodynamic potential 
We then get for the determination of l(T,p) the equation 
d<l>ldl = 0, and further, 


/d^\ jc 

-) +fS 

II 

•A t‘ 

(8(f,\ 


Wr.£=j 


wWir.£=C 


Differentiating this expression with respect to T with p = const, we 
obtain, as before. 


and further, 
whence 


/dV\ ^ 

im _ id^\ _ 

V\8C^)^^idp8T 



(18b) 


Formula (18 a) shows that the bulk modulus must display an 
abnormal drop with elevation of the temperature, sharply increasing 




in the vicinity of the Curie point. Since dljdp > 0, it follows that the 
thermal expansion coefficient must abnormally rise in a way similar to 
the specific heat. 

These thermodynamical deductions are in full agreement with the 
experimental facts, as can be seen, for example, from Figs. 11 and 12 
illustrating the dependence of the reciprocal of Young's modulus in 
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the case of j8-brass, according to Rinehardt,*|- and of the thermal 
expansion coefficient. 

The parallelism in the course of ol and G near T = Tq (which follows 
from their proportionality to the first and second powers of dl^jdT 
respectively) has led some authors to regard the anomaly of thermal 
expansion near the Curie point as the cause of the anomaly of the 
specific heat, as usually measured (i.e. at a constant pressure).! It 
should be noted that equation (17 b) refers to the specific heat at 
constant volume (7^, since it has been derived from the expression of 
the free energy F. The corresponding formula for is obtained from 
(17) if jP is replaced by ^ and may be written in the form 



If in a transition through the Curie point the specific heat is changed 
by a finite amount, as required by the Bragg-Williams theory, all the 
other quantities a, j3, K must also suffer finite jumps only. Under such 
conditions the dependence of the Curie i)oint on the pressure can be 
determined with the help of EhrenfesUs equation referring to all 
transitions of this kind (i.e. transitions of the second kind in Ehrenfest’s 
sense, cf. § 1). 

This equation is obtained from the continuity condition for the 
entropy — S 2 at the transition point. Differentiating both sides of 
the latter for equation we get 


= (f b +(i) " " "''i = (f 

whence, according to the relations and 


ldS\ dV T/ 

\dp/y ~ dT~ 

there follows (19) 

dp 

If, however, with approach to the Curie point the specific heat and 
the thermal expansion coefficient tend to infinity, the transition is more 
adequately treated as similar to an ordinary transition of the first 
kind, taking place, however, not at a definite point but within a finite 
(sometimes exceedingly narrow) range, as has already been pointed out 
in§l. 


t J. S. Rinehardt, Phys. Rev. 58, 366 (1940). 
t See, for instance, Eisenschitz, Proe. Roy. Soc. A, 168, 646 (1938). 
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The dependence of the transition temperature Tq corresponding to 
the peak values of c, a, and other quantities of this type (second 
derivatives of the thermodynamic potential with respect to T and p) 
on the pressure can be determined, at least approximately, with the 
help of the ordinary Clausius-Clapeyron equation 

dn_ To(V,~V,) 
dp ©1.2 

where 

Fg-PJ = j Vo AnidT and ^ = To{8o-Si) = J ACdT 

are the additional increase of volume and the additional heat absorbed 
in a transition from a state of complete order (£ = 1) to that of complete 
disorder (J = 0) at a constant value of the pressure. 

Transitions, both of the first and of the second kind, can take place 
not only at constant pressure but also at constant volume. In this case 
Ehrenfest’s equation is replaced by 


^0 _ 

dV ’ 

and that of Clausius-Clapeyron by 


^ - ^o(P2-Fi) 

dV Qi,, ’ 


{20a) 


the latter following from the continuity of the free energy. It is not 
used in practice for the reason that the maintenance of a constant 
volume in phase transitions is inconsistent with a mechanical equili- 
brium between the two phases, which requires the equality between 
their pressures. 

It should be noted, in conclusion, that transitions of both kinds can 
be caused not only by a change of the temperature at a constant 
pressure or volume but equally well, in principle, by a variation of the 
volume or pressure at a constant temperature. Thus, for example, 
if it were possible to increase the volume of an alloy of the type AB 
by the application of a sufficiently large negative pressure, the degree 
of order could be reduced to zero at any temperature T, which could be 
regarded as the result of lowering the transition point IJ,, according 
to equation (19a) or (20a), down to the given value T. The actual 
realization of such a procedure is handicapped, however, by the diffi- 
culty of obtaining experimentally negative pressures. "" 

It can easily be shown that with approach of the volume to the 
limiting value Vq corresponding, at a given temperature T, to J = 0 
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(i.e, to the lowering of the Curie temperature down to T) the fall of ^ 
must proceed more and more rapidly, just as in the case when it is 
due to heating at constant volume or constant pressure. 

Putting, for instance, W — WJ— jS(F— TJ) and making use of the 
equation ^ = tanh(lF/2A;!P)f, following from the Bragg-Williams theory, 
we see that with approach to a critical value of F = for which 
WI2kT = 1 this equation reduces approximately to 

F— F 

'c 

(cf. the derivation of equation (6), which corresponds to d^jdV = — oo 
for f -> 0). 

Since opposite values of f are physically equivalent, the free energy 
(or the potential must be even functions of f, i.e. they must depend 
on its square Using the expression (18 a) for the bulk modulus, 

and the approximate expression (12) for the free energy in the neigh- 
bourhood of the Curie point, we get, since dUdV = —3/1^, 

We thus see from the point of view of the Bragg-Williams theory 
that the decrease of the degree of order with increase of the volume 


K 



must lead to a finite drop of the compressibility modulus with approach 
to the Curie point, the normal value of K being restored just above the 
latter (Fig. 13, full line). If the free energy near the Curie point is 
approximated by the expression (12) of Landau’s theory and if the 
linear relation between the energy W or, what amounts to the same 
thing, between the Curie temperature T and the volume F is preserved, 
the compressibility modulus must tend with approach to the Curie 
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point to a negatively infinite value (dotted line in Fig. 13). This means 
that states lying in the neighbourhood of this point are mechanically 
and thermodynamically unstable. 

A more detailed discussion of the consequences of such an instability 
will be given in the next chapter in connexion with the theory of 
ordinary melting. 

5. Orientation Order in Dipolar Crystals f 

We have dwelt at such length on the ‘alternation order’ in binary 
alloys not so much because of the interest presented by this question 
itself but because the results obtained can be applied with only in- 
significant modifications to a number of similar questions connected 
with the presence in the structure of material bodies of various types 
of order, realized to a certain limited extent. 

One of the simplest and most important types of order in chemically 
homogeneous bodies, constituted by diatomic or more complicated 
molecules, is the order in the orientation of the molecules (their centres 
of gravity being assumed to be regularly arranged in the points of a 
crystal lattice). 

This type of order is found, for example, in the case of halogen 
hydrides, HF, HCl, HBr, HI, which form crystal lattices with a 
pronounced molecular structure (since the ions, i.e. protons, cannot 
remain at rest in the lattice points, like Na"*” ions in rock-salt crystal). 

The structure of these crystals is not yet known exactly (for the 
position of the ions cannot be determined by X-ray methods; it has 

not been possible to determine it by the method of electron diffraction). 
This circumstance is, however, irrelevant for our purpose. We shall be 
concerned here only with the fact that at low temperatures the mole- 
' cules under consideration, for instance HCl, are regularly arranged 
both with respect to the position of their centre of gravity (in definite 
lattice points) and with respect to the orientation of their axes, these 
orientations alternating between several crystallographic directions in 
a perfectly definite way. 

Following a (probably wrong) scheme, proposed long ago by Bonn 
and Komfeld, we can imagine, for example, that the centres of gravity 
of the HCl molecules constitute a simple cubic lattice, while their axes 
are parallel to the four diagonals of each elementary cubic cell, so 
that the axes of each pair of molecules situated at the end points of 
each diagonal have the same direction, the orientations of the nearest 
t J. Frenkel, Acta Phyaicochimica U M. 8. S* 3, 23 (1935). 
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neighbours, situated at the four comers of each face alternating between 
an inward and outward direction. 

This arrangement of the molecules need not be actually true; the 
important point is that it corresponds to a stable equilibrium of the 
whole system with respect to the orientations of the molecules, the axis 
of each molecule, as defined by its electric moment p, being directed 
along the electric field Eq due to the dipole moments of all the other 
molecules. 

Such a condition can be realized at the temperature of absolute zero 
only, with neglect of the ‘zero-point energy* required by quantum 
mechanics, and realized in the form of small vibrations of the centres of 
gravity of the molecules about their equilibrium positions and rotational 
oscillations about the corresponding equilibrium orientations. The 
frequency of these oscillations Vq is given by the (approximate) formula 



where J is the moment of inertia of a molecule, f while the lowest value 
of their energy (at T = 0) is equal to 

At sufficiently high temperatures for which the condition kT > hv^ 
is satisfied, the average energy of these rotation-oscillations must be 
approximately equal to the value kT per degree of freedom, required 
by the classical theory (a molecule of this type possessing two rotational 
degrees of freedom). 

Since a deviation of a molecule by a (small) angle 6 from the equili- 
brium direction involves an increase of the potential energy by the 
amount j!^op(l— cos^) ^ and since in the case of harmonic 

vibrations the average valu^ of the potential energy is equal to that 
of the kinetic energy, we get 



( 22 ) 


The condition that the angle ^( 0 ^) determined by this formula should 
be small (compared with |7r, for example) is practically satisfied up 
to the highest temperatures available in the laboratory. In fact, as^ 
regards its order of magnitude, Eq is equal to p/a^, where a is the 
distance between nearest neighbours (i.e. the lattice constant). Putting 

10-36 

p = 10-w and a == 3.10“* we get pE^ == 2.7 x 10“** 3.10“^* ergs, 


t This formula is obtained on the assumption that the axis of the molecule under 
consideration deviates from the equilibrium direction by a small angle $, while the 
remainder are held fixed in their equilibrium position and 61 rientations« 
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whereas at room temperature kT x=i^, 10”^* ergs, i.e. 100 times smaller. 
The corresponding average deviation ^{6^) is equal approximately to 
1/10. We thus see that the assumption of the smallness of 6 is justified 
for temperatures up to a few thousand' degrees. 

The preceding considerations need, however, one important correc- 
tion. We have assumed thus far that in spite of the (rotational) oscilla- 
tions of all the molecules the electric field Ey acting on one of them, has 
the same value Eq as if all the other molecules did not participate in 
the thermal motion. 

In order to account for the latter we must, in the determination of 
the average field E acting on a given molecule in the direction of its 
equilibrium orientation, replace the actual electric moments by the 
corresponding (i.e. referring to the respective equilibrium orientation) 
components of these moments. Since all the molecules are oscillating 
under exactly the same conditions, we get 


E = EqCos6. 


(23) 


Since with a rise of the temperature cos 6 decreases, the increase of 
the average deviation 6 or its square must take place more rapidly than 
according to (22), owing to the increase of the average energy of the 
thermid oscillations on the one hand, and to the accompanying decrease 
of the orientating forces on the other. At sufficiently low temperatures 
the corresponding correction can be introduced if Eq in (22) is replaced 
by EqCObO ^ Eq{1—6^I2), We thus get the following equation for the 
quantity J = cos0 ^ which can be treated as a measure of the 

degree of orientation order 




kT 

2pEo^ 


(24) 


According to this equation $ can fall continuously down to a value \ 
reached for a temperature T* = pEjSk and jump to zero above it 
(cf.(16a),§3). 

An apparently more exact calculation 3 delds a somewhat different 
result. If the effective (average) field Ey tending to orientate each 
molecule in the corresponding equilibrium direction, is treated as con- 
stant (with respect to the time) the average value of the component of 
its electric moment in this direction can be calculated by means of the 
well-known equation of Langevin-Debye 
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where L(x) = cotha;— 1/a; is Langevin’s function. 
E = obtain the following equation for £ 

J = L(xah 


where 



Putting here 
(25) 


This equation is quite similar to the equation (5 a) which determines 
the degree of long-range alternation order in a binary alloy, according 
to the Bragg-Williams theory. 

In fact Langevin's function L(x) has a shape similar'to that of the 
function tanha;; with increase of x it increases in a mono tonic way 
tending to the value 1. The initial slope of the tangent to it at the 
point a; = 0 is equal to This means that equation (25) has a non- 
vanishing solution only if Ja^o > 1. The quantity C thus falls continu- 
ously from 1 to 0 as the temperature is raised from 0 to the ‘Curie point’ 



(25 a) 


In the neighbourhood of this temperature we have approximately 

SO that equation (25) is reduced to 



or since, = TJT, C* = | (25 b) 

This formula differs from (6) by a numerical factor only. 

We thus see that the theory of orientation order in a crystal lattice 
formed by dipole molecules is practically identical with the Bragg- 
Williams theory of alternation order in a binary alloy, the role of the 
degree of distant order being played by the quantity C = cos 0, 

The above method for the determination of f as a function of T is 
open to the objection that it makes use of the Boltzmann expression 
for the probability of a given orientation of a dipole molecule in a 
constant electric field, whereas the E is but the average value of Br 
rapidly and irregularly oscillating field. 

This circumstance may be accounted for by a method similar to that 
which is used in the Debye or rather the Bom-Karman theory of the 
transitional heat motion of the atoms in a solid body (crystal). The 
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drawback of this method lies in the necessity of limiting oneself to 
vibrations of a smaU ampUtude, i.e. to the case of low temperatures, 
so that the mutual potential energy of the dipole molecules can be 
represented, with a sufficient degree of accuracy, as a quadratic function 
of the angles 9^, 9^,... of their axes with respect to the corresponding 
normal directions. The rotation part of the heat motion can thus be 
described as a superposition of ‘rotation-oscillation’ waves, which are 
quite analogous to the ‘optical’ waves of the Bom-Karman theory in 
the case of an ionic crystal lattice. 

For the sake of simplicity we shall limit ourselves to the case of a 
one-dimensional dipole lattice, i.e. an endless linear chain; we shall 
assume further that all the dipole moments are normally directed along 
the line connecting their centres of gravity. The distance between the 
latter wiU be denoted by a, and the oscillations will be assumed to take 
place in a definite plane. 

The mutual potential energy of two neighbouring dipoles, as a 
function of the angles 9^, 9^, is equal to 

= ?_[-2coseiCOS^j-fsin^iSintfJ. 

* O’* 


If the angles are sufl&ciently small it can be replaced by 

The of the dipoles under the action of forces (torques) 

acting on each of them on the part of the two neighbours are determined 
by the system of linear equations 


T “ _ 

<0* “ 


99 . 


99 . 


that is 



— ®n+l+ 
d 


(26) 


It should be mentioned that the quantity 

»_ 4p* 

is the square of the angular fiwquency due to an external field Eg = ipja* 
triiioh is created at the centre of each molecide by its two nearest 
neighbours. 

We shall solve the system of equations (26) by taking for the usual 
expression for progressive waves 

9^ = 
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Substituting this expression in the equation (26) we get 

that is = aj§(l-t-Jcosa). (26 b) 

This formula defines the angular frequency as a function of the wave 
number k = ot/a — 27r/A, where A is the wave-length. The maximum 
value of o) (Vi^o) corresponds to the case A = cxd; the minimum value 
cdq/V 2 to the case X — 2a; the shortest wave-length is thus equal to twice 
the spacing between neighbouring atoms. 

The formulae (26) and (26 a) remain valid in the case of a dipolar chain 
of finite length if complications due to end effects are avoided by con- 
necting the two ends with each other and thus closing the chain. If 
the number of dipoles is gr, the coefficient cx can assume discrete values 
oc = (27r/gr)r, where r is an integer lying between \g and —\g (this 
corresponds to waves propagated to the left or to the right with a 
length A^ = agjr = Ljr, where L is the length of the chain). 

The general solution of equation (26) can be represented by a sum 
of particular solutions 

= (27) 

r 

where the coefficients or rather the products of those coefficients and 
play the role of normal coordinates. 

The potential energy of the chain referred to the equilibrium orienta- 
tion of all the dipoles (^i = ^2 = — = fi) is given by the formula 

£^ = &2»2+i2»n(«n-l+e„.l)]. 

In order to determine its mean value (with respect to the time) the 
products and ®n(^n-i+^n+i) ®^^st be replaced by and 

where 0* is the complex conjugate of 0^, A simple cal- 
culation gives us 2 

U = ^glA,A*(l+ico8ccr), 

T 

that is, according to (26 b), 

U = iJglwfA;A?. (27 a). 

r 

The doubled value of each term of the sum is equal to the total 
(potential+kinetic) energy of the corresponding normal vibration of 
the chain. Equating its average (statistical) value to kT we get 

** L/p ] 

.h««, 
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If the mean value of lloi is replaced by i ^ 

0)5 

back to the formula 

^= — 

pK 


J 

— we come 
P^o 


derived previously, starting from the assumption that each molecule 
vibrates in a constant field Eq, its neighbours being supposed to remain 
fixed in their equilibrium orientations. 

We thus see that a rise of the temperature is accompanied by a 
decrease of the degree of orientation of the molecules £ == cos 6 at a 
gradually increasing rate, until at a certain temperature = pE^l^k 
it vanishes (continuously or with a discontinuous drop from the value 
i to zero). 

We must now clear up the physical meaning of the notion of the 
‘degree of orientation’ and, in particular, of a vanishing degree of 
orientation (5 = 0). 

It may seem at first sight that the latter means a transition of the 
molecules from a state of rotational oscillations about equilibrium 
orientations with gradually increasing amplitudes to a free rotation. 
In fact an electric field E can orientate a molecule with a moment p 
only if its total energy W does not exceed the value 2pE which is 
required for a transition from an equilibrium orientation 6 = 0 to the 
opposite orientation d = tt, corresponding to a maximum of the poten- 
tial energy. Since according to the Maxwell-Boltzmann law the energy 
W can reach values exceeding 2pE even at temperatures for which 
kT pE^ we are forced to the conclusion that when T approaches the 
value pEJk or even pE^lZk, a more or less considerable fraction of the 
molecules, constituting the dipole crystal, must pass from rotational 
oscillations to a practically free rotation, differing from that in a gas 
by a certain lack of uniformity (the electrical field furthering the 
rotation during one half period and hindering it during the other). 

The idea that the molecules of a crystalline body can rotate freely 
or nearly freely was expressed for the first time by Pauling in 1930, in 
application to the case of solid hydrogen at very low temperatures.f 
This idea has been subsequently applied to the explanation of the 
anomalies of specific heats and of thermal expansion coefficients of the 
A-type (i,e. of the same type as in a CuZn alloy), which have been fbund 
in the case of a very large number of chemically homogeneous sub- 


t L. Pauling, Phyg. Ret). 22, 480 (1930). See also Simon, Ann. d. P%e. 68, 841 
(1928); Simon, Simpson, and Ruhemann, Z.f. phys, Chem. 129, 339 (1927). 
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stances, constituted by undissociated molecules (HCl, CH4, etc.) or 
radicals (such as NH4, NO3, and so forth). . 

Fowlerf has given a quantitative development of this idea, starting 
from the simplified conception that at any given temperature the 
molecules can be divided into two groups: the orientated (i.e. per- 
forming rotational oscillations about equilibrium orientations) and the 
rotating. To the first group all those molecules are referred whose 
kinetic rotational energy W is smaller than ypE, where y is a numerical 
coefficient of the order of 1; the second group consists of all those 
molecules for which W > ypE, The orientating field E is determined 
on the assumption that it is produced by non-rotating molecules only 
which, for the sake of simplicity, are supposed to remain fixed in their 
equilibrium orientations. The field E must, accordingly, be proportional 
to the degree of orientation 5, defined as the ratio of the number of 
non-rotating molecules to their total number N = Using 

Maxwell’s law of the distribution of rotational velocities, it can easily 
be shown that the ratio NJN — l—NJN must, under such conditions, 
be equal to Replacing by a and putting E — E^s^ where 

Eq is the value oi E for s = 1, we obtain the following implicit equation 
for the determination of a: 

s = 1 — 

The function given by 5 = 1 — where a = ypEJkTy is of the same 
type as the functions tanh cxa or X(a«), previously considered; with in- 
crease of s it tends to the saturation value 1. Taking into account the 
fact that the slope of its tangent at the origin 5 -> 0 is equal to ypEJkT, 
we see that the preceding equation has a solution different from zero (and 
< 1) only if ypEJkT < 1. Fowler’s theory thus also leads to the exis- 
tence of a Curie point = ypEJk, With a value J for y this expression 
exactly coincides with that derived above from a consideration of the 
degree of orientation of the molecules according to the Langevin- 
Bebye theory. The latter derivation has, with respect to that of Fowler, 
the advantage of being free from any arbitrary coefficients like y.J 
Although it does not involve explicitly the conception of a free rotation 

t R. H. Fowler, Proc. Roy. 80 c. A, 149, 1 (1935). 

X Fowler’s derivation is wimilRr to that given by Pauli for the Langevin-Debye law. 
Considering the orientation of the molecules in a dipole gas, Pauli likewise divides them 
into ’orientated’ with a kinetic energy of rotation < ypE and ‘rotating’ with an 
energy > ypE, The electric moment of the gas P, due to the orientating influence of 
^he field E, is reduced under such conditioM to pNi *= pNs pN{l—e~y^^l^^) or to 
yp^N 

E in the case pE kT. This expression is identical with that derived in the usual 

way from a consideration of the potential (and not the kinetic) energy if y = i. 
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of the molecules, it is nevertheless clear that at sufficiently high tem- 
peratures in the vicinity of pEJh practically all the molecules would 
be found in a state of free rotation. 

With approach of the temperature to the critical value the specific 
heat of the crystal must increase in the same way as in the case of 
binary alloys. In fact, the average value of the potential energy of a 
molecule with respect to the other molecules is equal to 

—pEco^d = —pEQ{oos6)^y 

i.e. ‘ U=--pE,^K (28) 

Multiplying it by and differentiating with respect to T we obtain 
the additional value of the specific heat, due to the decrease of orienta- 
tion order, ^ 

LC = ~\NpE,±liK (28 a) 

Substituting here the expression (25 b) for i in the neighbourhood of 
the Curie point we get a value 

= II ^ ( 28 b) 

which is independent of (cf. equation (6 a) of § 1). 

The specific heat of freely rotating molecules with two degrees of 
freedom of rotational motion, is one-half the specific heat of orientated 
molecules, performing rotational oscillations, since in the latter case 
they possess, besides a kinetic energy kT, a potential energy of the 
same average value. 

If the Curie point corresponded, as assumed by Pauling, to a transi- 
tion from rotational oscillations to free rotation, then just above this 
point the specific heat would drop not to its original value, correspond- 
^ ing to T < IJj, but to a value lying by R units (i.e. by 2 cal./mole) lower. 
As a matter of fact, such an additional drop of the specific heat has 
never been observed, the final value of G (for T > T^) being even 
slightly larger than the initial one (for T < Tg). Hence it must be 
concluded that the thermal motion of the molecules preserves above 
the Curie point the same character of rotational oscillations as below it. 
In the case of HCl, NH4CI, and a number of other substances this 
conclusion is supported by the fact that the Curie temperature is much 
lower (by a factor of 10 approximately) than that calculated according 
to the formula = pEJ^k. Thus near the true CuHe temperature 
only a negligible fraction of the molecules are actually capable of free 
rotation. The A transition taking place (or rather coming to an end) 
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at this Curie temperature must therefore be treated, not as a transition 
from rotational oscillations to free rotation, but as a disorienMion in 
the sense that the equilibrium orientations about which the rotational 
oscillations take place above the Curie point no longer display a regular 
alternation from one lattice point to the others, as they do below it. 
In other words, the transition under consideration must be described 
as a loss of distant order in the orientation of the molecules, both with 
respect to each other and to the crystal axes. This is the actual implica- 
tion of the fact that the average value of cos 0, i.e. the component along 
the normal direction of a molecule of the electric field created by other 
molecules, vanishes. This does not, however, mean that the molecules 
do not altogether interact with each other. It means only that the 
electrical field E' which is produced at the centre of each molecule by 
the surrounding molecules has no correlation whatever with the crystal 
axes, displaying with respect to the distribution of its direction (which 
determines the corresponding equilibrium orientation of the molecules) 
a certain (limited) degree of local order only. As to the magnitude of 
this ‘local* orientating field, it must be comparable with, though 
probably smaller than, the magnitude of the field Eq associated with 
the long-range order in a crystal at low temperatures. 

The difference between E' and Eq is not reduced to a difference of 
direction and magnitude. Whereas Eq preserves at each lattice point 
a fixed direction, the local field E' must change its direction in a more 
or less irregular way not only from point to point (with preservation of 
local order), but also from time to time. In other words, in a dis- 
orientated crystal a constant equilibrium orientation of the dipole 
molecules is preserved for a limited time only. The average value of 
this time r' must be large compared with the period of rotational 
oscillations tq = 27r^(JlpE') performed by a molecule under the influ- 
ence of the local field, and must increase when the temperature is 
lowered according to the usual law t = where is a certain 

activation energy which is required for a reorientation of a small group 
of molecules. 

The rotational motion of the molecules above the Curie point is thus 
not at all free, but consists in rotational oscillations about irregularly 
distributed equilibrium orientations of a limited duration. It should 
be mentioned that the limited duration cannot be considered as a direct 
corollary of the random orientation. At very low temperatures the 
irregular orientations can become frozen up, as it were, just as the 
irregular positions of the molecules in a solid amorphous body (glass). 

8696.29 
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It seems, however, improbable that they would remain frozen at 
sufficiently elevated temperatures. The rate of their change can be 
investigated experimentally by measuring the electrical properties of 
the corresponding crystals in rapidly alternating fields (see Ch. V). 

We thus see that the parameter ^ = cos ^ defines the long-range 
orientation order with respect to fixed crystallographic directions, the 
equation J = 0 meaning that the average value of the component of 
the orientating field in the corresponding crystallographical direction 
vanishes, which does not imply that under such conditions the mole- 
cules do not tend to orientate each other. On the contrary, as follows 
from specific heat data, this tendency persists above the Curie point, 
and can be specified by a local field E* with a direction sharply variable 
both in space and in time and a magnitude comparable with Eq. 

The transformation taking place with a transition through the Curie 
• point, which has been denoted above as a disorientation of the crystal, 
is therefore quite similar to an ordinary melting process, characterized 
by the disappearance of long-range order in the distribution of the 
centres of gravity of the molecule. We shall accordingly refer to it, in 
the sequel, as an ‘orientation fusion’. It should be mentioned that in 
the case of many substances, such as HBr and HI for example, not a 
single A point, but two and even three of them are sometimes observed 
at a relatively small distance from each other. It is clear that only 
one of them can be connected with the process of orientation melting 
in the above sense; the mechanism responsible for the other A points 
is still obscure. 

The theory of orientation melting based on the application of the 
Langevin-Debye equation is, of course, very inexact. One important 
source of error consists, as has been indicated above, in using the average 
value of a variable field E, instead of considering the coupled rotational 
oscillation of a number of dipole molecules (without limitation to the 
ease of small amplitudes). A second error is due to the neglect of 
quantum effects which can be very important at such low temperatures 
as those of the actual Curie point. In the case of HCl, for example, 
the latter corresponds to = 98® K. (at atmospheric pressure). Now 
the characteristic temperature for which JcT^ = where 



is equal in this case to 100® K. The evaluation of the average value of 
with the help of the classical formula ^ = kTjpEf^ for T 
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therefore absolutely inadmissible. Using the quantum formula for the 
average value of the energy of a h armonic oscillator with a frequency vg 
and equating it to 2 p£?q( 1— cosd) ^ pE^ we get 

■ 1 


The increase of given by this formula is much more rapid than that 
determined by the classical one. It becomes still more accentuated if 


'0 = V2W(p®oM) is replaced by i/ = ll2n^(pEIJ) = and pE^ by 


which gives 


vui-n = — «- \ 


The maximum value of this expression corresponds to ^ — Noting 
that pEq = ZkTg where T'g ^ 300 is the classical value of the Curie 
temperature, mentioned above, we get for ‘quantum’ value T the 
equation ^ 2 ^ ^ 

ciVi'.-l 3V3 160 


which corresponds approximately to « 4Tp = 640. This result is 
still more remote from the truth than the preceding one. This means 
that in the case of HCl orientational fusion takes place for a value of f 
much smaller than J. 

A more exact determination of can probably be reached by treating 
orientation fusion in the same way as ordinary fusion, i.e. as a trans- 
formation of the first kind, and applying to it the thermodynamical 
equilibrium condition (equality of thermodynamic potentials). This 
procedure has been applied in an early paper, based on the application 
of Pauling’s hypothesis of free rotation. f The modification of the 
theory, corresponding to the modified ‘disorientation* conception, is 
impracticable, for it requires a knowledge of the disorientation entropy 
which it has not yet been possible to determine theoretically (see 
Ch.III). 

As has been stated above, a Curie point differs from an ordinary 
melting-point by the fact that the corresponding transition takes place 
not at a definite temperature but within a certain temperature range, 
which can sometimes be extremely narrow. The factors which influence 
its width have not been elucidated yet. It should be mentioned in this 
connexion that, according to Eucken,| the introduction of a few 


t Frenkel, Ismailov, and Todes, Acta Physicochimica U.R.S.8. 2, 97 (1934). 

3 / (1934); cf. also Euoken and Veith, Z./. phya, Chem. B, 

^70 (1936). • 
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per cent, of argon into crystalline CH 4 lowers and widens the specific 
heat maximum in such a way that it practically vanishes when the 
argon concentration reaches 18 per cent. 

Of special interest are the observations of Muller concerning the 
A points of paraffins, which are found close to the corresponding melting- 
points.f 

These A points are usually interpreted as Curie points corresponding 
to a transition from rotational oscillations to a free rotation of the 
molecules about their longitudinal axes. On our view, however, we have 
to do in this case, just as in the case of HCl, CH 4 , etc., with a disorienta- 
tion of the paraffin molecules in the planes normal to their longitudinal 
axes, with preservation of the vibrational character of the rotational 
motion about these axes and of a certain degree of local order in the 
distribution of the transverse axes; a transition to a free rotation would 
imply a decrease of the specific heat by the amount of 1 cal./mole, 
which is contrary to observation. 

Our conception of the temporary character of the orientations of the 
axes of the molecules in the disorientated state is supported, in the 
case of dipole substances like HCl, by the fact that tlie dielectric 
constant is sharply increased from a value of 2*5 for T < 98° K. to 
a value of 14 for T > 98° K. This increased value of the dielectric 
constant, however, which [is due to a partial reorientation of the 
molecules in the direction of the applied electric field, vanishes in 
alternating electric fields of a sufficiently high frequency. It seems 
natural to identify the critical frequency for which this decrease be- 
comes marked with the reciprocal of the mean duration of a fixed 
orientation. 

The problem of this electric relaxation time will be discussed in more 
detail in Ch. V. 

t MuUer, Proc. Roy. Soc. 154, 624 (1036). It should be remembered that the paraffin 
molecules do not possess a rotation symmetry about their longitudinal axis, and may 
be pictured rather as narrow belts with a symmetry plane defined by the carbon links 
than as cylindrical rods. 
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properties of liquids and mechanism of fusion 

1 . Relation between the Solid and Liquid States 

Fusion is accompanied, as a rule, by a relatively small increase of 
volume amounting to 10 per cent. This fact alone serves to show that 
the arrangement of molecules in a liquid — in the neighbourhood of the 
crystallization point, at least — must be more or less similar to their 
arrangement in the corresponding solid bodies, in spite of the funda- 
mental difference existing between the amorphous structure of the 
liquids and the crystalline structure of the solids (in a state of thermo- 
dynamic equilibrium). 

We must further note the well-known experimental fact that the 
latent heat of fusion is much smaller than the latent heat of vaporiza- 
tion. In the case of sodium, zinc, lead, and mercury, for example, the 
former is equal to 630, 1,800, 1,170, and 560 cal./mole, while the latter 
amounts to 23,300, 27,700, 46,000, and 14,200 respectively, exceeding 
thus the heat of fusion by a factor of 30-40. 

This means that the cohesive forces between the molecules decrease 
only very slightly in the process of fusion, in agreement with the fact 
that their distance apart is increased by a very small figure of the order 
of 3-4 per cent. 

We must finally stress the well-known fact that the specific heat of 
condensed bodies is only very slightly affected by fusion, being some- 
what greater just above the melting-point than just below it. 

This means that the character of the heat motion in liquid bodies, 
at least near the crystallization point, remains fundamentally the same 
as in solid bodies, reducing mainly to small vibrations about certain 
equilibrium positions and, in the case of diatomic and more complex 
molecules, to rotational oscillations about certain equilibrium orienta- 
tions, f The corresponding figures for a few monatomic, diatomic, and 
more complex substances are collected in the following table: — 


Substance 

Na 

Hg 

Pb 

Zn 

Al 

N, 

Cl, 

Bfj 

CH 4 

HCl 

NH, 

C.H. 

Cp solid 

7-6 

6-7 

7-2 

7-2 

6-8 

11-3 

14 

141 

10*6 

12-27 

12-2 

26-6 

Cp liquid 

m 

m 


7-9 

6*26 

1310 

162 

171 

13-5 

14-73 

18-4 

30-1 


t Cf. Eucken, Handbuch der ExperimerUalphyaik, B, 12, 344. Eucken gives no 
references, as if he was the first to state clearly this principle. 
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This result is in full agreement with those preceding, since the slight 
increase of the distance between the molecules on fusion can affect 
materially neither their cohesive forces nor the character of their heat 
motion.f 

To the above three facts one more should be added, namely, that 
liquids, just as well as solids, can suffer, without rupture, very high 
extension forces inasmuch as they reduce to a negative pressure, ex- 
cluding the possibility of flow. Such negative pressures can be realized, 
for example, by cooling a liquid — for instance, mercury — along with 
the vessel containing it and completely filled by it at the initial high 
temperature, if the former has a larger coefficient of thermal expansion 
than the substance of the latter (glass). 

An experiment of this kind was carried out for the first time in 1911 
by Mayer, J who has shown in this way that liquid mercury can be ex- 
tended by an amount corresponding to a negative pressure of 100 
atmospheres, this limit being set not by the strength of the mercury 
itself, which probably can suffer without rupture much higher tensions 
(of the order of a few thousand atmospheres), but by the force of its 
adhesion to the walls of the glass vessel (see Ch. VI). 

The last-named fact is not so important for our purpose — the estab- 
lishment of a close similarity between the solid and the liquid state — 
as the preceding three, although it is logically connected with them. 
The fact that liquids can withstand or exert a negative pressure is 
implied by van der Waals’s theory, which is based on the assumption 
of a close similarity between the liquid and the gaseous state (and not 
the solid one); according to this theory both states represent two 
extreme forms of a single ‘amorphous’ state, one of which can be 
obtained from the other by isothermal compression or expansion in a 
.continuous way, leading through intermediate states possessing a mecha- 
nically unstable character. Owing to this instability, the actual transi- 
tion from the liquid state to the gaseous one and vice versa takes place 
not along the theoretical isotherm (full line of Fig. 14) but along a 
horizontal isotherm, corresponding to the splitting up of the original 
homogeneous substance into two different coexisting phases, one of 
which gradually grows at the cost of the other (dotted line of Fig. 14). 
This discontinuity of the transition from the liquid to the gaseous state 

f It must be mentioned that the increase of the specific heat at constant pressure 
on fusion is often due to the accompanying increase of the thermal expansion coefficient. 
Thus, for example, in the case of mercury the specific heat at constant voliune is sli^tly 
decreased on fusion— from 5*95 to 6*90; the corresponding figures for solid and liquid 
sodium are 6*71 and 6*62. % Abh. d, Deutach, BunaengeatUachaftf No. 6, 1911. 
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vanishes, as is well known, only above the critical temperature, when 
the theoretical isotherms assume a monotonic course and become 
actually realizable. 

It can hardly be contested that liquids are more similar to compressed 
gases than to solid crystalline bodies at high temperatures lying close 



to the critical point and at moderate pressures, that is, when their density 
is much smaller than that of the corresponding solid. It must, however, 
be kept in mind that by application of a sufficiently high pressure a 
liquid can be crystallized whatever its temperature. In principle such 
a crystallization, due to high compression, must take place even above 
the critical temperature. The pressures required for this cannot, as a 
rule, be realized in the laboratory — except in the case of such substances 
as hydrogen or neon, which are characterized by an extremely small 
cohesion, and which under ordinary conditions, i.e. atmospheric pres- 
sure, crystallize at very low temperatures. F. Simon was able in 1929 
to crystallize them under a pressure of a few hundred atmospheres 
above their critical temperature. f 

The crystalline state obtained at supercritical temperatures under 
high pressures is, of course, very different — from the point of view of 
its mechanical properties — from that corresponding to low tempera- 
tures, when the crystalline body requires no external pressure for its 
existence and, moreover, resists all external forces tending to change its 
size or shape. 

Although the close similarity between liquids and gases at high 
temperatures and moderate pressures, that is at relatively large specific 
volumes, is an incontestable fact, yet at temperatures lying near the 
crystallization point, when the specific volume of a liquid is but slightly 
larger than that of the corresponding crystalline body, the liquid must 

t p. Simon, Report delivered at the Physical Congress, Odessa, 1930. 
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be more nearly similar to a solid crystalline body than to a compressed 
gas — ^with respect to its structure (i.e. arrangement of the molecules), 
character of heat motion, and as will be shown later, a number of 
mechanical properties. 

It must be acknowledged, however, that until recently physicists 
and physico-chemists were inclined to overrate the ‘gas-like’ features 
of liquid bodies and to ignore their solid-like features. This is explained 
partially by the success of van der Waals’s theory in explaining, though 
only qualitatively, certain properties characteristic of the liquid state 
and its interrelation with the gaseous one; and especially by over- 
estimating the difference existing between solid and liquid bodies with 
respect to their structure — crystalline in the former, amorphous in the 
latter — and their mechanical properties, connected with the action of 
shearing forces, which were supposed to have an entirely different 
influence in the two cases, causing an elastic strain in solids and a 
viscous flow in liquids. 

A closer scrutiny shows, however, that these distinctions are far less 
drastic and fundamental than they have hitherto been believed to be. 

In the first place we must recall the firmly established though often 
forgotten fact that solid bodies under high shearing stress display a 
phenomenon of plastic flow which is more or less similar to the viscous 
flow of liquids, and that, on the other hand, liquid bodies display a 
shearing elasticity which is usually masked by their high fluidity. This 
fact is especially obvious in the case of such substances as under the 
influence of cooling pass from the liquid into the solid amorphous 
(glass-like) state without crystallization, that is in a continuous manner. 
It is clear that in this case the fluidity which is characteristic of the 
liquid state does not vanish at a definite temperature, being suddenly 
^replaced by rigidity (i.e. resistance to shear), but fails off gradually, 
while the rigidity which was coexistent with but masked by it becomes 
gradually revealed. 

In the second place, the application of the methods of X-ray structure 
analysis to liquid bodies has disclosed the fact that the arrangement of 
molecules in a liquid, especially near the crystallization point, is quite 
different from the wholly disordered arrangement found in the gaseous 
state, displaying at small distances a close similarity with that com- 
pletely regular arrangement into which it is transformed when the 
liquid is crystallized. This fundamental fact, established by the pioneer 
work of G. W. Stewart on organic substances with rod-like molecules,! 

t Stewart, Phya. Rev. 30, 232 (1927); 31, 174 (1928); 35, 726 (1930); 37, 9 (1931). 
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can be interpreted, with the help of the notions of distant and local 
order introduced in the preceding chapter, as the preservation of a 
certain limited degree of local (short-range) order in the arrangement 
of molecules following the process of fusion, which consists in a dis- 
continuous loss of distant (long-range) order, characteristic of the 
crystalline structure. From this point of view the change of structure, 
from crystalline to amorphous, on fusion is much less drastic than has 
previously been pictured. Of course the loss of distant order makes a 
liquid isotropic or amorphous, that is similar in this respect to a gas. 
It must be remembered, however, that solid bodies are usually found, 
not in the form of single crystals, but as polycrystalline aggregates, 
consisting of a large number of very small crystals with random 
orientations. From a roughly macroscopic point of view such bodies 
are just as isotropic as liquids. X-ray diagrams of liquids are similar 
to those of the corresponding polycrystalline bodies and could be inter- 
preted, in their broad features, on the assumption that a liquid consists 
of a very large number of randomly orientated crystals of submicro- 
scopic size. A conception of this kind has actually been introduced by 
Stewart, who proposed to denote these submicroscopic crystals con- 
sisting of a few tens of molecules, at most, by the term ‘cybotactic 
groups’ (or regions) and assumed them to be connected with each other 
by thin layers of a wholly amorphous phase. 

From the point of view of the conception of distant and local order, 
introduced in the preceding chapter, Stewart’s cybotactic groups must 
be considered as indefinitely delineated regions within which the relative 
arrangement of the molecules preserved a certain degree of regularity, 
the variation of this arrangement about each point being, as a rule, 
continuous. 

With the help of an adequately introduced function |(a;, y, z), specify- 
ing the degree of order in the relative distribution of the centres of 
gravity of the molecules near a point a;, y, z, the effective size of Stewart s 
cybotactic groups could be determined by the equation J(iJ) == irj of 
Ch. II (§ 2), i.e. by the reciprocal value of Igrad 

It should be mentioned that the degree of order in the relative 
distribution of the orientations of the molecules must be specified by 
an independent parameter f', so that the size of the cybotactic groups 
may prove entirely different from the point of view of the relative 
positions and relative orientations of the molecules. An example of 
this distinction has been considered in the preceding chapter, in the 
case of 'orientation fusion*. A second equally instructive example is 

85ft5.2» o 
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afforded by ‘liquid crystals* or ‘anisotropic liquids’, which are charac- 
terized by a small degree of order in the arrangement of the centres of 
gravity of the molecules, but by a large degree of order in the distribu- 
tion of their mutual orientations. Regions containing more or less 
regularly orientated molecules are called in this case ‘swarms*. When 
the substances under consideration are heated starting from low tem- 
peratures, they first pass from the ordinary state to the liquid-crystalline 
one, which entails a loss of distant order in the distribution of the 
centres of gravity, just as in the case of ordinary fusion, while a large 
degree of order in their mutual orientation persists; with further heating 
of the ‘anisotropic melt* this orientation order is gradually decreased, 
until the large swarms are suddenly replaced by small cybotactic 
groups forming an ordinary amorphous liquid. This second fusion can 
be treated as orientation fusion. 

2. Estimateof the Influence of Volume and Temperature Changes 
on the Properties of Solid and Liquid Bodies. Mechanism of 
Melting 

It follows from what has been said in the preceding section that the 
difference between the liquid and the solid state — not only amorphous 
but even crystalline — is of a rather quantitative than qualitative nature. 
In certain respects — with regard to density (specific volume), cohesive 
forces (heat of vaporization), and character of the heat motion — this 
difference must be considered as insignificant. In certain other respects, 
viz. the degree and character of fluidity and the degree of order in the 
arrangement of the molecules, this difference is so striking that it is 
usually considered as a qualitative and not merely quantitative one. 

The main problem of the kinetic theory of liquids consists in explain- 
ing the apparent lack of correspondence between these two types of 
differences and in elucidating the causes and mechanisms of the processes 
of fusion and crystallization whereby these differences suddenly (i.e. 
discontinuously) arise. 

The next problem consists in explaining those continuous variations 
of different properties of liquids which take place with increase of 
volume and temperature, and which gradually shift the liquid state 
from the solid-like to the gas-like type. 

It should be mentioned that in the consideration of all these varia- 
tions, both continuous and discontinuous, the role of the volume as a 
factor determining, along with the temperature, the state of a given 
molecular system was usually underrated, for the simple reason that 
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from the experimental point of view, it is much easier to realize a 
variation of the temperature in a very broad range under constant 
pressure than a variation of the volume, under constant temperature, 
by varying the pressure. Leaving aside the fact that it has been 
practically impossible hitherto to realize high negative pressures and 
investigate the properties of liquids under such conditions, the realiza- 
tion of high positive pressures and the investigation of solid and liquid 
bodies under such pressures has also been no easy task. The largest 
pressures obtained hitherto by Bridgman and his co-workers do not 
exceed 10® atmospheres. It should be mentioned that the volume 
contraction of various liquids under such pressures (if they are not 
forced to crystallize) amounts roughly to 25 per cent. This is a rather 
high figure, since the volume expansion of solid bodies on heating from 
the zero point of temperature up to the melting-point, including the 
increase of volume on melting, is of the order of 10 per cent, (at ordinary 
pressures). Such an increase of the volume at constant temperature 
would require the application of a negative pressure of the order of a 
few thousand atmospheres. 

If it were not for the experimental difficulties besetting the application 
of high positive and especially negative pressures, we could, by varying 
the specific volume of liquids at a constant temperature, influence their 
properties, and, in particular, cause their crystallization, just as effec- 
tively as this is usually done by varying the temperature. 

In order to illustrate the influence of volume and temperature changes 
on the properties of liquids we shall give below a few very rough calcula- 
tions based on the order of magnitude of the cohesive forces between 
the molecules, the range of these forces, and the effective size (‘radius* 
of the molecules). As regards the latter, in the case of simple molecules 
it amounts to a few Angstrom units, i.e. 10”® cm. This is also the order 
of magnitude of the range of the attractive forces between the molecules. 
The magnitude of these forces can be estimated from the tensile strength 
of the solid (or liquid) body constituted by them, that is by the maxi- 
mum value of the negative pressure the body is capable of sustaining 
without splitting into separate molecules, or by the latent heat of 
evaporation (sublimation), that is, by the increase of mutual potential 
.energy of the molecules accompanying such a splitting. The fact that 
the cohesive forces between the molecules practically vanish when their 
distance apart is doubled (with respect to the value corresponding to 
their arrangement in a solid body at T == 0) means that the volume of 
a solid or liquid body cannot be increased without its disintegration 
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into separate molecules several times over. It should be mention^ in 
this connexion that according to the van der Waals theory the critical 
volume of a substance is only 12 times larger than the total volume of 
thejnolecules treated as rigid spheres. A more exact consideration of 
^jie dependence of the mutual potential energy of two molecules V on 
their distance apart r (see Fig. 1, Ch. I) shows that the maximum value 
of their attractive force F = —dUldz as defined by the condition 
d^Uldr* = 0 is reached at a distance r = r^, which is hut 10-20 per cent, 
larger than the normal distance r = r# corresponding to the equilibrium 
condition dP/dr = 0. Hence it follows that the ‘internal pressure’ due 
to an extension of a solid body by the application of a negative pressure 
and balancin g the latter reaches its largest value for a linear extension 
of the order of 10-20 per cent., that is a volume expansion of the order 
of 30-60 per cent. 

The magnitude of this largest negative pressure the body is capable 
of sustaining without disintegrating can be estimated with the help of 
the usual equation p = -/^(AF/Fo), which, strictly speaking, is valid 
for small values of AF/l© cannot lead to a serious error with 

respect to the order of magnitude if we put AF/Fo = i preserving the 
normal value of the compressibility modulus K, The latter is, both for 
solids and liquids, of the order of lO^^-lO^^ dyne/cm.2 (jn the case of 
liquids it is usually a few times smaller than in that of the corresponding 
solids). Hence it foUows that the tensile strength of solid and liquids 
does not exce^ negative atmospheres. 

The tensile strength of solid bodies under ordinary tensile stress 
is usually smaller by a factor of 100 than this theoretical figure. This 
circumstance is explained by the fact that under such conditions the 
rupture of the body does not take place simultaneously over the whole 
^ area of a cross-section perpendicular to the direction of the extension, 
but starts on a relatively small area near the edge of a surface or 
inner crack which is highly overstrained, and is propagated thence over 
the rest of the corresponding cross-section by a process which can be 
considered as a gradual spreading of the original crack. 

If it were not for this circumstance, that is, if it were possible to 
strain a body by the application of so large a negative pressure that 
its rupture would take place simultaneously over the whole of its 
volume, then this rupture would be entirely equivalent to the dis- 
integration constituting ordinary evaporation at an arbitrarily low 
temperature. 

It is quite clear that under such conditions the maximum value of 
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the elastic energy stored in the body which is extended to the critical 
volume 1^+AF, that is J^(AF)7Po == ilPlAF, must be (approximately) 
equal to the latent heat of vaporization. Referring the latter to unit 
volume (Iq = 1) a-iid putting AF = | we see that it must be by 

one order of magnitude smaller than the corresponding compressibility 
modulus, i.e. of the order of ergs/cm.®, or 10^-10^ calories 

per C.C., which is in agreement with the experimental data.f 

It should be noted that a second quantity characteristic of each 
substance, namely its critical temperature can be defined approxi- 
mately as that temperature for which the average value of the energy 
of heat motion of a molecule kT^ becomes of the same order of magnitude 
as the energy which is required in order to tear one molecule from the 
rest, i.e. as the latent heat of evaporation referred to a single molecule. 
If Vq denotes the volume occupied by one mole of a given substance, 
i.e. iV = 6.10^® molecules (in the solid state), we can thus put 

NkT,^-yKV,, 

where y is a numerical coefficient of the order of Putting TJ = 10 
and K = lO^^-lO^^, we obtain « 10^-10^. The critical temperatures 
of most substances actually lie within this range. 

Coming back to the main problem of the kinetic theory of liquids 
stated at the beginning of this section, we must, to begin with, answer 
the following questions (which have already been stated in a somewhat 
different form): 

(1) To what is due the sharp decrease of the degree of order in the 
arrangement of the molecules of a body and the sharp increase of 
its fluidity on melting, in spite of the relatively small increase of 
volume at constant temperature? 


t Raschevsky, Z. f. Phya. 40, 214 (1927), has attempted to identify this quantity 
with the latent heat of fusion. If AV represents the increase of volume on fusion, then 

the quantity turns out to be about three times smaller than the experimental 

value of the latent heat of fusion. R. Fiirth, Proc. Roy, Soc, A, 177, 217 (1941), has 
recently attempted to calculate the practical tensile strength of solids subjected to a 
one-sided extension, on the assumption that the body is ruptured by a process which 
can be described as the melting of the additional volume AF due to the extension. 
This assumption implies that the elastic energy spared by the body at the instant of 


rupture, — — - 1 -, where E is Young’s elasticity modulus, is equal to Q AF, ^ being the 

Fp 

latent heat of fusion per unit volume. Although this equation yields results which are 
in good agreement with the experimental data, yet the basic idea of Furth’s theory 
seems to be wholly devoid of physical meaning, its success being quite accidental. As 
has been explained above and proved experimentally by A. Joff4, the low value of the 
tensile strength observed experimentally compared with the theoretical figure is due to 
superficial (or internal) cracks. 
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(2) What is the immediate cause of meltings isobaric heating or 
isothermal expansion ? 

(3) Why is melting associated with a discontinuous increase of volume 
and entropy, and why does it thus form a transition of the first 
order, and not of the second order, like processes of loss of alterna- 
tion order in binary alloys ? 

On the basis of the results obtained in the preceding chapter in the 
study of order-disorder phenomena in crystals, we can give the following 
preliminary answers to the above questions: 

(1) The regularity in the arrangement and orientation of the mole- 
cules in the crystal begins to fall with rise of the temperature long 
before the melting-point is reached; as the latter is approached this 
process is gradually accelerated, acquiring a more pronounced ‘co- 
operative* character in the sense that a further decrease of the degree 
of order requires less and less energy. The thermal expansion of the 
crystal, taking place when it is heated at a constant pressure, is a 
factor furthering and accelerating tlie loss of order, the increase of 
volume associated with fusion being simultaneously the direct cause 
and effect of this loss. 

The sharp increase of fluidity on fusion can be explained in broad 
outline as follows. The fluidity of a body, that is its complete yielding 
to shearing stress, implies the possibility of the individual displacement 
of its molecules, which, in its turn, requires a certain amount of free 
space or ‘free volume*. In the case of crystalline bodies this free volume 
is relatively small, being realized in the form of a number of separate 
‘holes’ and of a general thermal expansion. The 10 per cent, increase 
of volume on fusion is sufficient to make room for the individual dis- 
placements of the molecules, which constitute what is described macro - 
scopically as the flow of a liquid. This can be illustrated by the rapid 
flow of a crowd initially squeezed in a closed room through a door 
suddenly opened as soon as the crowd becomes slightly less dense. 

The current view that the fluidity of liquids is due to an absence of 
shearing elasticity, i.e. to a disappearance of the rigidity modulus (?, 
is wholly erroneous, as has already been indicated (with the ejcception, 
perhaps, of the case of liquid helium II). The fluidity of liquids does 
not exclude the existence of an elastic resistance to shearing stress, but 
only masks it. This conclusion follows, firstly, from the fact of the 
existence, in the case of many substances, of a continuous transition 
from the liquid to the solid amorphous (‘glassy’) state, in which, while 
preserving a certain minute amount of fluidity, they display a sharply 
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pronounced elasticity of shape (i.e. ‘rigidity’). It follows, secondly, 
from the fact that in the vicinity of the melting-point the cohesion 
between the molecules above it remains nearly the same as below. Under 
such conditions the disappearance of the rigidity modulus on melting 
is obviously excluded, although it must be expected to suffer a sharp 
decrease. A similar, though probably smaller, decrease is found experi- 
mentally in the compressibility modulus on melting when the latter 
takes place at moderate pressures; at very high pressures it remains 
practically constant. 

The possibility of combining rigidity with fluidity will be considered 
in detail in the next chapter; it may suffice here to note that this 
combination implies a more or less rapid disappearance or ‘relaxation ’ 
of the elastic shearing stress due to a given strain when the latter is 
kept constant, and that the sharp increase of fluidity on melting is due 
to a decrease of the corresponding ‘relaxation time’. 

(2) If fusion is considered as a process of loss of long-range order, the 
fact that it must take place, sooner or later, with elevation of the 
temperature or increase of the volume (at a constant temperature) 
follows from the same type of argument as the loss of long-range order 
in the alternation of the atoms of different kind in binary alloys, or in 
the orientation of molecules in crystals of the type HCl and CH4. In 
all these cases the decrease and finally loss of distant order is primarily 
due to the heat motion; the concomitant increase of volume enhances 
the disorganizing influence of heat motion by decreasing the forces 
which resist it. In other words, the crystal lattice becomes unstable 
at high temperatures, this instability being accelerated by the increase 
of specific volume. 

The process of fusion can be considered from a different angle, and, 
in particular, from the point of view of the concomitant appearance or 
rather increase of fluidity. Inasmuch as the latter is connected with the 
lower and less regular structure of the liquid, this ‘mechanical’ point of 
view is practically equivalent to the preceding ‘structural’ point of view. 

(3) Finally, the discontinuous character of fusion, as a transition of 
the first order, can also be explained in a few — formally different but 
substantially equivalent — ^ways, depending on the point of view regard- 
ing the nature of this transition. From the ‘structural’ point of view the 
discontinuity of fusion is due to the ‘co-operative effect’ characteristic 
of all processes of loss of regularity, and specified by the accompanying 
decrease of the corresponding energy. It has been shown in § 3 of the 
preceding chapter by a simple example that the process of decrease of 
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distant order can assume a discontinuous course characteristic of first* 
order transition. This type of behaviour must obviously take place in 
the case of fusion. If the degree of order in a state of thermodjmamic 
equilibrium is determined as a function of the temperature and specific 
volume I = |(T, F), minimizing the free energy of the body, then the 
cause of the discontinuous character of fusion can be looked for in the 
dependence of the pressure p on T and F, or of the volume on p and T, 
in the same way as this is done in van der Waals’s theory of the transi- 
tion between the liquid and the gaseous state. In doing this it is neces- 
sary, firstly, to admit the virtual possibility of a* continuous trans- 
formation from the solid crystalline to the liquid amorphous state 
(corresponding to a continuous variation of f from 1 to 0), and secondly 
to show that such a continuous transition is connected with a series of 
mechanically or thermodynamically unstable intermediate states. Such 
a virtually possible but actually unrealizable continuous transition is 
typified by the liquid-vapour transition along one of the van der Waals’s 
isotherms below the critical temperature (cf. Fig. 14). It has been 
shown in the preceding chapter that the isotherms p(v) can have a 
similar character, inconsistent with a continuous isothermal transition 
from the ordered to the disordered state, for such bodies as can be 
brought continuously from one state to the other by isobaric heating 
up to and above a Curie point. 

It should be noted that van der Waals’s theory excludes the possi- 
bility of a continuous transition from the liquid to the gaseous state 
not only along an isotherm (p, v) below the critical point but also along 
the isobars (v, T) for pressures lying below the critical one. In fact, 
these have a shape shqwn in Fig. 16. One of them (on the right) 
corresponds to a pressure p lying above the critical one Pf^, while the 
o^her two correspond to smaller (‘subcritical’) pressures. The portion 
OA of the left curve corresponds to the usual thermal expansion of a 
liquid; the portion AB, corresponding to superheated states, can be 
realized only partially, as also the portion ED^ corresponding to the 
supercooled (or oversaturated) vapour. These two portions can be 
denoted as thermodynamically metastable (with a more or less ex- 
tended lifetime). Those states, which are represented by the portion 
BCD of the curve (v, T) and which are characterized by negative values 
of the thermal expansion coefficient, are appa-rently wholly unstable.f 

t Negative values of the thermal expaosion coefficient am by no means connected 
with a thermodynamical instability of the corresponding states, as is illustrated by the 
example of water in the temperature range between 0° C. and 4° C. 
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The actual transition from the liquid into the gaseous state proceeds 
accordingly discontinuously, the original phase being split up into 
two distinct phases — ^liquid and saturated vapour, and the temperature 
remaining constant until the liquid has been wholly evaporated. This 
evaporation or rather boiling temperature is shown by a dotted vertical 
line in Fig. 15. The position of this line cannot be determined by the 



help of simple thermodynamic considerations similar to those which 
refer to isothermal transitions described by the (p,v) diagram. 

Simpler and indeed more instructive results are obtained if the volume 
of the body is replaced by its entropy S, The isobars S(T)y correspond- 
ing to van der Waals’s theory, are very similar in shape to the isobars 
V(T). In fact, substituting in the equation TdS — dE+pdV the ex- 
pressions 

E = -^ + C„T and p 


RT 


V-b F* 


following from this theory, we get 

dT R 




that is, 8 = (7^ log T-f i? log( V—b)-\- const. 

Hence it is clear that at a constant pressure the entropy must change 
as a function of the temperature in a way similar to that of the volume, 
displaying in the 8{T) diagram, for sub-critical values of the pressure, 
similarly shaped curved portions. The vertical straight line, represent- 
ing the boiling temperature, must, however, cut the S-shaped portion 
of the theoretical isotherm into two exactly equal parts, just as the 

straight line representing the pressure of the saturated vapour cuts 

8696.S9 9 
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into two equal parts the wave-like portion of van der Waals’s isotherm. 
This conclusion follows from the fact that when p = const, the inte- 

gral J T dSj representing the change of the total heat J = in a 

virtual transition from the liquid to the gaseous state along a theoretical 
(jS^, T) curve, must have the same value as for a transition along the 
straight line T = const, corresponding to a thermodynamically stable 
equilibrium between the two phases, f 

That portion of the isobar (8, T) which corresponds to a decrease of 
entropy with increase of the temperature, i.e. to negative values of the 
specific heat at constant pressure Op, represents thermodynamically 
unstable states. 

If it can be shown that the theoretical isotherms (p, F) or isobars 
(8^ T) of a ‘rigid-liquid* or ‘amorphous-crystalline’ body, capable vir- 
tually of a continuous transition (with a gradual decrease of the degree 
of order) from the solid crystalline to the liquid amorphous state, have 
the shape shown in Figs. 14 and 15, the reason why the actual fusion 
process has a discontinuous character will be elucidated. J 

Application to the Process of Fusion of the ‘Hole* and ‘Dis- 
sociation’ Schemes 

Turning to a quantitative investigation of the nature of the liquid 
state and of the mechanism of melting, we shall consider, to begin with, 
a few theories based on structure arguments, i.e. on the introduction 
of a certain parameter, specifying the degree of order in the arrangement 
of the particles of the body. The problem then consists in determining 
the dependence of this parameter on the temperature (and also on the 
volume or the pressure), assuming that it can be varied in a continuous 
way from the maximum value, say 1, to a certain lowest value, which 
may be equal to zero (though this need not necessarily be the case, as 
will be seen below). 

The simplest theory of this kind was proposed by the present writer 
in 1932. It was based on the idea that the perturbations of order in a 
monatomic crystal can be reduced to the formation of holes, i.e. vacant 
sites of the crystal lattice, and that melting takes place when the relative 

t A still closer analogy between the isotherms (p, V) and the isobars (T, S) is obtained 
if the entropy is plotted along the abscissa and the temperature along the ordinate axis. 

X L. Landau (Phys, Z. d, Sowjetunion 11 , 545, 1037) obtains the same result from a 
consideration of the variation of the symmetry of the structure of a crystalline body on 
melting. By the very nature of the method used he confines himself a priori to thermo- 
dynamically stable states only, whoUy ignoring such actually realizable * metastable* 
states as correspond to a superheated liquid or to a supercooled vapour. 
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number of such holes reaches a certain limiting value defined in a more 
or less arbitrary way. In 1939 this theory was independently developed 
and extended by S. Breslert and by Frank, who removed this arbitrari- 
ness by introducing certain assumptions similar to those used in the 
theory of Bragg and Williams. 

Let us consider a crystal lattice constituted by N atoms and con- 
taining N' (inner) holes. The number of ways these holes can be 
distributed between the N+N' lattice sites is equal to 

{N+Ny. 


If the energy which is necessary for the creation of these holes is a 
function W{N') of their number only and does not depend upon their 
distribution, then the free energy of the system is given by the expression 


F = 

From the condition F 
for N'-. 


W(N’)-kT\og 


{N+Ny. 
'N\N'\ ' 


minimum the following equation is obtained 


N' 

N+N' 


e-u«4kT^ 


(1) 


where I/^. = dWIdN' is the energy required for inereasing the number 
of holes {N') by 1 . 

Solving (1) for N' we get 


N' - 


^N __ 


(la) 


The ratio NI(N-]-N') is obviously equal to the probability of any site of 
the lattice being occupied. It could be used accordingly as a measure 
of the degree of order of the lattice. Bresler prefers to define the degree 
of order t] as the probability that all the z sites surrounding an arbitrarily 
chosen atom (z coordination number of the lattice) should be occupied, 

A choice between the two definitions would be only a matter of taste 
if the energy Un' were supposed to be independent of iV^ , i.e. of i;. 
Actually, however, Bresler assumes it to be a linear function of 17, as 
defined by (2), (2 a) 

The equations (2) and (2 a) determine rj implicitly as a function of 
t S. Bresler, AcUi Pkysicochimica U*JR.S.S. 10, 491 (1939). 
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the temperature. In the case 2=1 this function coincides with that 
considered by Fowler in his theory of the rotation of molecules in a 
crystal (Ch, II, § 5). 

Putting UN‘lkT = a; we can find rj graphically by considering the 
intersection of the curve t) = (1— with the straight line 


j] = 


hT 

f// u,- 


These lines are shown in Fig. Ifi, the straight lino being drawn for two 



different temperatures (its slope being proportional to T). The curve 
has an inflexion point Q for x — log 2 (where (py^ldx^ — 0). At low 
temperatures the straight line intersects the curve in a point C, which 
corresponds to values of rf lying close to 1. At elevated temperatures 
the intersection point D corresponds to 0; the value = 0 is 
reached, however, in the limiting case T = oo only, so that a Curie 
point does not exist. In the range between two temperatures and Tg 
for which the straight line is tangent to the curve at the points A and B, 
three intersection points are obtained corresponding to a small, moderate, 
and high degree of order {rji <y]2< 

Hence it is clear that the dependence of 7/ on can be represented by 
the curve shown in Fig. 17. As the temperature is raised the degree of 
order decreases gradually until a certain value is reached corresponding 
to the point B, when it must suddenly drop to a lower va|ue correspond- 
ing to the point B\ thereafter approaching asymptotically the value 
17 = 0. If the temperature is gradually lowered, the degree of order 
can be raised to a value corresponding to the point whereafter it 
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must suffer a discontinuous increase, jumping to the point A\ We thus 
obtain a hysteresis loop, embracing thermodynamically unstable states, 
which are characterized by an increase of the degree of order with 
increase of the temperature. 

The region to the left of the loop { 7 } ^ 1) corresponds to the crystal- 
line state, the right half of the arc A'B to a superheated crystal, the 
left half of B^A to a supercooled liquid. A thermodynamical equili- 
brium between the crystalline and the liquid phase corresponds to a 



certain intermediate temperature T, 3 , determined by the condition of 
the equality between the values of the specific free energies (if the 
volume changes are neglected), and shown in Fig. 17 by the dotted line. 
This temperature Tj g must be considered as the true temperature of 
fusion or crystallization. 

Bresler has not attempted to calculate this temperature and has 
confined himself to a consideration of the kinetics of crystallization 
from the point of view of the above theory. 

Although the latter, by a suitable choice of the parameters Uq and U, 
can yield a satisfactory agreement with the experimental data, its basic 
conception that the perturbation of order in a crystal, leading finally 
to its transformation into a liquid, can be reduced to the formation of 
holes is open to serious criticism. 

(1) The notion of holes, i.e. vacant sites of a crystal lattice, implies 
the existence of such a lattice, i.e. the existence of long-range order; 
accordingly, the latter must subsist so long as we are speaking of holes, 
however large their number may be. Its disappearance implies a 
breakdown of the crystal lattice with its regularly distributed sites, 
and not a partial vacation of these sites. 
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(2) The concentration of the holes in crystalline bodies must remain 
very small up to the fusion point — of the same order of magnitude as 
the concentration of the atoms in the saturated vapour; this can hardly 
be harmonized with Bresler’s scheme. 

From the point of view of this scheme the increase of volume on 
melting, just as the thermal expansion of the crystal and of the liquid, 
should be explained by an increase of the number of holes, while the 
lattice constant should remain unaltered. In reality, the thermal ex- 
pansion is fundamentally due to a more or less uniform increase of the 
interatomic distances and not to the intrusion of vacuum quanta into 
a medium with a constant density. 

To these criticisms of the notion of holes must be added an objection 
to the assumption of the decrease of the energy required for the creation 
of a hole with the increase of the number of holes. This assumption 
would be quite natural if two or more holes could often be found beside 
each other; this would require, however, an inadmissibly high concen- 
tration of holes. 

Lennard- Jones and Devonshiref proposed in 1939 a somewhat dif- 
ferent scheme of the structure of liquids and of the mechanism of 
melting, also based on the conceptions which have been developed in 
Chapter I in connexion with real crystals. Instead of limiting them- 
selves to holes, these authors have also made use of dislocated atoms, 
reducing the increase of disorder in a crystal to a gradual dissociation 
of the crystal lattice, as a result of a transition of a fraction of the 
atoms from the regular lattice sites into the corresponding interlattice 
holes. This dissociative scheme has been subjected to a purely verbal 
modification consisting in treating the interlattice holes of the crystal 
under consideration as the regular sites of a second lattice, a mon- 
ittomic crystal being described as a binary alloy of atoms A and holes B. 
At low temperatures they regularly alternate, each atom being sur- 
rounded by z holes and each hole by z atoms; as the temperature is 
raised this alternation order must graulually decrease and finally vanish. 
If the degree of order is defined by the same formula 


as the degree of distant order in the case of actual binary alloys, then 
the crystalline state must be specified by values of f only slightly 
smaller than 1, while the liquid state corresponds to | == 0. 


t Proc. Roy. Soc. A, 169, 317 (1939). 
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Practically the same objections can be raised to this scheme as to 
the previous one, dealing with holes only. 

The dissociative scheme has, however, the advantage of enabling one 
to introduce the notion of local order, which is of prime importance for 
the structure of liquid bodies. 

Leaving aside this question, Lennard- Jones and Devonshire develop 
with the help of the above scheme a quantitative theory of the solid 
and liquid states and the process of melting. Instead of assuming, 
following Bragg and Williams, that the dissociation energy decreases 
with increase of the degree of dissociation (disorder), they attempt to 
obtain the same result by taking into account the accompanying 
increase of the volume (at a constant pressure) and by defining the 
dissociation energy as a certain decreasing function of the volume. 

With the help of these assumptions they are led to results quite 
similar to those which wo have already obtained in a much simpler way 
for binary alloys (Ch. II, § 4). In particular the isotherms p{V) assume 
the shape shown in Fig. 14, i.e. similar to that of the isotherms of van der 
Waals’s theory, which they claim explains the discontinuous character 
of the process of melting. They overlook, however, the fact that the 
isobars S{T), following from their theory, display a monotonic rise 
instead of being S-shaped, as required for the explanation of the dis- 
continuous character of melting caused by heating at constant pressure 
(and not by isothermal expansion). 

In calculating the pressure as a function of the volume (and the 
temperature) Lennard-Jones and Devonshire take into account, along 
with the additional pressure due to decrease of order (which in § 4 of 
Ch. II we have denoted by Ap = p— py)> the elastic and the thermal 
part, starting from rather arbitrary assumptions as to the dependence 
of the potential energy of two atoms on their distance apart; it should 
be mentioned that these assumptions are hardly necessary for the 
consideration of such phenomena as melting, which are associated with 
an increase of the interatomic distances by a few per cent. only. 

The considerable quantitative agreement between the calculated and 
the observed positions of the melting-points and of the volume and 
entropy increases in the case of argon and nitrogen can hardly be 
considered as a convincing confirmation of the underlying dissociative 
scheme, such a numerical agreement being easily obtained by a proper 
choice of the parameters involved. 

Both conceptions of melting — by an increase of the number of holes 
in a crystal lattice or by an increase of the degree of its dissociation — 
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are nothing but crude schemes which can claim to represent more or 
less adequately the qualitative relationships only and cannot serve as 
a basis for a quantitative theory. 

4. Local Order in Liquids and ^Structure Diffusion’ in a Crystal 
Lattice (Prins) 

As has already been stated in § 1, the structure of liquids can be 
denoted by the term ‘quasi-crystalline’ in the sense that they display 
a certain degree of local order of the same type as that characteristic 
of the corresponding crystals. In the case of simple liquids (such as 
fused metals) the degree of local order can be judged from the average 
distribution of the atoms about one of them; this ‘relative’ distribution 
must obviously be independent of the choice of the central atoms and 
must be spherically symmetrical with respect to it. It can be specified, 
accordingly, by a certain function p{r) equal to the average number of 
atoms (or rather nuclei) per unit volume at a distance r from the 
central atom. The product 

p{r)47rr^dr = g{r)dr 

gives the average number of atoms (nuclei) situated at a distance 
between r and r-fdr from the central atom. 

Such a description of the relative arrangement of the atoms can be 
applied not only to liquids but also to crystalline bodies. If in the 
latter case the atoms are supposed to remain fixed in their equilibrium 
positions, the functions p{r) and g(r) will be discontinuous (of the type 
of Dirac’s 8-function), vanishing for all values of r with the exception 
of a certain set of values 

fi < Tg < rg < ... 

for which they become infinite in such a way that the integrals 

rt+€ 

f 9(r)dr (€->-0) 

r$-€ 

are equal to the number % of atoms, situated at a distance from the 
central one. 

A crystal with a perfectly regular structure can thus be described by 
specif 3 dng a set of values of the distance r, and the associated numbers 
of atoms n,. 

The corresponding data for a few lattices of different types— cubic 
close-packed (A), hexagonal (A'), cubic volume-centred' (5), simple 
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cubic (C), and tetrahedral (diamond-like) D, are collected in the follow- 
ing table;t is the number of nearest neighbours, which is identical 


A 

A' 

B 

C 

D 

(»•»’ 


(♦•»* 


W<»)* 




(«•»* 


1 

12 

1 

12 

1 

8 

1 

6 

1 

4 

2 

6 

2 

6 

1 * 

6 

2 

12 

2f 

12 

3 

24 

2f 

2 

2f 

12 

3 

8 

3| 

12 

4 

12 

i ^ 

18 

3! 

24 

4 

6 

51 

6 

6 

24 

3f 

12 

4 

8 

5 

24 

61 

12 

6 

8 

4 

6 

51 

6 

6 

24 

8 

24 


with the coordination number of the lattice 2 ; the distance between nearest 
neighbours is denoted by a (= It should be mentioned that the type 

of crystal structure is unambiguously defined by the quantities n,; the 
figures referring to the first few values of s are probably sufficient for 
this purpose, all the others following from them in a certain way.} 

In reality the atoms of a crystal do not remain fixed, but vibrate 
about their equilibrium positions. If they are assumed to be attached 
to these positions by isotropic quasi-elastic forces, the probability of 
finding an atom at a distance between f and from its equilibrium 
position in the radial direction will be given by the expression 



dP = J J e-/p/2*5r 

' -00 


that is, 


( 3 ) 




where 

^ / 

(3 a) 


is the average value of at a temperature T while / is the coefficient 
of the quasi-elastic force. 

Under such conditions the function g(r) introduced above can be 
defined as a sum of Gaussian functions 

corresponding to different spherical layers surrounding the central atom 
(or more exactly, its equilibrium position). Fig. 18 shows the function 
(‘relative density') , 

'■'"-iSsS*-''* 

f 

t Taken from a paper by Prine and Petersen, PKysica, 3, 147 (1936). 

X This question deserves a more detailed investigation. 

8W.SS o 
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for the case of a simple cubical lattice. It should be noted that as the 
distance r is increased the spacing between successive maxima decreases, 
whereas their width, equal, roughly speaking, to the amplitude of the 
thermal vibrations of the atoms in the radial direction, remains constant. 
In the limit r -> oo, /> tends to a constant value equal to the average 
number of atoms in a unit volume of the crystal. 



Prins was the first to express the view that in the case of simple 
(monatomic) liquids with a quasi-crystalline structure the relative 
density function can be found in a similar way, i.e. starting with the 
values r,, which characterize the corresponding crystal, if the width 
of the successive Gaussian curves (4) is increased as the square root of 
the distance r,. f This increase in degree of indeterminacy of the position 
of more distant atoms is due, of course, not to an increase of the 
amplitude of thermal vibrations about the equilibrium positions, but 
to an increase of indeterminacy in the location of these positions, 
connected with the absence of long-range order in liquids, but with a 
partial preservation of the same iy^ of short-range order as in the 
corresponding crystals. 

The fact that the width of the successive maxima must increase as 
the square root of the distance, i.e. according to the law 

H = 2Z)r,, (4 a) 

where Z) is a certain constant, follows from very general statistical 
considerations. In fact, let us imagine a linear chain of atoms, the 

t J. A. Prins, NcUurwUaenachaften, 19, 436 (1931); see also Zemicke, Z. /. Phya» 41, 
184 (1927) and Kratki, Phya. Z. 34, 482 (1933); the latter author replaced Gaussian 
functions by triangles. 
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position of each atom with respect to the preceding one being deter- 
mined with a certain degree of indeterminacy This means that the 
actual distance of the ith atom from the (i — l)th is known to lie between 
where is their average distance. The distance 
of the 5th atom from the initial one {a — 0) must be equal under such 
conditions to where = ai+a 2 +. is the average value of 

this distance, while the ‘error’ is enclosed between the limits 
— J(g^i+g 2 +--+ 3 ^a) a*id i( 9 'i+ 9 ' 2 + average value of this 
error, just as the average of the individual errors Aa^-, vanishes. Squaring 
it we have g _ (^+^H...+2Aa“/K+..., 
or, since the individual errors are independent of each other^ 

E - (A^+r^;)H...+{A^^ (4b) 

Comparing this equation with the equation a 2 +- ‘+^a we 

see that a correlation between ig and if it exists, must be of the form 
(4 a). This result follows with especial simplicity if the average distances 
between nearest neighbours are equal = ag = ... = a) as well as 
the individual errors. In this case (4 b) is reduced to if == 8(Aa)^, i.e. 

E ^ H 

It should be noted that similar results are obtained in the theory of 
the Brownian diffusion motion for the resultant displacement of a 
particle during a time constituted by a elementary displacements 

T2" (Aaj)^ 

Aa^ performed during time intervals The ratio ~ = - ■ is equal 

Ztg ZTi 

in this case to the diffusion coefficient. The quantity obtained when 
the time (g is replaced by the average value of the distance can be 
conveniently denoted as the ‘structure diffusion coefficient’. This is 
the quantity D appearing in equation (4 a). 

In the case of a crystal, i.e. in the presence of distant order, it is 
equal to zero; an identical broadening of all the maxima, due to the 
thermal vibrations about regularly distributed equilibrium positions, 
implies no structure diffusion. The structure diffusion coefficient speci- 
fies the degree of disorder in the distribution of the equilibrium positions 
of the atoms arising after a breakdown of distant order, i.e. after 
melting. The degree of local order in the resulting liquid is smaller the 
larger the structure diffusion coefficient D. 

Theoretically speaking this coefficient can be arbitrarily small (so 
that it can be used for the definition of the degree of local order not 
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only in liquids but also in crystals). It cannot, however, be arbitrarily 
large. In the case of a chain of atoms with an average equal spacing a, 
we obtain the largest possible degree of disorder when -^{(Aa®)} is com- 
parable with a, i.e. when 2) « o. The degree of local order can accord- 
ingly be defined by the formula rj ~ 1— D/D^ax- 
Prins, Kratki, and other investigators have shown that the notion 
of ‘structure diffusion* in the relative distribution of the atoms of 



simple liquids (with respect to the corresponding crystals) is in good 
agreement with the experimental data obtained from an X-ray analysis 
of the structure of liquid bodies. 

A characteristic feature of the corresponding X-ray diagrams is the 
absence of rays scattered at small angles (as in the case of gases) and 
the presence of one or several intensity maxima in the form of diffuse 
diffraction rings (see Fig. 19, where the full line represents the distribu- 
tion of intensity of rays scattered in a liquid, while the dotted line 
refers to a gas). The intensity distribution of the rays scattered by an 
isotropic system of like atoms (constituting a gas, liquid, or a poly- 
crystalline body) can easily be calculated if the function g{r), character- 
izing the relative distribution of the atoms with respect to one of them, 
is known. 

Let denote the complex amplitude of the rays scattered by a 
certain {kth) atom in a given direction. The total intensity of scattered 

1--^^ A, A, 


or 




if the elementary amplitudes are identical. Since (with neglect of 
surface effects) all the atoms can be assumed to be distribute with 
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respect to each of them in the same way, this expression is reduced to 

the form 7 = ^^[1+2 2 oos(^.-^o)]. 

8^0 


where N is the number of atoms and the phase corresponding to an 
arbitrarily chosen ‘central’ atom. Denoting the radius vector of the 
5th atom with respect to the central one by we have 


^,-00= k-r., 

where k is the vector difference of the wave vectors kj — ( 27 r/A)ni and 
kg ~ ( 27 r/A)n 2 of the incident and scattered rays (n^ and are unit 
vectors specifying the corresponding directions). The absolute value 
of the vector k is equal to ^ = (47r/A)sinJ^, where 6 is the angle of 
scattering. 

The sum 2 cos(<^g--<^o) replaced by the integral 

8 

00 

J oos(<l>,-(l>„)g(r) dr, 

0 

where cos(^g— denotes the average value of co8(<^^--^o) for all the 
directions of the vector (of a fixed magnitude), i.e. 


rt 

cos(^-— ^o) = — - I co8(^rcos^)27rsin^di^ 
^ J 
0 


sin hr 

"IT’ 


The relative intensity of the scattered rays E = IjNA^ is thus given 
by the following formula 


00 00 

\(E— 1 ) = J j 

0 0 

where p = g(r)liTTr^ is the relative density. 

If this function is replaced by its mean value pQ the integral vanishes, 
which corresponds to the absence of diffraction effects in a practically 
homogeneous continuous medium. Hence it follows that p can be 
replaced by the difference p—po which tends to zero as r is increased. 
We thus get 

-^{E—l)k= f l]rsin(fcr) dr. (6) 

onpQ J \pQ I 

0 

This formula has been obtained by Zemioke and Prins, who noticed 
that it can be considered as the expansion into a Fourier integral of 
the quantity l)^/87rpQ as a function of the parameter k (or of the 
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angle of scattering ^), the factor (p/po)—! playing the role of the corre- 
sponding Fourier amplitude. This factor can accordingly be determined 
from the experimental data, referring to the function E{k) with the help 
of the Fourier transformation 

00 

0 

The results obtained by applying this formula to a number of simple 
liquids are in fair agreement with the theoretical formula obtained by 
summing up the expressions (4) for the partial distribution functions 
of the atomic layers of the corresponding crystalline bodies, if the 
broadening is increased as the square root of the mean radius of 
these layers, in accordance with (4 a). The structure diffusion coefficient, 
specifying the amount of this broadening, increases with elevation of 
the temperature of the liquid, in agreement with the theoretical con- 
ception about the resulting decrease of the degree of local order. This 
circumstance is revealed by a lowering and broadening of the maxima 
both on the curve E(6), describing the distribution of intensity on the 
X-ray diagram of a liquid, and on the curve p(r), specifying the relative 
distribution of the atoms, f 

The relative distribution of the atoms in various liquids at tempera- 
tures lying sufficiently close to the corresponding crystallization points 
has been shown in this way to maintain the same type as in the corre- 
sponding crystalline bodies. In other words the melting of a (simple) 
crystal is accompanied by a slackening and diffusion of its structure, 
its fundamental features being preserved. A further rise of temperature 
leads, however, to a gradual variation of this structure, and, in particular, 
of the coordination number (i.e. the average number of nearest neigh- 
bours). Thus, for example, in the case of water the distribution of the 
molecules near the melting-point has a tetrahedral character, both 
below and above it, the structure of ice being similar to that of tridi- 
myte and of liquid water to that of quartz (which explains, according 
to Bernal and Fowler, { the decrease of volume on melting). Near the 
boiling temperature, however, this structure, connected with a large 
degree of order in the mutual orientation of the HgO molecules, is 

t As has been noted by V, I. Danilov (unpublished), the correspondence between the 
two curves in the sense of the equations (5) and (5 a) is incomplete, since the parameter k 
increases from zero to a finite value 4irfX and not to infinity, as required by equation (5 a), 
when the scattering angle B is increa^ from 0 to rr. lids circumstance (which seems 
to have been overlooked hitherto) leads to an apparent broadening of the maxima on 
the curve p(r), that is to an apparent increase of D, ^ 

X J. Bernal and R. H. Fowler, Joum. Chem, Phya. 1, 616 (1033). 
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replaced by a structure characteristic of spherically symmetrical par- 
ticles, each molecule being surrounded by twelve neighbours. Such 
structure might be called ‘close-packed* if the molecules were repre- 
sented by spheres in contact with each other. In reality, however, such 
a contact is out of the question, since the volume of water at high 
temperatures is larger than near the freezing-point. 

Water is a characteristic example of a substance the melting of 
which is connected with a change of the type of structure (i.e. transition 
from a tridimyte-like to a quartz -like structure). A similar situation is 
met with in the case of certain simple substances like Bi and Sb; just 
as in the case of water the melting of these substances is characterized 
by a decrease of volume. 

As a rule, however, the type of structure remains unaltered on melt- 
ing, which corresponds only to a decrease of local order (and to a loss 
of distant order). 

Prins| has attempted to derive a theoretical expression for the struc- 
ture diffusion coefficient as a function of the temperature with the help 
of the following argument (which, as will be shown below, is wholly 
fallacious). 

Let us consider a linear model of a crystal, i.e. an atomic chain with 
equally spaced equilibrium positions. Let their distance apart be a, 
and the displacement of the sth. atom from its equilibrium position 
Xg = sa be At the beginning of this section we have assumed the 
atoms to be attached by quasi-elastic forces to the corresponding 
‘absolute* equilibrium positions Xg, In reality, however, they are 
attached not to these equilibrium positions (which have a purely 
geometrical meaning) but to each other, so that the sth atom is acted 
on by the (s--l)th, with a force —fq^y proportional to their relative 
displacement Accordingly, the potential energy of the 

chain is equal to the sum of terms Ifql, referring not to individual atoms 
but to the individual links of the chain formed by pairs of neighbours. 
In calculating the average values we must therefore start not with 
absolute displacements but with relative ones q^. In particular, the 
probability that the relative displacement of the sth and (s— l)th atoms, 
I.e. the length of the link formed by them, is increased by an amount 
lying between q and q-\-dqf is given by the expression 


dP 






t Prins and Petersen, Phyaica, 3, 147 (1936). 
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which is quite similar to (3), with the same value kTjf of as that 
obtained before for 

If the central atom is assumed to remain fixed (^q = 0) the (abso- 
lute) displacement of the 5th atom can be represented by the sum 
^ 1 +^ 2 + The average value of this sum is equal to zero (which 
corresponds to the absence of thermal dilatation in the chain, see 
Ch. IV). Taking the square of we get 





A comparison of this expression with (4 a) shows that in the present 
case the structure diffusion coefficient can be defined as 


D = = 


IcT 


2a 2af 


This conclusion, arrived at by Prins, implies, however, a contra- 
diction, for it identifies, from the structure point of view, a three- 
dimensional liquid with a one-dimensional crystal. 

If this result could be applied to a three-dimensional crystal, the 
preceding theory of X-ray scattering would refer to crystals and not to 
liquids. 

As has been, however, shown by Peierlsf in the case of three- 
dimension%l crystals, the average quadratic fluctuation turns out to 
be independent of the distance and can be calculated in the same way 
as if the atoms were attached to absolute equilibrium positions (see 
below). 

We thus see that the cause of the structure diffusion of liquids must 
not be directly connected with the heat motion, as assumed by Prins, 
and must be looked for in an entirely different direction. 

Before turning our attention to this question we shall consider in 
more detail the above-mentioned work of Peierls, since its results have 
an essential bearing on the problem of the relationship between the 
crystalline and the amorphous state of matter. 

Following the method introduced by Debye in the theory of specific 
heats of solid bodies, the heat motion in a system of particles (one, two, 
or three-dimensional) coupled by quasi-elastic forces can be represented 
as a superposition of elastic waves of various length from a doulfie of 
^ the linear dimensions of the body to a double of the average spacing 
between the particles (approximately), the system of particles being 
treated as a continuous medium. 


t R, Peierls, Helv» Phya. Ada, Suppl. ii, 81 (1936). 
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In the linear case the possible values of the wave-length are given 
by the formula 


where L is the length of the atomic chain and n — I, 2 ^.,., N {N being 
the number of atoms and 2L/iV' = 2a the double of their distance apart). 
The number of normal vibration modes with a wave number 1/A 
enclosed between the limits k and k^dk is equal to dn ~ 2Ldk. In the 
two-dimensional case (plane lattice) the number of normal vibrations 
with a wave vector k, the components of which are enclosed between 
Ky K+^Ky ^y+dky, is equal to dn — Sdk^dky where S is the 

surface of the lattice, or 


if all the waves with k < 1/A < k-\-dk are considered, irrespective of 
their direction of propagation. In the three-dimensional case, finally, 
the number of normal vibrations is given by the expression 

dn ~ V dk^dkydk^, 

or if the direction of propagation is not taken into account, 

dn — ^TrVk^dky 

where V is the volume of the body. 

The displacement of a particle of the body in a given direction as a 
result of the heat motion of the body can be represented as a sum of 
displacements coiTesponding to the different normal vibrations : 

Here x denotes the coordinate of the equilibrium position of the particle 
in the linear case, the set of two coordinates x, y in the two-dimensional 
case, and the set x, y, z in the three-dimensional one. Likewise k 
denotes an ordinary number in the first case, a plane vector with the 
components k^y ky in the second, and a space vector kyy k^ in the 
third. The product kx indicates in the general case a scalar product of 
two vectors. The quantity co^. is the frequency of the vibrations, con- 
nected with k by the relation = v\k\y where v is the velocity of 
propagation of the corresponding waves. 

In order to determine the Fourier coefficients, i.e. the amplitudes of 
the vibrations Aj^y let us take the derivative of (6) with respect to the 
time and square it, or rather multiply by the conjugate complex 
quantity and by the mass of a particle and sum up over all the 
particles. We shall get in this way the double of the average value of 

8596.29 _ 
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the kinetic energy of the system, or since this average value coincides 
with that of the potential energy, the total energy of the heat motion 

TF = 2 hnU: = III 

The sum J vanishes if k' ^ k and is reduced to the number of 

X 

particles iV^ if Z;' = k. The preceding expression is thus reduced to 

W = lmN^wl\A^\^=lMv^^k^\A,\^ (6 a) 

(if = total mass of the body). The additivity of W with respect to the 
different normal vibration modes corresponds, if no account is taken 
of quantum effects, to an equipartition of the thermal energy between 
them. Denoting the product of Boltzmann's constant and the abso* 
lute temperature by B we have consequently 

iMvW\Aj,\^ = e. (6 b) 

We thus see that the amplitudes Aj^ are inversely proportional to the 
corresponding wave numbers. 

We can now turn to a consideration of the main question we are 
interested in, namely, that of the fluctuations of the distance between 
two particles x and x\ i.e. of the average value of the square of their 
displacement in any given direction 

^xx' ~ ^x ^x' 

as a function of the average distance {x—x'). Multiplying this expres- 
sion by the conjugate complex we get 

We are interested in the average value of this expression not only with 
respect to the time but al^o in space, for a given relative position of the 
two particles, i.e. a given value of the (vector) difference x—x'~rof 
this equilibrium position. Putting x' = x— r we must accordingly sum 
up the preceding expression with respect to all the values of x (for 
r = const.) and divide the result by N, We get in this way, according 
to (6), 

X k K 


X 


k V 


k V 
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or since 2 — difk^k' and N ilk = k' 

CT=2|^-2|:M*Pcosir. 

that is finally, since |4|* = 

10=42 

k 

Substituting here the expression (6b) for \Aj^\^ and replacing the 
summation by an integration, we obtain the following results: 

(1) in the linear case 


(2) in the plane case 




(3) in the three-dimensional case 


mL ( 


Mv^ J 


IdnSe 



j * 




327rF0 


J sin^A^r ( 


The quantity sin^JA^r appearing in the second and third cases denotes 
the average value of sin^Jkr for different directions of the vector k 
with respect to r, the magnitude of k being constant. 

In all the three cases the integration can be carried out from A; = 0 
to « l/2a. 

In the first case we get, putting \kT — u, 

kmax kmKxV 

f ^^dk = ^- [ ^^dn. 

J A;2 4 J 1^2 

0 0 

If r > a, i.e. > 1, the upper limit can be replaced by infinity, 

which gives . 

^ const, r, 

i.e. Prins’s result, obtained above in a simpler way. 

In the second case we have, denoting the angle between k and r by 


aw 


and consequently 


kxokt 

1^» = J_ f ^ f 8in*(^cos^] d4. 

' Mv* 2n j k J \ 2 V ^ 
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The integral can easily be calculated approximately if sin2(JiTCos^) is 
replaced by {^kr)^QOs^ == for pr < p and by ^ for ^kr > p. 
We thus get 


\L 


Ti^SO , HnSd. rkjn^j. 


This expression increa^ses logarithmically with r in agreement with the 
result obtained by Peierls (loc. cit.). 

In the third case we have finally 

sin^pr — ^[1— cos(^Tcosj^)], 
where ^ is the angle between k and r, or since 


1- A 

co8{kr cos ^) — I J co8{krz) dz — 


sin kr 

"IT’ 


l^nVe 


fcmaxf 


, 1 r sin u j 


For large values of r (r/;,„ax > 1) this expression is reduced to the 
first term, which is independent of r. 

In a paper on the thermodynamical theory of melting L. Landau, f 
following Peierls ’s argument, attempts to prove that one-dimensional 
and two-dimensional crystals (i.e. atomic systems with long-range order) 
cannot exist. Simplifying this argument, Landau confines himself to 
a calculation of the square of the ‘absolute’ displacement of one of the 
atoms from its equilibrium position, i.e. of the quantity ~ ^ 

Putting here \Aj^\^ Ijk^ according to (fib) and replacing the summa- 
tion by an integration from A; = 0 to A;,nax we obtain a finite value in 
the case of a space lattice only, while in the two other cases the integral 
diverges (at the lower limit). J Hence the conclusion is drawn that 
one-dimensional and two-dimensional crystals cannot exist. 

The fallacy of this conclusion is shown by the fact that one-dimen- 
sional and two-dimensional crystals of practically unlimited dimensions 
actually exist — the former in the form of chain-like molecules of rubber 
and other polymeric substances (see § 4, Ch. VIII), the latter in the 
form of very firm plane lattices connected with each other into three- 
dimensional bodies by van der Waals’s forces (graphite, clays). 

Peierls ’s result as to the increase of the quadratic fluctilations in the 


t Phys. Z. d. Sowjetuniony 11, 545 (1937). 

t Which means simply that in the low-frequency range the summation must not be 
replaced by an integration. 
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relative positions of the atoms with increase of their average distance 
apart in the case of linear and plane lattices has no bearing whatsoever 
on the question of their niechanical or thermodynamical stability at 
temperatures different from the absolute zero. It can even be said that 
the argument of Peierls and Landau (as well as of Prins) is based on the 
assurnption of the existence of a regular distribution of the equilibrium 
positions of the atoms in the one- and two-dimensional case as well as 
in the three-dimensional one. From Peierls ’s considerations it is only 
possible to draw the conclusion that one- and two-dimensional crystals 
must scatter X-rays in a way similar to that which characterizes 
ordinary three-dimensional liquids. f 

5. Dependence of the Structure of Liquids on the Free Volume; 

Kirkwood’s Theory 

Coming back to the question of the ‘structure-diffusion’ in liquids 
wc must, first of all, point out the fact that the fundamental factor 
which determines it is not the temperature but the volume. This result 
follows directly from the fact that at the fusion point the liquid differs 
from the crystal by its larger volume only, the temperature being the 
same for both phases. This extra volume of the liquid, usually denoted 
as its ‘free volume’, firstly ensures the individual mobility of the mole- 
cules to which liquid bodies owe their fluidity, and secondly is the 
necessary (though not sufficient) condition for relatively large deviations 
of the molecules from the regular arrangement characteristic of the 
crystal structure. 

It is true that at very high pressures and correspondingly high 
temperatures the specific volume of a liquid can be smaller than that 
of a crystal at normal temperatures and pressures. The elevation of the 
temperature can thus compensate the ordering influence of high pressure 
(or small volume). This circumstance can be reconciled with our point 
of view if the particles arc not treated as absolutely rigid (as is usually 
done), but their finite compressibility is allowed for. This compressi- 
bility enables them at elevated temperatures to be arranged in an 
irregular way in a volume smaller than that which they would occupy 
if treated, say, as hard spheres. 

In their paper of 1927 Prins and Zernicke attempted to reduce the 
structure diffusion of liquids to their excess volume with respect to the 

t It has been stated by F. Bloch and following him by a number of other authors, 
for roasons of a similar character, that ferromagnetism is possible in three-dimensional 
lattices only. I believe this statement to be just as erroneous as Landau's assertion of 
the non-existence of one- or two-dimensional crystals. 
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corresponding crystals ;f later, however, Prins abandoned this view in 
favour of the erroneous theory which has been considered in the pre- 
ceding section. 

The influence of free volume on the degree of disorder in the arrange- 
ment of the particles can be illustrated by the example of a one- 
dimensional system, which in this respect is not essentially different 
from a three-dimensional one. Let us assume, for the sake of simplicity, 
that the particles do not attract each other but behave like hard 
spheres with a certain diameter ag. Their regular distribution (in the 
‘crystalline’ state) can be ensured by an external pressure in the line 
of their centres, so that they should be in contact with each other, the 
distance between nearest neighbours being equal to total 

length of the chain consisting of N atoms to Lq = 

Let us now imagine that the total length of the chain has been 
increased from this value to Z, the length corresponding to each particle 
being now L/N = a> If the particles remained regularly distri- 
buted with a spacing a, there would exist between neighbouring particles 
a gap with a length Aa = a— This gap corresponds to the Tree 
volume’ per particle and its product with N, i.e. the difference L-K 
to the free volume of the whole system (in the present case we should 
speak, of course, of ‘free length’ and not of free volume). 

Let us now imagine that, owing to the heat motion, the particles can 
assume all possible configurations along the straight line L satisfying 


the condition 


^«+i ^8 ^ 2 ,..., N 1) 


for the coordinates of their centres, the centre of the particle s — 0 
being fixed at the point a; = 0, and of the Nth particle at the point 
% = L. 

With these simplifications the problem of the probable distribution 
of the particles with respect to one of them (say, the initial one a = 0), 
i.e. of the determination of the function g(r), which has been introduced 
above ind which in the one-dimensional case coincides with the function 
p(r), can be solved in an elementary way by a method similar to that 
of Clausius or Smoluchowski for the distribution of the free paths of 
a molecule in a gas. 

We shall consider this problem, to begin with, in a still more simpli- 
fied form, corresponding to a vanishing size of the particles (a^ = 0). 
Under such conditions the probability that a given particle will be 


t Z.f. Phy8. 41 , 184 (1927); see also Frins, ibid. 56, 617 (1929); NmurwUs. 19, 486 
(1931). 



§8 DEPENDENCE OP STRUCTURE ON FREE VOLUME 127 

found within a certain segment a; of the straight line £, irrespective of 
the position of this segment and of the distribution of all the other 
particles, is equal to the ratio xjL. The probability that this segment 
will contain no particles is equal consequently to 



If iV -> 00 while a is kept constant, this expression is reduced to Clausius’s 
well-known formula It can be defined as the probability that 

within a distance x from some initial particle (« = 0) no other particle 
will be found if their average distance apart is equal to a. 

The probability that the segment x will contain n particles out of 
the total number N is given by the expression 

N(N--l).,.(N~n~\-l)l X Y[^ ^ 

[aNl \ ’ 

which in the limit N reduces to Smoluchowski’s formula 



( 8 ) 


and can be defined as the probability that the distance of the (n+l)th 

00 

particle from the initial one will exceed x. The sum of the series J 

n=o 

is equal to 1, in accordance with the physical meaning of P„. 

The maximum value of the expression (8) is obtained for x = an, 
i.e. n = xja^ which corresponds to the average number of particles in 
a segment with a length x, or, in other words, to the average length x 
of a segment containing n particles. Putting x — na+$ and treating 
I as a quantity small compared with x ~ na, we get if n > 1 


On the other hand, according to Stirling’s formula, n! = 

Hence under the above conditions the expression (8) is reduced to 
Gauss’s formula 

the width of the maximum being equal to aVn, i.e. proportional to 
the square root of the mean distance of the wth particle from the initial 
one. This result agrees with that which has been obtained by Prins 
from a consideration of the fluctuations in the distribution of quasi- 
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elastically bound particles. I£ should be noted that in our case the 
average quadratic fluctuation does not depend upon the temperature 


(for a given value of a). 

The sum of the expressions (8) for all values of n between 0 and h 


can be interpreted in our case as the probability that the (fc+l)th 
particle is at a distance exceeding x from the initial one. The probability 
that the (A;+l)th particle will be found at a distance between x and 


x-\-dx is given by 


or according to (8 b) and (8) by 
dx 


= W (8 c) 

The probability g{x)dx of finding in the range between x and x+dx 
any particle is equal to the product of dx and the sum of these expres- 
sions for all values of k from 0 to oo, i.e. dx/a whence g = 1/a, in agree- 
ment with the fact that a is the mean value of a segment containing 
one particle. 

We can now come back to the problem of the distribution along a 
line of particles with a finite diameter Uq "> 0. The formula referring 
to this caise can be obtained from (8) by a simple substitution of 
Aa = a-ao of a;-ao(n-f 1) for a:, the latter expression repre- 

senting the sum of the gaps between the first 7^+1 particles (including 
the initial one s == 0). We thus have 

P f a?— ao (77-[- 1)1 ^ [x-at(n+l))l^a (9) 

Aa J 

with the condition x UqU, The maximum of this expression is 
obtained for x — aQ(7i-{“l) “ TiAa, i.e. x = an-\-aQ, and corresponds to 
a uWorm distribution of the particles along the segment a: at a constant 
distance a from each other (the additional term Uq is a correction for 
end effects). In the case the preceding formula can be approxi- 

mated by that of Gauss 

P (9 a) 

In order to obtain the probability Qk+i{^) (fc+l)th particle 

will be found at a distance ^ x from the initial one, it is necessary to 
take into account the fact that if the segment x contains n<h particles, 
then the centre of the {A;-fl)th particle must be found at a distance 
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exceeding x by an amount equal at least to {k—n)aQ. We thus get 
instead of (8 b) 

<?*+!(*) = i P„[x-a^(k-n)], 

n^O 

or according to (9) 


n»0 ' 

«o(^+ U\“g-{x-o<<J;+l)>/Ao 

\a) 

(9 b) 

whence it follows that 





(9 c) 


In order to determine g(x) the preceding expressions must be summed up 
with respect to all those values of k for which the condition x > ao(^+ 1) 
is satisfied. In particular we have gr — 1 for a; < 



g{x) = 


g-(a;~at)/Aa 



x-~2aQ 

Aa 


g-(x-2o«)/Aa 


in the range 2aQ < a; < SUq, and so on. 

The resulting distribution differs from that obtained by Prins by an 
application of Gauss’s law, by the presence of a maximum at the point 

X = ao-t 

An extension of the preceding results to the three-dimensional case 
was given in 1939 by Kirkwood,} who set the problem of determining 
the density p(r) as a function of the temperature and volume from 
general statistical principles, without recourse to any kind of models 
of liquid structure. The particles of the liquid are treated in his theory 
as hard spheres with a certain diameter Uq, just as in the one-dimensional 
case considered above, allowance being ultimately made for attractive 
forces between them. 

Before reviewing Kirkwood’s work we shall make the following 
remarks: 

(1) The smallest volume Vq which is necessary for the accommodation 
of the particles under consideration corresponds to a regular arrange- 
ment in a close-packed cubic or hexagonal lattice, each particle being 
in contact with twelve neighbours. The only possible type of structure 


t This maximum ia due to the replacement of repulaive forces between the molecules 
by their ‘hardness*, preventing them from approaching ee^ih other closer than at a 
distance a^. 

t J. Kirkwood, J. Chem. Phys. 7, 919 (1939). 

8696.29 
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of a body under the condition of least volume is thus, irrespective of 
the temperature and of the cohesive forces, a regular crystal structure 
of the close-packed type. 

(2) With increase of the difference 7— TJ a gradual increase of disorder 
in the arrangement of the particles becomes possible. It must be 
expected, however, that so long as V—Vq remains very small compared 
with Tq, the free volume can be distributed in the body in the form of 
individual atomic holes only, the existence of which does not exclude 
the existence of a crystal lattice but, on the contrary, implies it. A 
breakdown of the crystal lattice, i.e. a complete disappearance of 
long distance order in the arrangement of the particles, can take place 
only when the number of atomic holes reaches a certain not very 
small fraction — a few per cent, say — of the number of particles. 
The free volume represented by them can then be distributed in the 
body in a continuous way, i.e. corresponding to its equipartition between 
all the atoms. The smallest volume compatible with the disappearance 
of distant order in the body, i.e. with the existence of the latter in an 
amorphous state, will be called the ‘amorphization volume* and will 
be denoted by F* (it should be kept in mind that it has a definite 
meaning and value in so far only as the particle can be treated as 
absolutely rigid). The arrangement of the particles when V = V* must 
preserve a considerable degree of local order of the same type as the 
distant order existing when V < V*, With a further increase of V this 
local order must gradually decrease, -tending to zero when V becomes 
about twice as large as Tq. 

(3) The above-described transformations of structure can be influenced 
by cohesive forces acting between the particles of the body in a three- 
fold way. In the first place, being to some extent equivalent to an 
external pressure, these forces must retard the process of amorphization 
apd fusion caused by a rise of temperature (at a given external pressure). 
In the second place, they ensure the preservation by the resulting liquid 
of an elasticity of volume and also of shape (partially masked by 
fluidity). Finally, at low temperatures and relatively large volumes the 
attractive forces must enhance the local fluctuations of density trans- 
forming them into ‘local ruptures’ of the body. 

Coming back to Kirkwood’s theory, let us put 

p{r) = p,e-^^r)ikT^ ( 10 ) 

where is the average value of the density, which in the sequel will 
be taken as equal to 1, and W{r) the average work required to bring 
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the centres of two particles from infinity to the distance r — ^not in a 
vacuum, of course, but within the body under consideration (for r = oo, 
W — 0 and p = 1). 

The centre of a second particle can be located in the point O' at a 
distance r from the centre 0 of the first particle only if there is enough 
room to accommodate it, i.e. if a spherical cavity with a volume 


o)=~al has been preliminarily created about the point O', 
3 


Let the 


work required for the creation of such cavity be denoted, by U{r), its 
value for r = 00 by Uq, and finally the work done by attractive forces 
when the second particle is brought from infinity to a distance r by 
X(r). The work W{r) can be expressed by 


W{r)^U{r)~U,+X(r), (10 a) 


Let p(r) denote the probability that the centre of one of the N~2 
remaining particles lies in the cavity cu with the centre at the point 0' , 
The probability that this cavity will be left free for the accommoda- 
tion of the ‘second’ particle is consequently equal to 1— p(r). 
According to Boltzmann’s law and the definition of U{r) we have 

l-^(r) = (11) 


Hence it follows in conjunction with (10) and (10 a) that 


p(r) = e-x-(r)/ftr, (11a) 

l-l'o 

where is the value of p(r) for r = oo, so that 1— Po = On 

the other hand, according to the definition of p, the probability p(r) 

must be proportional to the integral J p{E) dV extended over the volume 

<0 

oj assigned to the cavity. Taking into account the fact that this 
cavity can accommodate the centres of several particles (up to, say, 12) 
Kirkwood putst 

p(r) = const. [l+>?(r)] J p(E) dV, (12) 

a) 

where 7j(r) is a certain correction tending to 0 for r-^co. Since in the 
latter case the integral is reduced to cd, the preceding formula can be 
rewritten as follows: 

P(r) = J P(-®) 


t Erroneoiiflly identifying the constant in the following formula with the reciprocal 
^ of the total volume of the Uquid. 
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Substituting this expression in (11a) we obtain the following integral 
equation for the function p(r): 

p{r) = J 

Ct) 

The integral over the volume to can be simplified by using bipolar 
coordinates with the centres 0 and O'. Denoting the distance of the 



volume element from 0 and O' by R and R' respectively, we have 
(see Fig. 20). 


f+a a « 

fp(B) dF = - f f p(R)RR'dRdR' = - J J [(r-R?-a^]Rp(R)dR 

j ’’-A 1.1 BI r-o 

+ 0O 

= J k(x—8)<j>(8)d8y 


r-o Ir-ni 


where 


and 


r 

X = -y 

a 


R 

a = — . 
a 


^(x)_fp(r)-l if x> I 


k(x—8) = 


if 0 < a: < 1, 
(x-8f-l if \X-8\<1 


[0 if \x—8\ > 1. 

Putting further f{x) = x[e-^f^'^(l—lrjX)— 1] 

A = 

1-Fo 

we can rewrite equation (13) as follows: 


+ 00 


<l>{x) ==f(x)+lX(l+ri)e~^f^^ J k(x—8)<l){8) d$, 


(13a) 
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or approximately 

<f>{x)=^f{x)+^X j k(x—a)^{a)d3, (13 b) 

— 00 

since 7]->0 and X 0 when r ^ oo; in the same approximation we can 
put / Y V 

fix) = 

It should be noticed that this function has a physical meaning for 
ic > 1 only, whereas has physical meaning for a; > 0. 

In order to simplify the solution we shall extend these functions to 
negative values of x by putting 

H-x) = <^(x), f{-x) = f{x), 

and shall represent them in the form of Fourier integrals 

+ ® +00 




(lx. 


Substituting these expressions in the approximate equation (13 b) we 

get 4. 00 

r k{l)e'>‘>dt, 

Liu) 4 J ' ' 


or with iu i= z and l{u)IL(u) ~ F(z) 


- ^+( 4 ) 

VI 


— I (z cosh z — sinh z ) . 


If in the Fourier integral for <^(a:), L(u) is replaced by 

l{u) _ l(—iz) 

then on the assumption that l(—iuz) is analytical in the right half 
plane and that the expression vanishes when | 2 | ->oo, we 

obtain by the method of residues 

= (a?>l), ( 16 ) 

n 

where A = 

JF'{z ) 

being the roots of the function F{z) = 0 of the type 
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Confining ourselves to the first term of the series (16) corresponding 
to the smallest value of [zj we get 

A 

p(x)-l'^-e-<^coB(px+h), (16) 

X 


The amplitude A and the phase 8 can be determined without using 
the explicit expression for the function f{x) from the conditions 

00 g 

p{a) — 0 and J [p(r)—l'\r^ dr — 

0 

which give 

A = -V(l+l™-8), fnS = 


The expression (16) corresponds to a density distribution of precisely 
the same type as follows from the X-ray diagrams of liquids. The 
‘damping* of the density oscillations with increase of Xy which is deter- 
mined by the real part of the first root of F{z)y is characteristic for the 
absence of long-range order and is similar to that which has been found 
above for the linear case (where it is determined by an exponential 
function of a Clausius and not of a Gaussian type). An essential distinc- 
tion of the three-dimensional case consists in the fact that solutions of 


the type under consideration exist in the three-dimensional case if the 
parameter A is smaller than a critical value A* = 34»8; in the contrary 
case the roots of the function ^*( 2 ) prove to be purely imaginary, which 
corresponds to a density distribution characteristic of long-range order, 
i.e. of crystalline structure. In the case of a close-packed arrangement 
the work Uq which is necessary for the creation of a cavity co (at a 
large distance from the ‘central* particle) should, according to Kirk- 
wood, be equal to 00 , so that we should have Po = ^ consequently 
A = 00 . For A = 35, 1— jpo = 3/38. This number can apparently be 
regarded as the least value of the ratio of the free volume to the total 
volume compatible with the absence of distant order, i.e. with amor- 
phous structure. The increase of volume on fusion must, from this 
point of view, be of the order of 8 per cent., which is in fair agreement 
with the experimental data. 

According to the equation l—p© = the preceding value of 

1—^0 corresponds to VqIIcT = 2*4. The coincidence of this figure with 
the ratio of the latent heat of fusion to the fusion temperature (times k)y 
given by Trouton’s rule, must be regarded as accidental, for the work 
of formation of a cavity o) in a liquid has no direct connexion with the 
latent heat of fusion. 
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The preceding theory can hardly be regarded as a complete solution 
of the problem of the structure of simple liquids and of their fusion, 
for Kirkwood’s argument implies a number of assumptions and simpli- 
fications which render questionable the physical meaning of the results 
obtained. It has been possible to give a more exact theory, based on 
Gibbs’s distribution law, for the linear case only. Since this theory, 
which is a generalization of that given at the beginning of this section, 
has an illustrative character only and leaves aside the main question of 
the minimum increase of volume on fusion (or amorphization), we shall 
not reproduce it here. 

It should be mentioned that according to Gibbs’s equation the relative 
density function p(r) can be defined in the general case by the following 
formula 

p{ri.2) = A jj ... J dV,dV,...dV^, 


where the integration is extended over all the possible configurations 
of all the atoms with the exception of an arbitrarily chosen pair with 
a fixed distance between the corresponding atoms. The integral is 
obviously independent of the direction of the vector Tj 2 > or of the 
absolute values of the coordinates of one of the two partners, as well 
as of the total number of atoms N, so long as it is sufficiently large and 
the total value of the volume V is kept proportional to it. 

The coefficient A is the reciprocal of the integral 


JJ... J dVidV^ ... dVy 


extended over the configuration space of all the atoms. 

An alternative way of defining the function p(r), which does not 
involve an integration over the configuration space of all the atoms, or 
of all of them but two, is based on Boltzmann’s distribution law in 
the form 


p(r) = Poe 


-W(r)lkT 


where W{r) is the average value of the potential energy in a point P 
at a distance r from the centre of a given atom with respect to a second 
atom supposed to be located in P. This average value can be defined 
as the sum of the potential energy w{r) due to the first atom, and of the 
potential energy w^r) with respect to the second atom of all the 
remaining iV— 2 atoms. Now according to the definition of p we have 

«>'(»■) = J r'l) dV, 

the integration being extended over all positions P' of a third atom 
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with a radius vector r' = OP', w(|r'— r|) being its potential energy 
with respect to the ‘second’ atom in P, and the average value of p 
(i.e. its value for r = oo). We thus obtain the following integral 
equation for the density function: 

-kTlog^ = w{r)+ f M.(|r-r'|)/,(r') dV, 

Po •' 

with the accessory condition lim p(r) = p^ for r -> oo. 

This method of reducing the problem of the relative distribution of 
a large number of atoms to an integral equation is similar to that used 
above by Kirkwood, the preceding equation being a stricter statement 
of the problem than Kirkwood’s equation (13b). Unfortunately the 
solution of the strict equation is made very difficult by the fact of its 
non-linearity. 

An example of its solution for the case of an atomic chain with a very 
peculiar form of the potential energy function w(r) has been recently 
discussed by Ufford and Wigner.f 

6. Equation of State of Crystalline Bodies and Condition for 

Melting 

In the preceding section the volume has been considered as a factor 
which determines the crystalline or amorphous structure of a body, with 
practically no reference to the cohesive forces acting between the 
particles. In Kirkwood’s theory these forces are accounted for in an 
indirect way only and could be replaced by an external pressure. In 
this theory a liquid is treated, accordingly, as a strongly compressed 
gas, or as a substance above the critical temperature which can be 
reduced to a crystalline state by the application of a sufficiently high 
pressure (§ 1). 

Such a treatment is hardly adequate for the description of the 
properties of solid and liquid bodies and of the phenomenon of fusion 
at moderate temperatures and pressures. In this case a fundamental 
role is played just by the cohesive forces, the action of which can be 
overcome by the heat motion, this overcoming being made easier by 
an increase of volume, depending in its turn on the heat motion. 

It has been pointed out in § I that an increase of volume of 60 per 
cent, with respect to its value TJ for = 0 and T = 0 corresponds to 
the tensile strength limit of the body. For this limiting value of the 
volume F* the bulk modulus K vanishes, i.e. the body becomes ab- 
solutely ‘soft’. A marked softening of the body, charaoterized by a 
t Phys. Rev, 61 , 624 (1942). 
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decrease of K, must obviously take place long before this limiting value 
is reached. 

A regular crystal structure can clearly be preserved in this case under 
the condition only that the fusion temperature should be lowered. In 
the limit F -> F* the fusion or, more exactly, the ‘amorphization’ 
temperature must tend to the absolute zero. 

If T > 0 the thermal vibrations of the atoms can lead to ‘local 
ruptures’ of the body at such volumes as lie far below the critical 
value F*. These local ruptures, due to thermal fluctuations of the 
density, must have a transient character, since as long as the crystalline 
form of the body is maintained around them they must rapidly ‘heal’ 
again. As a result of such local and transient ruptures the regular 
arrangement of the atoms in the sites of a crystal lattice must be 
distorted to an extent increasing with an increase of the temperature 
and of the volume. 

It should be remembered that the lattice sites must not be regarded 
as points determined by some external field of force and corresponding 
to certain ‘absolute’ equilibrium positions. This field of force is an 
internal one, due to the atoms of the body themselves. The regularity 
of their arrangement is at the same time the cause and the effect of 
this internal ‘self-consistent’ field, characterizing their mutual action. 
In other words, this regularity must be considered as a ‘cooperative’ 
effect, a decrease of which is a factor facilitating a further decrease in 
the presence of thermal motion. 

A quantitative formulation of this conception is hampered by the 
absence of an adequate definition of the degree of order in the arrange- 
ment of the atoms. A rather natural and, at any rate, simple definition 
is based on a consideration of the thermal displacements of the atoms 
from their equilibrium positions in the corresponding lattice sites. As 
long as these displacements are small, the latter preserve their meaning 
of true equilibrium positions. As the atomic displacements are increased, 
however, this meaning must be gradually lost, the lattice points reducing 
to mere fictions. Let denote the displacement of an atom with respect 
to the ‘corresponding’ site (irrespective of whether it remains an actual 
equilibrium position or not) and /'$' the average value of the force 
tending to bring the atom back to this site (i.e. the mean value of the 
component of the actual force acting on the atom along the line con- 
necting it with the site under consideration). 

When all the actual equilibrium positions coincide with the lattice 
sites, the coefficient /' assumes a definite value /, characteristic of the 

8595.20 - 
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corresponding crystal lattice. In the general case f can be naturally 
defined as the product of/ and the degree of order tj, which, in its turn, 
can be defined by the formula 



where a is the lattice constant. 

Since, on the other hand, the force has a quasi-elastic character, 
we can put ^ 


i.e. = kT/f = kTIfrj. Expressing as a function of tj we thus 
obtain the following equation for tj: 


which is identical in form with equation (16 a) of Ch. II. The tempera- 
ture Tq = n^fj^k for which r) vanishes discontinuously can be regarded 
as the temperature of melting. 

This result was obtained many years ago by F. A. Lindemann (now 
Lord Cherwell),t on the basis of the hypothesis that fusion takes place 
when the amplitude of thermal vibrations of the atoms in the crystal 
reaches a certain fraction,t say y, of the lattice constant. This hypo- 
thesis is expressed by the equation 


which is identical with that given above if y is set equal to J. In spite of 
its rather questionable foundation, Lindemann ’s formula yields a fair 
numerical agreement with the experimental data if the preceding value 
of y is replaced by a number between \ and jV 
The coefficient / is connected with the bulk modulus K of the body 
by the approximate relation K —fja. Lindemann ’s formula can thus 
be rewritten as follows: 



Kay 

k 



where V = a^N is the atomic volume of the body and R = kN the gas 
constant 8*2x10’ ergs per degree. Putting K= 10^^ dynes/cm.^, 
7 =?= 10 cm.®, and y = J we pbtain for Tq a figure of the order of a few 
tKousand degrees, that is, only a few times larger than that found ex- 
perimentally in the case of most metallic substances. 

t See Lindemann, Phys. Zb: 11, 609 (1910). 

X This fraction is determined rather arbitrarily from the condition that the neigh- 
bouring atoms treated as rigid spheres should come in collision with each other if they 
vibrate in opposite phases. See Lindemann, loc. cit. 
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It should be noticed that the ‘softening’ of the crystal lattice with in- 
crease of the voli^me, as revealed by a decrease of K and, consequently, of 
/, must entail according to the preceding formula a lowering of the fusion 
temperature in agreement with what has been said above on this point. 

A more detailed investigation of the softening of the crystal lattice 
with increase of the volume shows that it must be considered as the 



immediate caiise of the thermal expansion and that at sufficiently high 
temperatures it leads to a characteristic mechanical instability of the 
crystal lattice revealed by the appearance of a minimum of pressure 
on the isotherms p(V), This important fact was indicated in 1934 by 
Herzfeld and GOppert Mayer, f who proposed to identify the corre- 
sponding point with the fusion point of the crystal (supporting this 
proposal by numerical calculations referring to argon). A more correct 
treatment was given by the present writer in 1935;J in 1939 Born§ 
developed a more general theory of the limit of stability of crystals, 
which suffered, however, from the same defect in the definition of the 
melting point as the theory, of Herzfeld and GOppert Mayer. 

Before we turn to a general solution of the problem in question we 
shall consider, just as in the preceding section, a linear model of a crystal, 
i.e. a chain of atoms, and, to begin with, the simplest case of two atoms. 

The mutual potential energy of two atoms ?7, as a function of their 
distance apart, has a shape shown in Fig. 21. The minimum of U at 

t K. Herzfeld and M. GOppert Mayer, Phya. Rev., 46, 995 (1934). 

X J. Frenkel, A6ta Phyaicochimica U,R.S.S., 3, 913 (1935). 

§ M. Bom, Jowm. Chem, Phya, 7, 591 (1939). 
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the point r = determined by the equation dU/dr ~ 0 corresponds 
to the equilibrium position (G), In the case of small displacements 
from the latter U can be approximated by the expression 

u = Jsff +..., (17) 

where 

—PI 

If the cubic term in this expression is neglected, the force F between 
the atoms can be treated as quasi-elastic, i.e. proportional to the dis- 
placement: F — —dUld^= — '/f. Under the action of this force the 
atoms can perform harmonic vibrations with a small amplitude and 

with a frequency ^ J~ where is their reduced mass. The 

average value of the distance between the atoms (i.e. the ‘length of the 
chain* formed by them) remains constant and equal to since the 
mean value of f vanishes. As regards its mean value is given by 
the formula 

so that = hTjf, 

If the cubic term in (17), representing a correction for the fact that 
the energy U increases more slowly when the distance r is increased 
than when it is decreased, is not dropped, the following quadratic 
expression for the force is obtained 

F = (18) 

Equating its mean value to zero we get 

i=p. 

This equation shows that the free non-linear vibrations of one of the 
atoms with respect to the other must be accompanied by an increase 
of the average value of their distance apart. In the case of thermal 
vibrations this increase represents the thermal expansion of the system. 

Replacing by its approximate value kTjf, corresponding to gf = 0, 
we get 

l=f,kT. 

Hence the thermal expansion coefficient a = {llrg){d^ldT) is found to be 


1 gk 


(18 a) 


If the atoms are acted on by an extendine force of constant masni- 
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tude Fq (which may be imagined to be applied to the right-hand atom, 
the left-hand one being fixed at the point 0), then in the absence of 
thermal vibrations the distance between them will be increased by an 
amount fo) determined by the equation 

The equilibrium position is thus shifted from the point C (r r^) to 
the point Ci (r ~ ^o+fo)j which corresponds to a minimum of the total 
ene^y U—FqT. The force experienced by the (movable) atom when it 
is displaced by an amount ^ witli respect to its original equilibrium 
position, tliat is, by an amount with respect to the new one, 

is equal to the sum of ij, and of the expression (18). Replacing Fq by 
its expression as a function of and putting f > we get 

F+F, = _/f (19) 
If is small compared with this expression is reduced to 

F+F,==^fr. (19a) 

where /'=/— (19 b) 

We thus see that the atom can perform about the shifted equilibrium 
position small harmonic vibrations with a frequency 



which is smaller the larger is, and vanishes when fg = fl^9- If should 
be noted, however, that for large values of fg, lying near //2gr, the above 
approximation becomes inapplicable. In the general case of an arbi- 
trarily large force Fq the shift of the equilibrium position is determined 
by the equation --dU/dr-^-FQ = 0, i.e. 




where F is the ‘inner' force due to the fixed atom and shown by the 
dotted line in Fig. 21. Expanding U into a series of powers of 

as before, with 



With approach to the inflexion point of the curve {7(r), corresponding 
to the maximum of the force F, the coefficient /' of the quasi-elastic 
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force gradually decreases, tending to zero at this point. Its distance 
from the point G can easily be calculated if the form of the function 
U(r) is known; the expression =// 29 r given above characterizes it 
with respect to the order of magnitude only. 

It should be noted also that the increase of Fq, i.e. of fo» is accom- 
panied by an increase of the thermal expansion coefficient oc = 
since gr' remains positive, which vanishes in the limit r oo only. 

The inner force F, given by (17), is usually regarded as the sum of 
the elastic force defined by the first term, and of a force of ‘thermal 
pressure’ expressed by the second term. This thermal pressure ia an 
extending force, equal in the first approximation to 

(21) 

i.e. proportional to the absolute temperature, just as in the case of a 
gas. From this point of view the average dimensions of the material 
body, represented by our diatomic model, are determined by the 
condition of equilibrium between the thermal pressure, tending to 
extend it, and the elastic force, tending to restore its normal size 
(length). The thermal expansion follows from the maintenance of this 
balance with elevation of the temperature. 

We shall now turn from the diatomic model of a material body to a 
triatomic one, representing it much more accurately even if all the 
three atoms are supposed to remain on a straight line. The left and 
the right atoms and will be assumed to remain fixed, while the 
middle atom A will be allowed to move freely between them. The 
force acting on it on the part of the left atom corresponds to the inner 
force of the preceding example, while the force exerted on it by the 
right atom corresponds to the external force. This correspondence is 
liinited, however, to the case in which the distance A-j^A^i^ much larger 
than 2rQ, so that the potential energy of A with respect U) A^ and A 2 
is represented by a curve of the type shown in Fig. 22, i.e. characterized 
by two minima at the points G^ and C 2 = <^ 2-^2 = ^ 0 ) ^ 

maximum at the middle point 0. When the distance decreased, 

this maximum is gradually lowered and finally vanishes (at the instant 
when the points and D 2 , where the potential energy of A with 
respect to ^4^ i^nd A 2 is reduced approximately to one-half, coalesce). 
With a further decrease of A^A 2 the curve of the total potential energy 
assumes a shape shown in Fig. 23, with one minimum at the centre (0). 
The depth of this minimum at the instant when it first appears is 



§6 EQUATION OF STATE OF CRYSTALLINE BODIES 143 

somewhat larger than ? 7 o, the energy of A with respect to one of its 
neighbours in the position of equilibrium; it increases to the value 2 Uq 
when the points Ci and O2 coalesce (^1^43 = 2rQ). With further decrease 
of the distance A^A2 the depth of the minimum rapidly decreases (i.e. 




Fig. 23 


the lowest point of the curve U(r) is raised), the minimum becoming 
sharper (Fig. 23 , dotted line). 

The potential energy of A with respect to its two neighbours 
W(r) = U(ri)-]-U(r2) remains, in all the three cases just considered, an 
even function of the distance OA, In the case where the point 0 
corresponds to a minimum of W, i.e. to an equilibrium position of Aj 
we shall denote the displacement OA (reckoned positive to the right) 
by f Putting == a+f and ra = where a = OA^ = OA2, and 
expanding W into a series of powers of we get 

w = Wo+m 
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where 2/' = (d^W 2(d^U ldr\^f^. The cubic term vanishes 
since W is even, whereas the biquadratic term can be neglected so long 
as relatively small displacements are considered, for which the formula 
remains valid. 

The point 0 corresponds to a stable equilibrium if (d^U ldr\^, «>o. 
The largest value of a satisfying this condition corresponds, conse- 
quently, to a maximum value of the force exerted on ^4 by or by 
The points and (Fig. 22) are thus the inflexion points of the 
individual curves, representing the potential energy of A with respect 
to or A^, 

The force exerted by the ‘inner’ atom (^) on each of the ‘outer’ 
atoms, when the former is at rest at the point 0, is equal to 



vanishing when a = When the atom A vibrates about the point 0, 
these forces vibrate also. The force exerted by ^ on ^2 equal, with 
an accuracy corresponding to terms of second order in f , to 


while that exerted on A^ is 

Noting that d^Fjdr^ = —d^U/dr^ = 2g\ we see that the mean value 
of the two forces is equal to 

F - F(a)+gV^ 


In the case of thermal vibrations = kTI2f \ and consequently 


F = F{a) + ^,kT. (22) 

The second term represents the thermal pressure, introduced above. 
The factor 2 in the denominator is due to the fact that the coefficient 
of the quasi-elastic force is equal in the present case not to/' but to 2/' 
(because of the presence of two neighbours). 

In order to ensure a constant value of the length L = 2a of our 
triaitomic model of a material body, an external force balancing the 
thermal pressure, and consequently increasing with rise of the tempera- 
ture, must be applied to its ends. y 

If this external force remains constant, then, according to (22), the 
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distance a must change in a way corresponding to a constant value of 
the expression (22). Neglecting the variation of the coefficient 
(which gives a second-order correction only) we get 


tto dT'^2f' 

that is, since dFjda = —d^Ujda^ = 


0 , 


or, finally, 


dT^2f ’ 


1 da 
adT 


g'k 

2a/'2‘ 


(22 a) 


This expression for the thermal expansion coefficient is practically 
identical with that previously found (with a correction for the doubled 
value of the coefficient /'). 

For a given average value of the interatomic distance the vibration 
frequency of the middle atom (on the assumption that the end atoms 
remain fixed) is equal to 

27taJ m 


An increase of a by da corresponds to a variation of/' = d^Ujdr^ by 
the amount d/' = (d^Ulda^)da = 2^'da, i.e. 


d/' = —2g'da 

in agreement with equation (19 b) which refers to the special case 
a = Tq, We can thus put 

i.iog.’=-L 

da ^ 2fda f 

With the help , of this relation the expression for the thermal pressure 
following from (22) and the expression (22 a) for the thermal expansion 
coefficient can be rewritten as follows: 



fcT d , , 

p z=z — log V 

^ 2 da ^ 

(23) 

and 

k d . , 

a = • 

2/ a da ® 

(23 a) 


These results can easily be generalized for the case of a linear model 
of a solid crystalline body, consisting of any number of atoms {N), If 
it IS assumed that each atom interacts with two nearest neighbours 
only (or with a single neighbour in the case of the end atoms), the pre- 
ceding considerations remain unaltered, with the exception of this 

86W.M „ 
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circumstance, that when all the atoms participate in the thermal vibra* 
tions, a single vibration frequency is replaced by a spectrum of frequen- 
cies corresponding to different normal vibration modes. So long as the 
spacing between the equilibrium positions does not reach the value 
corresponding to the maximum of the attractive force, these vibrations 
can be treated as small and harmonic. 

Introducing the normal coordinates we can represent the 

total energy of the thermal motion as a sum of terms 
referring to the different normal vibration modes. The corresponding 
part of the free energy of the atomic chain T* can be calculated with 
the help of the formula 

Y = -JcTlogz, 

where 


= n 7 d^„ f di„ = TT — ^ 

^-1 ■' iJ 


that is, 


Y = -NkTlog?^. 


(24) 


Here ai denotes the geometrical mean of all the vibration frequencies 

1 ^ 

log" = 2 log"n- 

Differentiating T with respect to the length of the chain L = aN 
(or more exactly a(i^+l), if it consists of N vibrating atoms and two 
fixed end atoms), at a constant temperature, we shall obtain the 
thermal pressure P exerted by it on the end position. Thus 

P = -NkT-^\ogw. (24 a) 

oL 


Since <3 is proportional to the vibration frequency of a single atom 
between two fixed neighbours (for a given value of a), i.e. to the 
quantity v (or ^/'), which has already been considered, and since 
further L/(iV+l) = this formula can be rewritten as follows: 


P 


NkT d 
'N+lda 


log 


It reduces to the expression (23) if = 1, and to 


P=-kT— log V 
da 


(24 b) 


if i\r > 1 (with V standing for v'). 
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The derivation given above is more general than the model to which 
it has been applied. It remains unaltered if the one-dimensional model 
of the solid crystalline body is replaced by a two- or a three-dimensional 
model, i.e. by an actual crystal lattice consisting of JV atoms, performing 
small vibrations about their equilibrium positions. 

In view of the importance of this question we shall consider it in a 
somewhat more general form, taking account of quantum effects which, 
however, play only a secondary role in the region of high temperatures 
we are interested in. 

Out of the total number of SN degrees of freedom of the crystal, 
3^_(5 are realized in the form of normal vibrations of different 
frequencies usually associated with the macroscopic 

picture of longitudinal or transverse waves satisfying certain boundary 
conditions on the surface. The crystal thus behaves as a system of 
harmonic oscillators with different frequencies. The energy of the 
vibrations with a frequency can assume quantized values only equal 
to where = 0, 1, 2 ,.... Under such conditions the free 

energy of the corresponding oscillator is given by the formula 

% = -kTlog f 

fii=o 

The thermal part of the free energy of the whole body T is equal to 
the sum of these expressions for all the frequencies. If ^ ^^max» 
then, neglecting a constant term, we get 

n 

or Y = -SNkTlog--, (25) 

where log v is the average value of log 

The total free energy of the body F is equal to the sum of T* and the 
internal energy E(V), to which F is reduced for T = 0, if the volume V 
is kept constant. This energy can obviously bo identified with the 
mutual potential energy of all the atoms if they are fixed in the respec- 
tive lattice points. 

Putting F(V, T) = E(V)+Y(V, T), (25 a) 

we obtain the following expression for the pressure of the body 

( 26 ) 
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where /(F) = —‘dE{V)ldV is the static or elastic part of the pressure 
and 

(26 a) 


d 


Tm = -32?r^logv 

is the thermal part. Differentiating F with respect to T we obtain the 
entropy of the body 

iiUf r hm-i 

(27) 


o opFiii 


where the constant term can be dropped as irrelevant. 

The thermal part of the free energy corresponds to the thermal 
energy ^ 

while the specific heat at constant volume is equal to 
_ dW _ 


The specific heat at constant pressure can be calculated with the 
help of the equation 

It increases monotonically with elevation of the temperature and 
increase of the volume. 

If in calculating F(V) only nearest neighbours could be taken into 
account we should have (with neglect of surface effects) 


F = iNzU(a), 

where z is the coordination number of the lattice. The equilibrium 
value of a at the temperature of absolute zero would be equal in this 
case to Tq, just as in the case of a diatomic model, considered above. 
If the interaction between more distant atoms is taken into account, 
the preceding expression must be replaced by 

E^iN^n,U{ap,), (28) 

where is the ratio of the radius of the fcth atomic layer to that of 
the first layer about a ‘central’ atom, and rijg the number of atoms in 
the kth layer (see table on p, 113). 

If the interaction of an atom with all the other onea^ except the 
nearest and next nearest neighbours, is neglected, the condition of the 
equilibrium of the crystal lattice at T = 0 and p = 0 gives 

niU'{a)+n2p2U'(ap2) = 0 . 
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Hence it follows that the signs of the derivative dUjdT for r = a and 
T = ap 2 miist be different; this means that in the case under con- 
sideration a <rQ and ajSg > Tq. If the differences Tq—u = 8 and 
~ assumed to be small compared with Tq, 

8 can be calculated from the approximate equation to which the 
preceding equation is reduced if we put 

lj^(a) = -U''{r,)S and U\ap^) = 
i.e. Wi8 — W 2 ^ 2 [^o (^2 1) — ^ 2 ^]» 


whence 


8 = r ^2(^2 


In the case of a cubic close-packed lattice {n^ = 12, Tig = 6, jSg = ^2) 
we get, for example, ^ 

_= JV2(V2-1)« 0-146. 

^0 

Before turning to the question of the stability of a crystal at T > 0 
or in the presence of extending forces, we shall make one more remark, 
referring to the linear model. It can easily be seen that in the absence 
of external forces such a model cannot be stable simultaneously with 
respect to longitudinal and transverse displacements of the particles. 
Thus, for example, in the simple case of a triatomic chain the displace- 
ment of the middle atom from the point 0 in a direction perpendicular 
to the line A^A 2 by an amount 'q a corresponds to an increase of 
the potential energy equal to 

AW = 2[V(r)-U(a)\ = 2U'(a){r-a) ^ U'{a)^, 

d 


since r = li a — rg, which corresponds to a 

stable equilibrium of the middle atom with respect to longitudinal 
displacements, this expression vanishes and the frequency of the trans- 
verse vibrations turns out to be equal to zero. In order to make it 
positive, i.e. to secure stability with respect to transversal displace- 
ments, a must be larger than rg, so that U\a) > 0, which is incom- 
patible with longitudinal stability in the absence of external forces. 

In a three-dimensional crystal such situation does not arise, because 
m the case of transverse displacements (shear) each atom is pulled 
back not only by its neighbours in the same row, perpendicular to the 
direction of the displacement, but also by the next neighbours in the 
following and preceding rows, the larger distance being compensated 
by larger values of the longitudinal components of the (relative) dis- 
placements. 
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The determination of the average value of the vibration frequency v 
in a crystal lattice is a very complicated problem. We shall not follow 
a number of other authors, who have attempted to calculate it exactly, 
ignoring, for instance, the inaccuracy of the simplifying assumption as 
to the central character of the interatomic forces, and obtain numerical 
results for various special cases (solid argon or nitrogen, etc.). In order 
to obtain the general relationships characterizing the behaviour of 
crystals at high temperatures or large extending forces (negative pres- 
sures), we can confine ourselves to a qualitative estimate of the depen- 
dence of V upon the volume F, i.e. upon the average value of the 
interatomic distance a. For this purpose v can be replaced by the 
frequency v of the vibrations performed in various directions by a 
single atom of the crystal lattice, all the other atoms remaining fixed 
in the corresponding lattice points. In the case of a cubic lattice the 
frequency v must be the same for all directions, i.e. the central atom 
must behave as an isotropic oscillator. 

In order to get an idea of the dependence of r on a we shall return 
for a moment to the one-dimensional three-atomic model, for which 
v= ll 27 T^( 2 flm) where /= (d^U When a is increased from 
zero up to the value corresponding to the tensile strength limit of our 
model, i.e. to the maximum of the force F = —dUjdry v falls off mono- 
tonically from infinity to zero, assuming imaginary values for r > 

We shall consider for the sake of illustration the special case of 
Morse’s potential-energy function 

U(a) = ( 29 ) 

this has the practically insignificant drawback of allowing negative 
values of a which are devoid of physical meaning and which correspond 
to excessively high values of U, 

The coefficient D taken with a negative sign represents the value of 
for tt = Tq {D is the ‘dissociation energy’ of a diatomic molecule). 
Differentiating U twice with respect to a and putting a— f we 
get/= 2i>y2[2e-2yf— e-y^]. Thus for — roWeget/= 2Dy^[2e^y'*—e‘y^*] 
instead of oo, for f = 0, / = 2Dy^y while for f log 2, / vanishes, 
becoming negative with further increase of 
The derivative of —log v = log l/v with respect to a is equal to 

^ _Y 4e-2y^— e-y^ _ e“yf— J 

V da 2/^ 2 2c“*yf— c“y^ ^ 

t f I is the distance corresponding to the inflexion point of the curve for U{r) of 
Fig. 21. 
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When f is increased from — oo (or from —r^) up to y-^log2 this 
expression increases monotonically from y to oo, as shown by the dotted 
line in Fig. 24 (the full line representing the frequency v and the line 
of dashes the force F as a function of a). We thus see that at a constant 
temperature the thermal pressure, given by the expression (26a), must 
increase monotonically with increase of the volume (or of the length L) 
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tending to infinity at the breaking-point of the body (i.e. at the limit 
of its tensile strength). This result remains valid for any dependence 
of TJ upon r of the type shown in Fig. 21, inasmuch as v vanishes at 
the inflexion point of the corresponding curve. 

The preceding results are practically unaltered if the one -dimensional 
model is replaced by a three-dimensional crystal lattice. Thus, for 
example, in the case of a simple cubic lattice with a constant a, the 
forces exerted on an atom by all its six (fixed) neighbours, when it is 
displaced from its equilibrium position at a distance f (in the direction 
connecting a pair of opposite neighbours, say), yield a resultant force 

- J2t/''(a)+ J = -/f, (30) 

where the first term in the brackets corresponds to the two ‘longi- 
tudinal’ neighbours, while the second one corresponds to four transverse 
neighbours. 

Because of the cubic symmetry of the crystal the expression 

/= 2V"+-V' 

remains valid for any direction of f. Since U*(a) > 0 if a > ro> / 
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vanishes for a value of a somewhat larger than i.e. than the values 
corresponding to the tensile strength limit of the crystal (calculated 
from the interaction of nearest neighbours only; the value of rj is 
somewhat reduced if account is taken of the interaction between more 
distant atoms). Since the crystal cannot be extended beyond the limit 
of its tensile strength, the thermal pressure is seen to assume an ex- 
tremely high (though finite) value when this limit is reached. 

As to the static (elastic) part of the pressure /(F), it is represented 
in the case under consideration by a curve similar to the dependence 
of the force F on the distance r (dotted line in Fig. 21 and line of dashes 
in Fig. 24). 

Adding the two components of the pressure — the static and the 
thermal — ^we obtain isotherms p(F) of the type shown in Fig. 25, the 

P 
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lower isotherm corresponding to a lower temperature. The rising portion 
of the isotherm corresponds to thermodynamically unstable states. 
The lack of thermodynamical stability must, however, be revealed in 
the neighbourhood of this forbidden range. 

Jt should be mentioned that the minimum of p corresponds to an 
infinitely large compressibility of the body, which should be associated 
with infinitely large density fluctuations and would accordingly be 
incompatible with a regular distribution of the atoms, i.e. would imply 
the amorphization of the body. 

In order to find the actual isotherm corresponding to such an amor- 
phization, that is, to fusion, the theoretical isotherms must be extended 
beyond the volume for which p reaches its maximum value (oo), and 
this implies a knowledge of the equation of state of the resulting 
amorphous body (liquid). Fig. 26 shows two hypothetical curves repre- 
senting the dependence of p on F, characterizing this amorphous body 
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and drawn as a continuation of the theoretical isotherms of the crystal 
for the temperatures and The actual transition from the crystal- 
line phase to the amorphous one, satisfying the condition of thermo- 
dynamic equilibrium between the two phases, must take place along 
a horizontal isotherm, which is shown by a dotted line. The states of 
the amorphous (liquid) phase in the interval BC are just as unstable 
(or metastable), from the thermodynamical point of view, as the states 
of the crystalline phase in the interval AB (the point B corresponding 
to the tensile strength limit). f. 

Similar results are obtained if, instead of the isotherms, the isobars. 



representing the dependence of the entropy S on the temperature T, 
are considered. It should be noticed that an increase of the volume, 
from A to B for example, at a constant pressure must be accompanied 
first by an increase of the temperature (the horizontal line intersects 
the isotherms obtained for a rising temperature) and thereafter by a 
decrease; at the point B (V = T^) a finite value of the pressure would be 
possible for T = 0 only. Since, according to (27), the dependence of the 
entropy on the temperature is reduced essentially to the temperature 
dependence of the quantity log 1/v, which is a monotonically increasing 
function of the volume (becoming infinite for V = 1^), we see that the 
function 8(T) for a constant value of the pressure must be represented 
by the full curve of Fig. 26. 

With increase of T the specific heat — TdSjdT first increases in 
a normal way; gradually, however, this increase is accelerated, until 

t It follows from the above argument that the volume of the liquid must exceed that 
which corresponds to the tensile strength limit of the body in the crystalline state. 
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finally, at a certain temperature T\ Gp becomes infinite. This tempera- 
ture corresponds to dVjdT = oo, i.e. to K (bulk modulus) = 0. With 
a further increase of T, Cp jumps to — oo. 

The asymptotic increase of /S up to infinity for T -> 0 cannot actually 
take place, for this would contradict Nernst’s heat theorem. This 
result is due to the erroneous assumption that the structure of the body 
remains regular (crystalline) for all values of the temperature and of 
the volume. In reality, as has been pointed out at the beginning of 
this section, the approach of the volume to the tensile strength limit 
Vi must be accompanied by the increase of the fraction of the atoms 
vibrating about irregular equilibrium positions, which arise as a result 
of local and transient ‘ruptures’ of the crystal. If this decrease of the 
degree of order in the arrangement of the atoms is duly accounted for, 
the increase of p on the isotherms p(F) and of 8 on the isobars 8(T) 
up to infinity must be replaced by a finite increase, the corresponding 
curves for the crystal passing in a continuous way into the curves 
specifying the resulting amorphous (liquid) phase, as shown by the dotted 
lines in Figs. 26 and 26. Intermediate states, for which (dPldV)ji > 0 
or {d8ldT)p < 0, remain unstable in this case, just as when no account 
is taken of the gradually increasing degree of amorphization, so that 
the actual transition from the crystalline to the amorphous state takes 
place along a horizontal isotherm (Fig. 26) or a vertical isobar (Fig. 26) 
catting the wave-like or ^-like portion of the theoretical curve into 
two parts with equal areas. 

The process of melting has been reduced by us in this section to the 
instability of the crystal lattice at volumes lying close to that which 
corresponds to the tensile strength limit of the body. Fusion can take 
place, however, at much smaller volumes if the body is subjected to a 
sufficiently high pressure'and heated to a sufficiently high temperature. 
Not the slightest indication of the existence of a ‘critical’ temperature 
above which the body would remain liquid (amorphous) at any pressure, 
or above wbicb fusion would lose its discontinuous character, has been 
found experimentally, j- 

This means, from the point of view of our theory, that unstable states 
with a negative compressibility and specific heat can be defined for 
arbitrarily high temperatures and pressures involving relatively small 
volumes. This is easily explained by the fact that with a rise of 
the temperature the thermal pressure T^(F) increases for a given 
value of the volume, and consequently the curve of the total pressure 
t See for example Bridgman, The Phyeice of High Preeauree. (London 1931.) 
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p ^ f(v)+T^(V) must not only preserve its wave-like form, but its 
minimum must be shifted towards smaller values of the volume. 

As regards the maximum value of p, it would actually be reached 
for a constant value of the volume corresponding to the tensile strength 
of the body (as shown in Fig. 25) if the arrangement of the atoms 
remained regular, i.e. the body remained crystalline until this point is 
reached. In reality, however, this regularity must gradually be lost with 
approach to it, and this occurs the more rapidly the higher the tempera- 
ture. As a result, the maximum of the pressure must not only be 
lowered, as explained above, but also shifted to the left, i.e. towards 
smaller values of the volume. This is illustrated by a comparison 
between the two ‘theoreticar isotherms shown in Fig. 25, the second 
isotherm corresponding to a higher temperature. By drawing the 
horizontal isotherms, corresponding to the actual process of fusion, it 
will be seen that the volume of the liquid phase at the melting-point 
must decrease with a rise of the temperature and can in principle be 
smaller than the volume, corresponding to the tensile strength limit. 
As to the volume of the crystal at the melting-point, its dependence on 
the temperature cannot be ascertained in a general way. 

Similar considerations refer to the usual process of melting due not 
to an isothermal increase of volume but to an isobaric rise of the tem- 
perature. We shall not engage, however, in a more detailed discussion 
of this case. 

Since the thermal pressure — Tif>(V) decreases when the tempera- 
ture is lowered, the maximum of the curve p = /(F)-fT(^(F) due to it, 
which preserves a finite value if the gradual amorphization of the 
crystal is taken into account, must vanish for temperatures lying below 
a certain critical point Under such conditions the transition of the 
body from the crystalline to the amorphous state as a result of iso- 
thermal expansion would take place in a continuous manner — ^just as 
the transition from the ‘liquid’ to the ‘gaseous’ state above the usual 
critical temperature. The temperature defined above can be denoted, 
accordingly, as the ‘critical temperature of fusion’ (or rather amorphiza- 
tion, for the resulting amorphous body must remain practically solid 
if the temperature is sufficiently low). An experimental determina- 
tion of this temperature requires the application of negative pressures 
(which are necessary for an isothermal expansion of the body) and is 
therefore very difficult to carry out.f 

t Theoretical objections to the existence of the critical temperature in the above 
sense which have been advanced by F. Simon {Trans, Faraday Soc. 33, 66 (1937)) do not 
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It should be mentioned that the usual identification of the process 
of amorphization of a crystal with its fusion, i.e. transition into the 
ordinary liquid state, is, in principle, incorrect, for the resulting amor- 
phous body may prove to be not ‘liquid* but ‘solid*. Usually, however, 
at the ‘amorphization temperature* the viscosity coefficient of the 
amorphous body is so small that the latter can be treated as liquid. 

Taking into account the possibility of the preservation of the rigidity 
of a body on its fusion (in the general sense of this term) it would be 
possible to investigate by the methods of thermodynamics the influence 
of a shearing stress on the fusion temperature in connexion with the 
resulting change of strain, i.e. of the rigidity modulus. As has been 
already mentioned, the latter decreases by a factor of 2 to 8 when the 
crystal is heated from T = 0 to the melting-point. 

Kornfeld’s experiments on the propagation of transverse vibrations 
in certain supercooled liquids with a very high viscosity show that this 
decrease of rigidity with a lowering of the temperature is still more 
rapid in the case of amorphous bodies (see Ch. IV, § 7). 

7. Temperature Dependence of the Rigidity of a Crystal Lattice 

M. Bornf has investigated theoretically the temperature dependence 
of the rigidity modulus of certain simple crystals (with a cubic lattice) 
and has shown that at a constant pressure it must decrease with a rise 
of the temperature at a gradually increasing rate. This result, which is 
in agreement with the experimental data, has induced him to define 
the melting point as corresponding to a vanishing value of the rigidity 
modulus. Such a definition of the fusion point is in principle just as 
fallacious as that proposed by Herzfeld and Goppert Mayer, for it 
does not take into accout the liquid state. The fact that at a certain 
temperature (and pressure) the rigidity modulus G of a crystal must 
vanish has the same meaning as the fact established by Herzfeld and 
GOppert Mayer that the bulk modulus K must vanish (at a point 
T, V corresponding to the minimum of the pressure); namely, that 
a crystal lattice becomes unstable with respect to variations of shape 
or density above a certain temperature depending on the pressure 
(or above a certain volume, depending on the temperature). The 
corresponding stability limits must in general be different and must lie 

seem convincing. It has been sunnised by many authors that a critical fusion tempera- 
ture exists above which the crystalline state cannot exist. This hypothesis is, however, 
theoretically inadmissible and contradicted by the experiments both of Simon and 
especially of Bridgman, 
t J. Ohm. Phy$. 7, 691 (1939). 
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far above the actual fusion point — ^for the crystal structure must 
collapse before the stability limit is reached, as a consequence of thermal 
fluctuations. It should be noticed that, on the assumption that the 
arrangement of the atoms (i.e. of their equilibrium positions) remains 
regular above the stability limit defined by iC = 0 or (r — 0, negative 
values for both moduli are obtained for states lying beyond the corre- 
sponding limits. This has been shown above by extending the isotherms 
^(F) beyond the minimum ofp; a similar extension of Born’s curves for 
6^ as a function of the volume or the temperature is also possible. 

We shall illustrate Born’s theory with the help of a two-dimensional 
model, i.e. a square array of atoms which in a state of equilibrium form 
a simple quadratic lattice with a constant a^. Such a state is realized 
at the temperature of absolute zero in the absence of external forces. 
With a rise of the temperature the lattice must expand unless prevented 
by external compressional forces. At a temperature T > 0 and under 
a given two-dimensional pressure n the equilibrium positions of the 
atoms will form a quadratic lattice with a constant a ^ If under 
such conditions a two-dimensional shearing stress of a relatively small 
magnitude is introduced, it will give rise to a shearing strain B = (1/6^)t, 
the modulus G being a function of a, i.e. of T and tt. 

Without changing the density of the lattice, i.e. the area a (= a^) 
per atom, the shear must convert the quad- 
ratic cells into rectangular ones — extending 
them, in the x direction, say, and com- 
pressing them in the y direction. Denoting 
the distance between nearest neighbours in 
the former direction by a' and in the latter 
by 6', we must have a'6' — = a. This 

additional deformation of the lattice can be 
described as an ordinary shearing strain 6 
with respect to the coordinate axes x\ y' making an angle of 45° with 
the original ones, 6 being the angle through which the diagonal of the 
cell is rotated (see Fig. 27.)f To a first approximation, used in the classical 
elasticity theory. ^ ^ 

The exact relation between a\b\ and 6 can be obtained by noting that 



-7 = tan(45— 
a' 


l-B 

i+e' 


t The displacements of the atoms in the y' direction are u' — dy\ v' — Ox'; 
this is equivalent to the expressions u — Qx^ v — —By for the displacements along the 
X, y axes. 
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This gives in conjunction with a'h* = 



whence to a second approximation 
a'— a = 

The pressure tt and shearing stress t, corresponding to given values 
of a' and b\ or what amounts to the same thing, of cr and 6, can be 
calculated with the help of the equation 


TT = 


da 



(32) 


where F{ay By T) is the free energy of the lattice referred to one atom. 
Differentiating it once more with respect to a and B we obtain the 
bulk modulus K 


b 

II 

(32 a) 

1 d^F 

and the rigidity modulus 0 = — 

<j dB^ 

(32 b) 


{Fja being the free energy per unit area). 

The free energy F can be represented as a sum of two parts: a statical 
one F^ depending on the equilibrium arrangement of the atoms, i.e. on 
<r, By and equal to their mutual potential energy if they are supposed 
to remain fixed in their displaced equilibrium positions; and a thermal 
part F\ corresponding to the vibrations of the atoms about these 
positions. 

The latter part is given by the formula 

F' = 2kTlog^, (33) 

where v' is the mean value of the vibration frequency. 

Since F must obviously be an even function of By we can put, retaining 
terms of the second order in By 

V = v{a)( 1 — lY(a)B^)y (33 a) 

where y = I dB^ just as v{a) is a certain function of a. Putting 

further 


F>(a,e) = £?»(«)+ 5 G'®(a)^, 

where 0®(a)=(l/a)^*i?®/^^2 is the statical value of the rigidity modulus 
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for a given value of the lattice constant (which at T = 0 can be ensured 
by the application of an appropriate pressure xr), we get 

F = E(a,T) + ^-G(a,T)e^, (34) 

where J5(a, T) = £«(«)+ 2ifc2’ log (34a) 

iCJ. 

is the free energy of the lattice in the absence of shear (which has already 
been considered in the preceding section), while 

a{a, T) = Q\a) - y(a) (34 b) 

a 

is the complete value of the rigidity modulus. The product of the second 
term with 6 can be treated as the thermal part of the inner shearing 
stress tending to restore the undistorted structure of the lattice. 

It can be shown that 0%a) decreases with increase of a, while 
y(a) = —(d^ogvldd^) 0 ^Q has a positive value, tending to infinity in the 
vicinity of the breaking-point, just as does dHogv{a)lda^y which deter- 
mines the thermal part of the bulk modulus. With a further increase 
of a both K and 0 must become negative. The values of a which 
correspond to = 0 and G' = 0 need not exactly coincide, but they 
must, in general, lie close to each other. Neither of them can of 
course be actually reached, for the crystal structure must collapse long 
before this, in a discontinuous way, unless the temperature T is very low. 

If B is not assumed to be small, the rigidity modulus can be deter- 
mined by the general equation 

G(a, 0, T) = G«(a, 0)+ 2 |^log 7{a, 0), 

where the first term decreases (slowly) and the second increases (rapidly) 
with increase both of a and of B. Keeping a constant, we thus obtain 
a certain limiting value of ^ == B^, which corresponds to G = 0, i.e. to 
a maximum value of the shearing stress |T(^)j; the latter can probably 
be identified with the ‘elasticity limit' of the crystal, i.e. that limiting 
value of the shearing stress for which plastic slipping must begin. 

We shall not engage in numerical calculations, since they are very 
cumbersome and their result can have an illustrative value only. For 
the sake of illustration, however, we shall make these calculations for 
the simplest case, where the mutual action between nearest neighbours 
only is taken into account.! 

t In reality it is necessary to take account of the mutual action with the next neigh- 
bours, at least, to obtain a finite value for Poisson's ratio. 
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Let US consider the variation of the potential energy of an atom with 

respect to its four neighbours 
when it is shifted from its equilibrium 
position 0 to a point Q on the x-axis, 
say, at a distance ^ (Fig. 28), while the 
remaining atoms remain fixed. 

This variation is easily seen to be 
where 

with lJ*{r) = dU(r)ldr and U"(r) = d^U(r)ldr^. This coefficient deter- 
mines the vibration frequency in the x direction, according to the 
formula 

^ 27taJ m 

The vibration frequency in the y direction is determined by a similar 

formula . 

f I fj2 



where 




The mean frequency v in the expression (33) can be defined (approxi- 
mately, since all the atoms but one are supposed to remain fixed) by 
the formula 


logv' = iOogv^+logvj) = logi;+^|log'li+logy|. 


that is, 


logv' = logiJ+ 




where/is the common value of f[ and/^ for ^ = 0, i.e. ?7''(a)+ (l/a)C7'(a). 
Expanding /i in powers of {a'— a) and noting that 1/6' = a' ja^ we get 

fi-f= ^l^-U’{a)+U”{a)aje+ 

+ t7“(a)a+ iC7W(a)a*]0*. 

The corresponding expression for/g— / is obtained if 6 is replaced by 

-e. 

Writing, for the sake of brevity, 


j = i+ocd+pe^. 


j = i-ccd+^e^. 
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we get, with an accuracy to terms of the second order in 6, 
log^+log-^ = (2j8-a*)e2. 

The main terms in oc and p are those containing the second derivatives 
of the energy U^ia) and these terms in are negative. Hence it is clear 
that the preceding expression must have a negative value, i.e. the 
vibration frequency must decrease when the lattice is subjected to 
shear. In the special case a ~ T == 0, tt = 0 we have, taking into 
account the mutual action between nearest neighbours only and drop- 
ping the term in jS containing the fourth derivative of Uy 

where 9 = 1 U"'(aQ) > 0. 

We thus get ^ 

-vW - ^ 

If dog If 1, this expression is reduced to —1 and the expression 

(34b)forG'to(3»(Oo)-2^. 

If the thermal expansion of the lattice is allowed for, then, since 
/ = 0 at the breaking-point, y(ao) is easily seen to tend to infinity with 
approach to this point, which would mean that G becomes negatively 
infinite, in exactly the same way as K, 

As has been repeatedly stated above, the regular crystal structure 
must break down — i.e. be replaced by an amorphous structure — long 
before this point is reached. The fact that in calculating the rigidity 
modulus of a crystal lattice as a function of the temperature it is 
necessary to allow for the variation of the vibration frequencies pro- 
duced by the corresponding shearing strain has been indicated by 
L. Brillouin,j' who believed that it would be possible in this way to 
explain the decrease of 0 with rise of the temperature, and that the 
melting point could be defined as corresponding to 0 = 0, Being 
conscious, however, of the fact that liquid bodies possess a latent 
rigidity (masked by their viscosity), Brillouin proposed to distinguish 
between the total (equilibrium) value of 0 and the value C?®, which we 
have defined above as the statical part of 0 and which remains positive 
when G vanishes, treating the former as corresponding to slow deforma- 

t L. Brillouin, Phya. Rev, 54, 916 (1938). 

Y 
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tions, which do not disturb the state of statistical equilibrium, and the 
latter as corresponding to very rapid deformations, for which the re- 
adjustment of the equilibrium, connected with a change of the vibration 
frequencies due to these deformations, cannot take place. This would 
explain the fact that liquids preserve a latent rigidity above the point 
for which 0 vanishes. 

Brillouin’s interpretation of the physical meaning of the two parts 
of 0 (0^ and G' = 0—0^) is wholly unfounded and actually wrong, as 
follows directly from a consideration of the situation in the case of solid 
amorphous bodies. The time necessary for the readjustment, of the 
thermal equilibrium between the various vibration modes of a solid or 
liquid amorphous body can be and, in general, is much smaller than 
the relaxation time of this body, so that the value of the rigidity 
modulus obtained for rapid deformations must be identified with the 
total (equilibrium) value of 0 and not with its statical part only (unless 
the deformations are excessively rapid). The value of G must, of course, 
in this case be different fium that corresponding to the crystalline 
state t^nd must show a different dependence on the temperature and 
the volume, t 

The fallacy of the identification of the melting point with the point 
of vanishing ‘rigidity* has already been stressed at the beginning of this 
section and need not be discussed in greater detail. As we have just 
seen, nothing is changed if the ‘equilibrium rigidity* in Brillouin*s sense 
is distinguished from the statical one. 

8. Thermodynamics of Relatively Stable States of Solid and 
Liquid Bodies 

The determination of the melting point according to the usual thermo- 
dynamical or statistical methods consists in calculating the thermo- 
dynamic potentials and <f >2 of the solid and liquid phase respectively 
as functions of T and p and equating them to each other. This pro- 
cedure is based on the tacit assumption that the two phases are wholly 
distinct^ i.e. that intermediate states connecting them in a continuous 
way cannot exist or, at least, need not be considered. It can easily be 
shown that from the point of view of the general principles of statistical 
mechanics such a procedure is essentially defective. In fact, the thermo- 
dynamic potentials = F^+pV^, ^2 = F^+pV^, where F^ and F^ are 
the corresponding free energies, are determined, in principle at least, 

f It should not be forgotten that the decrease of Q with increase of the tempexature 
is partially explained by the decrease of the statical part, due to the thermal expansion 
of the lattice (at constant pressure). 
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with the help of the statistical expressions for the free energy of a 
system of N particles (atoms) 

F, = -kTlog Z„ Z, = ^ J e-wr dTt (i = 1, 2) 

(we are neglecting here quantum effects), the integration being sup- 
posed to be carried out, in the case i = 1, over all those configurations 
(and velocities) of the atoms which correspond to the solid (crystalline) 
state with a given specific volume Vi, and in the case i = 2, over all 
those configurations (and velocities) which correspond to the liquid 
(amorphous) state with a specific volume (satisfying the condition 
dFJdV^ = dFJdV^ = -p). 

The two states thus appear to be sharply separated from each other 
beforehand. Now, as a matter of fact, such a separation not only 
cannot be performed exactly but, strictly speaking, miLst not and need 
not be performed. In order to obtain a complete description of the 
equilibrium states of a given atomic system we must define its free 
energy by a single generalized partition function 

where the integration is extended over all conceivable configurations and 
velocities of the atoms, including not only those which are believed to 
correspond to a certain stable aggregate state (solid or liquid) and not 
only to other possible aggregate states (the gaseous, say) which under 
the conditions contemplated cannot be realized, but also to a prac- 
tically innumerable set of intermediate states of various kinds, which 
are usually ignored in carrying out the integrations in the approximate 
expressions for the free energies of supposedly definite aggregate states. 
The latter must emerge automatically from the partition function Z, de- 
fined for the whole phase space of the system under consideration in the 
form of a certain expression for F as a function of T and V, 0 T<j> = F -\-pV 
as a function of T and p, a function of one type <^i(T,p) being approxi- 
mately valid within a certain region of the T, p plane and corresponding 
to the solid (crystalline) state, while a function of a second type 
^ 2 (T,p) corresponding to the liquid state is approximately valid in a 
contiguous region of this plane, the boundary line between the regions, 
defined by the equation corresponding to an equilibrium 

between the two respective phases. 

Such a generalized and unified statistical treatment of molecular 
systems has never yet been actually carried out, with the exception 
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of Mayer’s theory of condensationf which has been further developed 
by Uhlenbeck,} Bom,§ and a few other authors, who, however, have 
apparently failed to reach a clear understanding of its relation to the 
usual treatment. Mayer’s theory is based on an approximate method 
of calculating the partition function of a system of atoms allowing for 
the formation of clusters, corresponding to the initial stages of con- 
densation. The equation of state obtained in this way describes the 
course of condensation as observed under ideal conditions of unperturbed 
thermodynamical equilibrium, the isotherms p, V consisting of a gas 
or vapour branch for F > Tg ^ horizontal line p = const, for 
F < p2» which refers to the gradual condensation of the saturated 
vapour into a liquid; the method applied does not enable one to trace 
theoretically the change of p with a further compression of the system, 
corresponding to the behaviour of the liquid phase and subsequently 
to its crystallization. 

The generalization of Mayer’s theory thus remains a programme for 
future work in this line. 

Now, the point to be stressed is that such a theory will be very 
interesting from the point of view of the general principles of thermo- 
dynamic equilibrium, but will fail to describe a large variety of so-called 
'metastable’ states, which are observed in reality and, which without 
being stable in the absolute sense of this word, can have a relatively 
long and often a practically infinite duration ('life- time’). The simplest 
examples of such metastable or, as we shall call them in the sequel 
‘relatively stable’ states are afforded by a supersaturated (supercooled) 
vapour or solution, a supercooled liquid (including substances classed 
as amorphous solids), a superheated liquid or crystal (the latter state 
can be observed if the body is heated internally, its surface remaining 
relatively cool), a mixture of two gases, such as and O2, at low 
temperatures, when they cannot react with each other because of the 
high value of the activation energy, and so forth. 

Such relatively stable states cah be described theoretically by a 
conscious return to the approximate statistical treatment, forming the 
basis of the usual thermodynamic theory, and consisting in defining 
the partition function Z for a limited region of the phase space F^, 
corresponding more or less approximately to a definite physical or 
chemical state of the system under consideration (i). The approximate 

t J. E. Mayer, J, Chem, Phy$. 5, 67 (1937); S. F. Harrison and J. £. Mayer, ibid. 6, 
101 (1938). X B. Kahn and Q. E. Uhlenbeck, Phyaica^ 5, 399 (1938). 

§ M. Bom, Physica, 4 , 1034 ( 1937) ; Bom and Fuchs, Proc, Roy, 80 c, A, 166, 391 (1938). 
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partition functions referring to a definite aggregation state or chemical 
composition of a given atomic system can be regarded as defining, with 
the help of the equation = —kTlogZ^y the minimum value of the 
free energy, corresponding to given values of the temperature and of 
the specific volume; this minimum property of the free energy acquires 
a definite physical and mathematical meaning only by comparing it 
with other values F\ — —IcT log Z\ corresponding to a different range 

of integration over the phase space serving to define the partition 
function ^ 

If the two ranges and F^ are not very different, the states defined 
by F^ are treated as fluctuations with respect to the average state, 
defined by F^. 

These fluctuations are usually considered as a complement to the 
description of the equilibrium state of the system with the help of F^-.f 
By extending the range of F^ or by taking it farther away from F^ we ob- 
tain states more or less removed from that corresponding to the absolute 
minimum of the free energy, and either tending to return to it by way 
of relaxation processes with a more or less exponential course, or 
representing relative minima, i.e. relatively stable states. These rela- 
tively stable states can actually be extremely stable and possess a 
practically unlimited life-time, as seen in glasses at a low temperature, 
so that fluctuations and relaxing deviations about them must be taken 
into account only; or they may have a relatively short duration, 
measured by a certain ‘relaxation’ time, as seen in a liquid subjected 
to a negative pressure or to a shearing stress. They can represent an 
extrapolation of a type of structure, absolutely stable within a certain 
range of conditions, to another range where they are ‘durably unstable’, 
or they can represent a kind of interpolation between two distinct 
structures, such as a solid crystalline and liquid amorphous, of a type 
envisaged in § 6. In introducing such ‘extrapolated’ or ‘interpolated’ 
states we are actually transgressing the borders of classical thermo- 
dynamics, which has to do with absolutely stable states only and 
entering the realm of statistical kinetics, or more exactly the borderland 
only, dealing with relatively slow processes, but nevertheless involving 

t If states with the same or nearly the same energy are considered, we get 

—hTlog^rs, — fcTlog^, that is— — Identifying the ratio ^ 

wth the probability of the corresponding fluctuation, we obtain the usual formula for 
this probability as a function of the variation of the free energy. 
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the notion of life-time or relaxation time. A well-known e&ample of this 
extended thermodynamical theory is afforded by the Polanyi-Wigner- 
Eyring thermodynamic theory of the rate of chemical reactions. This 
theory deals with a system in a state of ‘partial equilibrium ^ an 
equilibrium with respect to distribution of the molecules of various 
kinds between different states according to the Maxwell-Boltzmann 
law being assumed to hold (approximately at least) in the absence of 
chemical equilibrium with respect to the concentrations of the mole- 
cules of various kinds, in the sense of the law of mass action. 

We do not intend to present here a further development of this 
generalized thermodynamic theory and of its application to other 
branches of physics and chemistry. Our main object is to provide a 
theoretical basis for that extended treatment of the solid and liquid 
states, involving ‘extrapolated’ and ‘interpolated’ configurations 
of the particles, which has been foreshadowed in the preceding 
sections. 

We have seen, in particular, that the extrapolation of the crystalline 
state characterized by a perfectly regular arrangement of the equili- 
brium positions of the atoms leads to states not only relatively stable 
or durably unstable, but also, if pushed to an extreme, to absolutely 
unstable states, corresponding to vanishing and even negative values 
of the compressibility and rigidity modulus (and also of the specific 
heat at constant pressure). 

From the point of view of the traditional theory this means that the 
crystalline structure, being maintained in a wholly unaltered form up 
to a certain melting point T, V (or T,p), must suddenly collapse and 
be replaced in a discontinuous way by an amorphous structure, charac- 
teristic of the liquid state, the melting point being derived by equating 
the thermodynamical potential of the ‘perfect’ crystal to that of the 
‘perfect’ liquid. 

In reality we are not only allowed, but even compelled to consider a 
number of intermediate states, obtained by a gradual change of the 
degree of order in the structure both of the crystal and of the liquid. The 
scheme of isotherms p, V and isobars 8y T which has been introduced in 
§ 6 to describe the melting process as a virtually continuous transforma- 
tion from the crystalline to the amorphous state involves the use of 
these ‘interpolated’ states, in conjunction with states extrapolated with 
respect to the classical ‘perfect’ structure of a crystal in the direction 
of increasing values of the temperature or the specific volume, and with 
respect to the classical ‘perfect’ liquid in the opposite directions. These 
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extrapolated states, smoothed by the introduction of a variable degree 
of order, can obviously be joined together by a continuous curve. 

The above scheme is, of course, very incomplete. In attempting to 
make it more complete we must bear in mind, however, the fact that 
absolutely unstable states (corresponding to dpjdV > 0 or dS/dT < 0) 
which it introduces as intermediate states, along with others which are 
relatively stable, must be considered as a theoretical artifice only, and 
not as an observable reality, since they have an infinitely short duration. 
It would be possible to trace the corresponding unstable portions of 
the isotherms or isobars in a number of different ways, corresponding 
to various choices in the character of the variation of the degree of 
order, under the condition that all these curves should be bisected into 
two equal halves by the corresponding horizontal line p = const, or 
vertical line T = const. 

Such an ambiguity vanishes when, instead of the absolutely unstable 
interpolated states, the relatively stable extrapolated states of a crystal 
or of an amorphous body are considered. This refers in particular to 
the states of a supercooled (or overcompressed) liquid, which under 
certain conditions, depending on the chemical structure of the molecules, 
can be gradually transformed into a practically absolutely stable amor- 
phous glass. 

Since in the classical statistics the velocities give an additive con- 
tribution to the free energy which is independent of the configuration 
and accordingly irrelevant for the definition of the type of aggregation 
or chemical composition, we can limit ourselves to a consideration of 
the configurational part of the free energy only. The restriction of the 
range of integration to states corresponding to a perfect crystalline 
structure does not present any difficulties, as soon as the type and size 
of the lattice, formed by the equilibrium positions of the atoms, has 
been chosen (as a matter of fact, various choices must be allowed for, 
and the corresponding free energies determined as functions not only 
of the volume, but also of the shape of the body, as defined by the 
components of the strain tensor in such a way that the stress components 
should vanish or assume given values). 

9. Liquids in the Solid-like State 

We meet a more difficult situation when we wish to define the 
integration range of the configurational space, corresponding to a 
homogeneous amorphous structure of the body, formed by the same 
atoms. And this is the only general way of obtaining an equation of 
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state applicable not only to ordinary liquids, but also to supercooled 
liquids and, in particular, to glasses. 

The structure of a liquid (amorphous) body can be specified by a 
relative density function p{r) which has been introduced in § 4, the 
product p{r)iTTr^dr representing the (probable) number of atomic centres 
at a distance between r and r+dr from one of them. Such a function 
can also be used for the description of a crystalline structure. In this 
case, however, it must have a very special character, becoming dis- 
continuous for T = 0. We can thus restrict ourselves to the description 
of the amorphous state by requiring that this function should remain 
continuous for all values of T (as well as of the specific volume v). 

With the help of the function p it is an easy matter to calculate the 
(potential) energy of the body, which, if surface effects are neglected, 
and if the atoms are supposed to remain fixed, is equal to 

00 

= \N ^ U(r)p(r)^TTr'^ dr. (35) 

0 

Since the function p gives the average distribution of the atoms, 
account must be taken of the density fluctuations due to the heat 
motion. Inasmuch as the latter can be represented by vibrations 
about equilibrium positions (whose average distribution is defined by 
the function p(r)) or, more exactly, by a superposition of normal vibra- 
tions in the form of longitudinal and transverse waves, as in the case 
of a solid (crystalline) body, the additional potential energy due to the 
density fluctuations is reduced, for not too low temperatures, to the 
classical expression %NkT, 

The total energy of the body W including the kinetic energy of the 
heat motion is thus reduced to W^+ZNkT. 

We thus see that so far as the calculation of the energy of a liquid 
body is concerned, we need not consider the distribution of the atoms F 
in the fii^T-dimensional phase space or B in the 3^-dimensional configura- 
tion space, and can limit ourselves to the determination of the relative 
density function p in ordinary space. 

This can be done approximately by Kirkwood's method, described 
in § 6 and based on the somewhat objectionable application of Boltz- 
mann’s principle. A more satisfactory and general method would 
consist in defining the entropy of the body 8 as a, functional of p and 
determining the latter from the minimum condition for the free energy 
F = W—TSf which must yield an integral equation fair p. 

It is easier to state this programme than to carry it out, for there 
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seems to be no simple method for finding the entropy as a functional 
of p. The configurational part of the entropy can be directly defined 
by the corresponding extension R in the configuration space, according 
to the formula S = klogR, The problem is thus reduced to the 
determination of the relation between R and p. 

No approach to its solution is known at present. We shall limit 
ourselves therefore to a few remarks concerning the approximate cal- 
culation of the energy and entropy of amorphous bodies as functions 
of the temperature, volume, and shearing strain, and the resulting 
equation of state. 

The energy can be calculated with the help of equation (35) if the 
density function is determined experimentally (from an analysis of 
X-ray diagrams) or if the approximate expressions for it given by the 
theory of Prins or of Kirkwood are used. 

An estimate of the entropy of a liquid can be obtained with the help 
of the concept of free volume over which the centres of the atoms can 
be distributed in the same way as the point-like particles of an ideal gas. 
If the volume of the latter is equal to F, then, according to the general 
definition of entropy. 


8 = 


dj^ 

er 


F -kT log Z, 




1 




j 


e-iwrrfp, 


1 




or simply 


S = ifclog 


_r_ 


where F = F^dwjrJjax)^, ^max denoting the maximum value of the 
momentum when the total kinetic energy of the gas ^NkT is supposed 
to be concentrated in a single molecule, we get, using Stirling’s formula 

o Ml 1 Fc(2iTmi:T)* 

Replacing here VjN by the free volume of the liquid a>, referred to 
one atom, we get 


= ^Hog 


we(2imkT)^ 

"P ‘ 


(36) 


The free volume of the liquid Yf = N<a can be defined approximately 
as the difference between the actual volume of the liquid and that 
of the corresponding solid (in the absence of external pressure), 

8695.29 „ 
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Comparing the preceding expression with the entropy of a solid (crystal- 
line body) ifp lhT\^ 

8 ,,, = 3i^^log^ = , 

we obtain the following approximate expression for the entropy of 


melting: . 

= 8y,^-8,,, = kNlogcaev^i 

or, if V is replaced by (l/ 27 r)^(/Jw), 




^S = R\ogoje{fj27TkT)^ (R = kN). 


The ratio kT/fg is equal to the mean square of the amplitude of the 
thermal vibrations of an atom in the solid body. The quantity (2TrkT/fg)^ 
can thus be defined as the average volume swept by the centre of an 
atom in the solid state, owing to the thermal vibrations about its 
equilibrium position. 

If the liquid is treated as a solid body with irregularly distributed 
equilibrium positions, then its entropy can be defined by the same 


formula 


- RlogikT/hv^)^ 


(37) 


as that of the solid, with a different (smaller) value of the average 
vibration frequency Replacing the latter by (l/27r)^(/;/m), we get 
in this caae ^ ^ Rlog{fM = (37 a) 


This expression could be identified with (36 a) if the free volume of 
the liquid was defined as (27rA;T//|)^ In reality, however, the expression 
(37 a) represents but that part of the entropy of melting, which is 
connected with a variation of the frequency of the atomic vibrations 
about their equilibrium positions. In order to obtain the total value 
of the entropy of fusion AS == ^Uq ~-^8oi» we must add to Aj S a term 
A^ S, corresponding to the increase of the average distance between the 
equilibrium positions (i.e. to the actual increase of the free volume) 
and — ^what is especially important — ^to the loss of long-range order in 
the distribution of these positions. From the point of view of the 
Lennard- Jones and Devonshire theory of melting the latter effect is 


determined by the formula 

i21og 


N\ 


Equating this expression to the ratio between the latent heat and the 
temperature of fusion we obtain a result practically identical with 
Trouton’s rule. 
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Eyringf has attempted to define the entropy of fusion as the increase 
of entropy due to the fact that in the solid state the motion of the 
individual atoms is restricted to the corresponding individual cells with 
a volume v = F/iV, whereas in the liquid each atom can be found in 
any one of the N cells. Treating the atoms as free to move within the 
space assigned to them, we get in this case for the configurational part 
of the entropy of the solid the expression kNXogVjN, while for the 
liquid it is equal to klogV^jNl ^ kN log VejN, which corresponds to 
= B, E 3 n’ing’s argument is based on the wholly unwarranted 
assumption that the atoms of a solid body are separated from each 
other by absolutely rigid compartments. This assumption ignores the 
fact that a mixing up of all the atoms, by the mechanism of self- 
diffusion, takes place in the solid (crystalline) state as well as in the 
liquid one (although at a much slower rate, which is of no importance 
from the thermodynamic point of view). If Ey ring’s theory were 
correct, then a transition from the liquid to the solid amorphous state, 
by way of supercooling, would be accompanied by the same decrease 
of entropy as crystallization, which is obviously wrong. 

The melting, or rather amorphization, entropy AS considered above 
is not a constant quantity, but varies with the temperature and 
pressure. 

Bridgman’s experiments show that the bulk modulus of liquids 
sharply increases (by a factor up to 10 and even 15) when the pressure 
is increased to a few thousand atmospheres, preserving thereafter a 
constant magnitude of the same order as in solid bodies. This means 
that at such pressures the free space in the liquids which is due to the 
irregular arrangement of their particles and which constitutes one of 
their characteristic distinctions from the crystalline bodies, disappears 
or, at least, is reduced to a small value. 

The compressibility of the liquids k — — (l/F)(5F/^p) can be repre- 
sented apparently as the sura of two parts: of a ‘geometrical’ part, due 
to a simultaneous contraction of all the intermolecular distances of the 
body under the influence of an external pressure, and of a ‘structural* 
compressibility k', which depends upon a variation in the relative 
arrangement of the molecules in the sense of an increase of the degree 
of regularity and consequently of compactness. Introducing the thermo- 
dynamic potential of the liquid ^ = F-\-pV and treating it, and conse- 
quently that part of it — TAg S which is connected with the structural 
entropy, as a function of the pressure (instead of the volume), we CHn 
t Eyring, J. Chem, Fhya, 4, 283 (1936). 
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represent the structural pait of the compressibility coefficient of the 
liquid by the formula T A S 

Under ordinary conditions it must be a few times larger than the 
geometrical or purely elastic part, which depends on the variation of 
the potential energy of the body under the assumption of a constant 
structure (i.e. a degree of order). The separation of the total com- 
pressibility of a liquid body into these two components can be carried 
out experimentally with the help of high-frequency ultrasonic vibrations 
(see Ch. IV, § 5). 

A similar remark refers to the specific heat of liquid bodies. At low 
pressures it must be larger than at high ones by an amount 


AC - 

qt' 


which depends on the increase of the amorphization entropy with a 
rise of the temperature. 

Apart from these complications, the equation of state of a liquid 
body can be derived from the same expression for the free energy 

F^E{V)^TSi^^ 

with S]xq — ZRlogkTjhvi as in the case of a solid amorphous or crystal- 
line body. It should be mentioned that the mean vibration frequency v 
is usually determined, starting from Debye’s simplified conception of a 
solid body, as an isotropic (i.e. amorphous) continuous medium, whose 
thermal motion can be represented as a superposition of longitudinal 
and transverse elastic waves, propagated with a velocity independent 
of the wave-length and of the direction. Hence it is seen that Debye’s 
approximate form of the theory refers rather to liquids — especially in 
the supercooled state — than to crystals. 

It is thus clear that the equation of state derived from the preceding 
expression for the free energy can be applied with sufficient approxima- 
tion both to amorphous solids and to liquid bodies, near the crystalliza- 
tion point. 

In doing this the following corrections to the theory of the preceding 
sections must be introduced. 

(1) In the case of an irregular (amorphous) structure of the body the 
frequency cannot be such a simple decreasing function of the volume 
as in the case of a crystalline structure. The increase of the average 
value of the interatomic distances can take place without an increase 
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of the distances between the equilibrium positions within the individual 
atomic groupings which arise in a liquid as a result of local and transient 
ruptures. Hence the frequency must not tend to zero with increase 
of the volume, as in the case of crystalline bodies; accordingly, the 
thermal pressure need not increase with F, but for large F’s must 
decrease, approximately as 1/(F— 6). 

(2) With increase of V and T the self-diffusion in a liquid body 
becomes more and more important, the fraction of the atoms which at 
any given instant are in a transition state between the neighbouring 
equilibrium positions steadily increasing. These atoms form, as it were, 
the ‘gas fraction’ of the liquid, for in the vicinity of a position corre- 
sponding to a local maximum of the potential energy they must move 
in a way similar to that corresponding to the gaseous state. So long 
as this ‘gas-fraction’ of the liquid remains insignificant, the liquid 
behaves as a ‘solid-like’ body; in the contrary case it becomes ‘gas-like’. 

(3) The usual thermodynamical theory of simple liquid bodies specifies 
their state by one geometrical variable only — the (specific) volume; 
whereas in the case of a solid body besides the volume the shape is also 
taken into account and specified, along with the volume, by six com- 
ponents of the symmetrical strain tensor (or its three principal com- 
ponents, representing the relative extensions in three mutually perpen- 
dicular directions). Now between a solid amorphous body, i.e. a 
supercooled liquid, and a liquid in a state of absolute thermodynamical 
equilibrium, no distinction of a qualitative character can be made. 
Hence it is clear that dealing with such a liquid we are entitled and, 
even more than that, compelled to take into account not only the volume 
deformations but also shearing strains, associating the latter not with 
viscous forces, as is usually done, but with the corresponding elastic 
stresses. It will be shown in the next chapter that ordinary liquids are 
distinguished from solid amorphous bodies only by the relative small- 
ness of their ‘relaxation time’, i.e. the time required for the disappear- 
ance of shearing stresses of an elastic nature. This circumstance does 
not, however, exclude the possibility of visualizing such stresses, and 
of connecting these with the corresponding elEistic strains by the usual 
equations of thermodynamical theory, e.g. t = — dFjdd, provided that 
the length of time involved in the phenomena under consideration (the 
period of vibration, for instance, in the case of transverse waves) is 
small compared with the relaxation time, during which the body 
behaves practically as a solid, and simultaneously large compared with 
the time required for the establishment of an equilibrium distribution 
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of the velocities and positions of the atoms in the body supposed to be 
deprived of fluidity. 

Likewise, although a liquid under a negative pressure cannot be 
considered as thermodynamically stable in the absolute sense of this 
term, since its free energy is diminished if it is allowed to break up by 
a process of cavitation (with the formation of a vapour bubble), yet this 
state can be relatively very stable, so that we are fully entitled to 
extend the usual thermod 3 mamic treatment of liquids to the region of 
negative pressures (see Ch. VII). 

10. Hole Theory of the Liquid State 

The main difference in the behaviour of liquids at temperatures lying 
near the crystallization point from that of the corresponding crystalline 
bodies is due, under ordinary small pressures, to their relatively large 
specific volume. The latter increases on melting by about 10 per cent., 
i.e. by an amount which at ordinary temperatures corresponds to the 
theoretical value of the tensile strength of solid bodies (in practice they 
break down at much smaller extensions, which lie within the range of 
the validity of Hooke’s law). 

This circumstance points to the fact that the homogeneity of a liquid 
body is to a certain extent but an apparent one, the liquid body being 
in reality permeated by a large number of surfaces of rupture, which 
in the absence of external forces do not have an opportunity to develop 
into a macroscopic size, but are spontaneously closed up in certain 
places while arising in neighbouring ones, and constituting at any given 
instant a system of microscopic cavities in the form of holes, cracks, 
etc., in the whole volume of the liquid. 

If this conception corresponds to reality, then the free volume of a 
liquid body (equal, roughly speaking, to the excess of its volume over 
that of the corresponding crystal at the temperature of absolute zero 
and in the absence of external pressure) is not distributed uniformly 
between all its molecules as in the case of crystals, but is concentrated 
in the form of separate micro-cavities, which play, as it were, the role 
of vacuum atoms or ‘quanta’. The appearance and disappearance of 
such micro-cavities, which in the sequel will be called simply ‘holes’, 
is realized as a result of fluctuations connected with the heat motion 
of the liquid. 

In the usual theory of the density fluctuations in solid and liquid 
bodies such variations of the density are only considered as are con- 
nected with a general increase or decrease of the intermolecular distances. 
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distorting the homogeneity of the body in small volumes, without, 
however, destroying it in a more radical way. We shall see below 
(Ch. VII) that in every macroscopically homogeneous body there exist 
along with such 'homophase’ fluctuations, 'heterophase’ fluctuations 
leading to the appearance of a new phase (for example, of the solid or 
gaseous phase within the liquid one). 

The appearance in a liquid of 'holes* can be regarded as a particular 
case of such heterophase fluctuations. These holes can be treated as 
gas bubbles in the case when they are large enough to accommodate a 
sufficiently large number of vapour molecules. Such a condition can 
actually exist in a liquid near the boiling-point only; in other cases the 
cavities arising in them as a result of thermal fluctuations are too small 
to justify their identification with vapour bubbles. They must, accord- 
ingly, be treated as empty; the fluctuations giving rise to them can 
therefore be termed 'cavitation fluctuations’. 

From the point of view of the usual thermodynamic theory which 
has to do with average values of different quantities for sufficiently 
long time intervals, the distinction between these cavitation fluctua- 
tions and ordinary density fluctuations is irrelevant. More than that, 
the very existence of density fluctuations is here ignored and the free 
volume of the liquid is supposed to be distributed uniformly between 
all the molecules, i.e. to be connected with a general increase of the 
average distance between neighbouring molecules. This conception is 
certainly correct so long as the average values of the distances for very 
long intervals of time are concerned. If, however, the instantaneous, 
and not the average, distribution of the molecules of the liquid is 
considered, the notion of a uniform distribution is substantially in- 
correct. According to the cavitation theory, the distances between the 
neighbouring molecules of the liquid outside the regions of rupture 
remain the same as in a solid body, being, however, sharply increased 
within these regions. 

This point of view cannot, of course, be perfectly correct. In reality 
the free volume of a liquid body must be distributed partly in a dis- 
continuous way in the form of separate holes, and partly in a continuous 
way in the form of a general increase of the average distances between 
the particles in those regions which preserve their homogeneity. This 
state of affairs is quite similar to that found in the case of crystals 
where the increase of the volume on heating (or on extension if T > 0) 
is realized partly by an increase of the lattice constant, i.e. of the size of 
the interstices, and partly by an increase of the number of vacant sites, 
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i.e. of the atomic holes. Whereas, however, in the case of crystals the 
increase of volume is due mainly to the first of these two causes, in the 
case of liquids, according to the above theory, the main role is played 
by the second one. 

One more distinctive feature of liquids must be noted here. In the 
case of crystals we have to do with ‘holes’ of two perfectly definite 
kinds, namely with interstices and with vacant sites, the term ‘hole’ 
being applied by us to the latter only. In the case of liquids the notions 
of regular sites and interstices become meaningless. Accordingly, the 
notion of ‘holes* as vacant sites loses its physical meaning, as well as 
the distinction between this type of hole and that corresponding to 
interstitial positions. 

The two notions must be replaced in this case by a single notion of 
holes as more or less widened gaps between the molecules. These gaps 
have neither a definite size nor a definite shape; they can spontaneously 
arise, increase, dwindle down, and disappear; they can also move from 
one place to another by closing at some places and opening at neigh- 
bouring ones (just as in the case of movable holes in crystals). 

The preceding conception about holes in liquids has been advanced 
independently by a number of authors.f In the most radical form it 
was developed in 1935 by Altar, who treated the liquid as a system of 
freely moving holes, with respect to which the molecules play the role 
of a framework, t 

Similar ideas have been set forth by Furth,§ who treated the holes 
in a liquid as small vapour bubbles (ignoring the fact that they are on 
the average too small to contain even a single molecule of the gas 
phase) and attempted, with a very poor degree of success, to apply 
this conception to the quantitative interpretation of a number of 
fundamental properties of liquids: their compressibility, thermal ex- 
pansion, viscosity, and thermal conductivity. Before considering these 
applications we shall investigate in more detail the processes connected 
with the opening and closing of holes in a liquid. 

In the first place it must be remembered that both in a liquid and 
in a solid body all the interstices ('gaps’) between the atoms or mole- 
cules, even in the absence of marked density fluctuations, must, strictly 
speaking, be treated as holes of embryonal size (8). The number of 

t Th6 fint mention seeniB to have been made by the present writer in 1926. See also 
the papers by E 3 rring and co-workers, J, Chem. Phya. 1935-6. In them papers Eyring 
erroneoiisly treats the holes in a liquid as analogous to vacant sites in a crystal lattice. 

t Altar, J. Chem, Phya, 5, 677 (1937). 

I R. Forth, Proc, Comb, Phil. Soc. 37, 252 (1941). 
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such embryonic holes is obviously equal to the number of particles. 
Since holes of a larger size (micro-cavities) can arise only by way of 
growth of embryonic holes, the total number of holes of various sizes 
in a liquid can always be identified with the number N of molecules. 

In the second place, the cavitation fluctuations in a liquid can be 
regarded as due to a small stability— ^r even instability — of a regular 
arrangement of the molecules in view of the large value of the average 
distance between them. This circumstance has been discussed by us in 
detail on the basis of a three-atomic model of a solid or liquid body. 
Inasmuch as the melting of a crystal is due to the instability of a 
regular distribution of its particles, it seems quite natural that in the 
resulting liquid body these particles tend to be distributed in a non- 
uniform way, forming more or less compact ‘bunches’, separated from 
each other by fluctuating cracks, or to be more exact — a relatively 
compact mass with a density but slightly below that of the corre- 
sponding crystal, permeated by a system of fluctuating fissures. 

The preceding ‘hole’ conception of the liquid state is obviously 
applicable in the region of not too elevated temperatures and pressures 
only. In the vicinity of the critical point the average density of the 
liquid becomes so low (about 2*5 times lower than that of the solid 
body) that the notion of holes becomes meaningless, just as in the case 
of the gaseous state (in the latter case the holes coalesce into a vacuum, 
which plays the role of the dispersing medium instead of the disperse 
phase). Besides, the molecular forces become immaterial near the 
critical point and can ensure neither a regular nor even a compact 
arrangement of the molecules. 

If, on the other hand, the liquid is subjected to a very strong com- 
pression at a relatively low temperature, it must either crystallize or 
lose its ‘porosity’, acquiring thus new properties, which are charac- 
teristic of such a compact structure and are essentially different from 
those connected with the ordinary ‘porous’ state. 

These considerations are in agreement with Bridgmun^a experiments 
on the dependence of the compressibility of liquids on the external 
pressure. At low pressures the bulk modulus is a few times (up to 
10 and even 15) smaller than in the case of the corresponding solid 
bodies. This excessive compressibility vanishes, however, when the 
pressure is mcreased to 1,600-2,000 atmospheres, the compressibility 
modulus of liquids reaching, under such conditions, a value of the 
same magnitude as in solid bodies. 

The excessive compressibility of liqui(ls at low pressures is ascribed 
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by Bridgman to their ‘slack’. From our point of view this slack means 
nothing but ‘porosity’ — ^the presence of a large number of fluctuating 
Assures or holes. 

Let us now investigate the quantitative conclusions for the thermo- 
dynamic (equilibrium) properties of liquids under normal temperatures 
and pressures, which are implied in the h3rpothesis of their ‘porous’ 
structure. 

For the sake of simplicity we shall neglect the circumstance that the 
free volume of a liquid is partially realized by its general expansion 
(in the more compact portions) with respect to the solid state. In this 
case the free volume F— PJ, where Vq is the smallest volume, equal to 
the constant b in van der Waals’s equation, can be represented in the 
form V—Vq = N(v—Vq), where ^0 is the smallest volume of the holes 
and V their average volume at a given temperature T and pressure p. 

The average size of the holes and their statistical distribution over 
the scale of sizes can be determined by treating these holes as cavities 
in a cmtinuom medium with a constant density. The formation of 
such a cavity (local rupture’) is connected with the expenditure of a 
certain energy PF, depending on the size and shape of the cavity. For 
the sake of simplicity all the cavities will be treated as spheres with a 
variable radius r. Under such conditions the number of holes with a 
radius l^g in the range between r and r+rfr can be represented by 
the formula ^ dr, 


where <f>{r) is a certain function of r, which cannot be determined un- 
ambiguously (see below). 

If the energy W{r) is identified with the surface energy (or free energy) 
of the spherical cavity ^TTcrr^ where cr is the surface tension of the 
liquid, the following expression for its average value is obtained: 


r = J dr If dr = - |-log I, 

■00 

where a ==; IjkT and / = J e~*^^(r) dr. 

Putting <l> = const, we get PF = ^kT which corresponds to the ex- 
pression . 

r^^yldcT/a) 

for the average value of the radius. If the function ^ is assumed to be 
proportional to the sth power of the radius, W and are found to 
Increase s-fold with respect to ,their value for ^ = const. 
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Fiirth (just as does Altar) treats the holes in a liquid as the particles 
of an ideal gas, possessing three degrees of freedom of translation motion 
and one inner degree of freedom, corresponding to a variation of their 
radius. This conception leads to 5 = 9. We shall not discuss it in more 
detail, for it is devoid of physical meaning, as follows inter alia from 
the impossibility of applying it to crystals. The actual motion of the 
holes in liquids, which is realized by a displacement of the particles 
surrounding them, must take place in the same jerk-like way as in 
crystals, the hole being closed in one place while a new hole arises in 
its vicinity. Each hole must remain stationary during a certain time, 
which increases with the lowering of the temperature according to the 
same formula t = as in the case of atomic holes in crystals. The 

difference between crystals and liquids consists in the fact that in the 
former case the holes have a definite size and perform elementary 
displacements of a constant magnitude comparable with their size, 

, whereas in the latter case the size of the holes (as well as their shape) 
is variable while their elementary displacements can be quite different 
from their linear dimensions. 

Let us imagine, for example, a chain of identical balls with a diameter 
a, pressed against each other, and let us assume that a gap with a 
length Aa arises in this chain between two neighbouring atoms. If one 
of them is moved towards the other over a distance Aa, this gap or 
‘hole’ is moved in the opposite direction over the distance a. Similar 
relationships must hold in the case of three-dimensional aggregates. 
The average size of the holes, specified by their mean radius r, is, in 
principle, quite independent of the average size a of the molecules 
enframing them, coinciding with a with respect to the order of magni- 
tude in the case of very small (monatomic) molecules only, but remain- 
ing small compared with a in the case of large molecules. 

From this point of view the preceding calculation gives a fairly 
accurate idea about the size of the holes, stressing, in particular, the 
fact that this size is practically independent of the size of the molecules; 
at room temperature the mean value of the radius of the holes as 
determined by the formula f = ^(kTja) turns out to be of the order 
2. 10-® cm. (for or = 100 dynes/cm.). It should be noted, however, that 
this value hardly differs from the normal value of the distance between 
neighbouring molecules, or, more exactly, between the adjacent regions 
of their surfaces. Under such conditions it would be meaningless to 
talk about holes, cracks, fissures, etc. The preceding result is explained 
by the fact that the surface energy of an embryonic crack or hole must 
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in general be much smaller than its normal value cq, corresponding to 
a free surface. If the potential energy of molecular forces is assumed 
to be inversely proportional to the sixth power of the distance (as is 
actually the case for ordinary van der Waals forces), then the surface 
energy of a crack with a width h is equal per unit area to a == (7o( 1—8®/^*), 
where 8 is the minimum value of h (10-* cm.; see Ch. VI, § 5). Applying 
this formula to the case of a spherical hole we get 

W = 4,rr*<ro(l-^) = 4,r<7o(r*-8»). 

This correction does not alter essentially the estimates of the average 
size of the holes obtained above; putting ^ = const, r, for example, we 
find^* = P-\-kTl^aQ and accordingly W — kT, as before. 

The latter result, as will be seen below, is in disagreement with the 
experimental data on the temperature dependence of the viscosity of 
liquids. These data can be explained on the basis of the hole theory 
of liquids only in the case where it is assumed that the formation of a 
hole requires a certain minimum amount of work ?7, practically inde- 
pendent of the temperature, as in the case of crystals. If the holes are 
treated as cavitation fluctuations, then this result can be obtained on 
the assumption that their radius must exceed a certain minimum 
value fg, corresponding to an activation energy U = a. The reason 
for the non-existence (or instability) of holes of smaller size remains, 
however, unclear. 

Since under such conditions the size of the holes must lie more or 
less close to the smallest one, and the number of holes must be equal 
to a small fraction, of the order of of the total number of mole- 

cules, the additional ‘free’ volume of the liquid must be given by the 
expression y-V^ = Ne-vl>^^v (38) 

of the same form as in the case of solid bodies; here At? denotes the 
smallest volume of a hole equal to |tr(r§— 8®). 

If the liquid is subjected to a pressure p, then the activation energy 
U can be represented in the form 

U = 0i+j?At;, 

where is the value of at p = 0. 

* In the region of not excessively high temperatures and pressures the 
behaviour of a liquid can thus be described by the following ‘equation 
of state’: V = 
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where n = NjV is the number of molecules per unit volume at T = 0 
and = 0. This equation refers to liquids in the ordinary ‘porous* 
state, and explains their abnormally large compressibility 



(with respect to solid bodies) and also their large expansion coefficient 



The former is found to be given by the expression 
K — n Av 


i.e. 


F-Fo 

v~kr 


(38 a) 


and the latter by the expression a = nAve-^^^^U/kT^y that is, 


a 


v-v, u 

Fo kT^^ 


(38 b) 


The increase of the number of holes ^ise of temperature 

at constant pressure must entail an additional value of the specific 
heat of the liquid (with respect to the corresponding solid), namely 

ACp = U which amounts per unit volume to 


A(7. 


F-Fo t/2 
FqAz^ kT^' 


(38 c) 


Comparing this expression with the preceding ones we obtain the follow- 

‘"e ^ V KiVV 

“ao “ T\A«) ■ 


These relations are in qualitative agreement with the experimental 
data<*|* 

It must be noted, however, that similar relations are obtained in 
that case if the free volume of the liquid is assumed to be distributed 
uniformly between all the molecules. The important advantage of the 
hole theory of liquids becomes apparent when such phenomena are 
considered, as are connected with non-equilibrium states, and especially 


t Thua, for example, the preceding expression for a yields values of the correct order 
of magnitude if the ratio UJkT is assumed to lie between 1 and 10 (for T =* 300-1,000) 
while the free volume F—6 is equal to a fraction lying between 1/100 and 1/1,000 of the 
total volume. 
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the phenomena of diffusion (self-diffusion) and internal friction. The 
corresponding questions will be discussed in the next chapter (§ 4). 

11. The Gas -like State of Liquids 

The state of a liquid at high temperatures lying near the critical 
point is essentially different from its state at low temperatures, 
near the crystallization point, in this respect, that the role of cohesive 
forces is diminished, the liquid becoming accordingly more and more 
‘gas-like*. A more or less satisfactory theory of the thermal and 
mechanical properties of a liquid in this region can be obtained with 
the help of an approximative method which has already been applied 
by us in § 5 in the investigation of crystals, and which consists in 
replacing the problem of the motion of N particles under their mutual 
influence by the problem of the motion of each separate particle in the 
field of the remaining A—l particles, under the assumption that they 
remain fixed in their mean positions. This method, which has received 
an extensive development in modem atomic physics (where it has been 
generalized to allow for the motion of the other particles and is usually 
referred to as the method of self-consistent field), has recently been 
applied to the theory of compressed gases and critical phenomena by 
Lennard- Jones and Devonshire.! Since in compressed gases — or liquids 
at an Elevated temperature — there remains practically no trace of 
crystalline structure, the field of force exerted on each atomj by the 
surrounding atoms can be treated as spherically symmetrical, and can 
be identified with the average field, corresponding to an equal proba- 
bility of all the positions of these atoms on a sphere of a given radius, 
the centre of which coincides with the average position of the ‘movable* 
atom. 

Such an averaging is justified, not only by the resulting simplification 
of the calculations, but also by the fact that the field in which each 
atom is moving and which is created by the surrounding atoms mu6t 
on the average be isotropic, i.e. spherically symmetrical. 

Each atom is thus situated in a spherical cell with a certain radius a 
which the above authors identify with interatomic distance in a ‘close- 
packed’ cubical arrangement having the same specific volume (the 
number of nearest neighbours being in this case twelve). Since the edge 
of an elementary cubic cell, containing four atoms, is equal to aV2, 

t Proe, Roy, Soii. A, 163, 63 (1937). f/ 

X We shall be concerned in this section with monatomic liquids only and shall treat 
the atoms as mass points. 
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V (a^/2)^ 

we get for the volume per atom v = This figure is 

practically equal to, though slightly smaller' than, the volume of a 
sector of a spherical shell with a radius a, jTra®. 

The potential energy of an atom moving in such a spherical shell 
depends on its distance r from the centre of the latter, and on its radius 
a in approximately the same way as in the case of the triatomic model 
with fixed end-atoms, which has been investigated in § 7. This potential 
energy will be denoted in the sequel by UJr). It is equal to the product 
of the number of nearest neighbours, z = 12, and the average value of 
the potential energy Z7(r— a) of the given atom, situated at a distance 
r from the centre of the cell, with respect to one of the neighbouring 
atoms on the assumption that all the positions of the latter on the 
surface of the cell are equally probable. 

Since the energy ?7(r— a) depends on the distance 
|a— r| = ^(a2+r2_2arcos0) 
only, where 6 is the angle between r and a we have 


IT 

j U{Aj(d^+r^—2arcoBd)}smdddf 


+1 


or 


Uair) = iz j U{^{a^+r^-2ari)}dl 
Putting for example 


-1 


U = (m < n) 


we get 


A 


(39) 


(to— 2)a”* 




In so far as the mutual action between the atoms is replaced by the 
action on each of them of an (approximately) equivalent external field 
of force, the free energy of the whole system can be calculated in the 
same way as in the case of an ideal gas placed in the corresponding field. 

It is thus equal to iV’0, where ijj is defined by the equation 


. _ (27rmA;T)» 


a 

J 4^2 

0 
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Putting further J dr = (40) 

0 

where v — §7ra* is the volume of the liquid per atom and x ^ certain 
function of v, and which can be considered as the average value of 
the energy Uj^{r) for the whole cell, we get 


0= (40a) 


The first term in this expression corresponds to an ideal gas in the 
absence of external forces and leads to the usual formula for the pressure 
of such a gas p = kT/v = nkT (n = N/V). The second term deter- 
mines, consequently, the deviations in the behaviour of the liquid from 
the ideal gas laws. 

With increase of a the energy UJir) tends to the constant limiting 
value 0, which corresponds to a free motion of all the atoms. It is 
clear, however, that the above approximation is not valid in the case 
of large a’s, for the conception of an atom locked in a spherical cell 
with impermeable walls formed by its neighbours can be applied when 
the latter are situated on the average sufficiently close to each other 
to prevent the central atom from escaping from the cell. Hence it 
follows that the equation (39 a) can be applied to such values of the 
volume, only as do not exceed the volume of the body at T = 0 and 
p ^ 0 by more than a factor 2-3, 

Since the evaluation of the function x^^) with the help of (39) and 
(39a) is a difficult task, and since the expression U = for 

the potential energy of two atoms is nothing but a rough approximation, 
Lennard- Jones and Devonshire define this function by a similar formula: 


where /x = Jw and v — Jn, choosing the coefficients a and p in such a 
way that the minimum of this expression should correspond to r = f Tra®. 
The resulting equation of state for the ^gas-like’ liquid runs as follows: 


that is, 


__ kT dx 


V 


(Xfl j9v 


^ . 

^ -.v+1 


(41a) 

(41b) 


The sum of the last two terms can be represented graphically by a 
curve of the same type as that illustrating the mutual potential energy 
of two atoms as a function of their distance apart. Adding to them the 
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first (hyperbolic) term we obtain for different values of T a set of 
curves similar to the isotherms of van der Waals with a characteristic 
oscillation of the pressure at temperatures lying below the critical 
value, determined by the condition dpJdV = d^pjdV^ — 0, 




(42) 

where 

^ _ r.v+1) 

* Uv+i)«J 

(42 a) 

is the critical volume. 



We get further 


(42 b) 


where critical pressure. 

Putting = 2, i.e. m = 6 (which corresponds to dispersion forces of 
attraction between neon or argon atoms) and v = 4 (n == 12), we get 
c = 1-87, whereas the actual value of this constant lies between 3 and 4. 

Introducing further the normal value of the volume v = corre- 
sponding to the minimum of x (i-©- « = »‘o)» we find vjvj^ = 1-82, 
whereas the critical volume exceeds that of the crystal at T = 0 by a 
factor of the order 2*2. 

If the atoms of the substance under consideration are treated not as 
material points but as rigid spheres with a diameter d, the equation 
(40) for the function x(v) must be replaced by 

0 

which corresponds to the following expression for the pressure: 

_ JcT ^ 

^ ~ v[l — {vjv)^] dv 

instead of (41 a). This expression is very similar to that following from 
van der Waals’s theory, especially if one puts x = —dlv. 

It is clear that under such conditions the above approximation will 
be valid for such values of a only as lie between d and 2d (so that the 
regions corresponding to neighbouring atoms do not overlap). 

It should be added that the formula x = — ot/v, following from van 
der Waals 's theory, does not imply that the atoms are mutually attracted 
by a force inversely proportional to the cube of the distance. In reality 
it is independent of the actual law of force, inasmuch as the latter falls 
off with increase of the distance more rapidly than and follows 
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from the assumption that all the relative positions of any two atoms, 
satisfying the condition f > d, are equally probable. This assumption 
can be justified in the case of rarefied gases only. 

A closer examination of the isotherms, following from the equations 
(40) and (40 a), requires an allowance for the temperature dependence 
of the function x(v)f of the coefficients a and This leads to a 
considerable complication of the preceding theory and to a slight im- 
provement of the agreement between theory and experiment. Thus, 
for example, Lennard- Jones and Devonshire obtain for the critical 
temperature of neon and argon the values 48 and 161° K., which are 
very close to the experimental values 44 and 160° K. respectively. 

If the dependence of x(v) on the temperature is neglected, there 
follows from (40 a) that the specific heat of a liquid at constant volume 
must have the same value (i.e. 3 cal./mole) as that of an ideal gas. 
Hence it is clear that the temperature dependence of x(v) must not be 
neglected if we wish to obtain a more or less accurate description of the 
thermodynamic properties of liquids. 

If a is not very different from and if the temperature is sufficiently 
low, each atom of a liquid body must remain in the neighbourhood of 
the centre of the corresponding cell. Since this centre corresponds to 
a minimum of the energy UJ(r) we can put in this case 

m = t4(0)+i/r*, 

just as in the case of a solid body, and consequently 

0 

where a. = ffthT, which gives 

^ = -kT + C7„(0), 

or, since V(/M) = ^ttv, 

hT 

We thus come back to the expression for the free energy which has 
already been obtained for the case of liquids in the solid-like state. 

Of special interest (and practical importance for the understanding 
of the action of high explosives) is the question of the equation of state 
of strongly compressed gases at temperatures and pressures above the 
critical point. In this case the cohesive forces can practically be 
neglected, and the compressibility of the body is determined essentially 


; ^-VMkT f e-o^47rr2 dr == Z 
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by the repulsive forces which arise between the atoms when they are 
pressed close together. These forces can be described approximately as 
elastic forces due to the compressibility of the atoms (or molecules) them- 
selves. In the usual simplest form of van der Waals’s theory the mole- 
cules are dealt with as absolutely rigid spheres. This point of view leads 
to absurd results when applied to the supercritical region. As P. Weissf 
has shown by the example of liquid helium, the relationship between 
volume and pressure at supercritical temperatures (up to 700® K.) can 
be described with the help of the van der Waals equation 

{p+^^(v-b) = BT 

only if the coefficients a and b are treated as decreasing functions of 
the temperature, the coefficient a becoming negative at sufficiently 
high temperatures. 

We give below a table of values of a and h obtained by Weiss. It 
can be seen from this table that the coefficient 6, which characterizes 
the ‘volume’ of the particles, is likewise somewhat decreased with a 
rise of the temperature. 

The above results are explained by the fact that the atoms on colliding 
with each other are mutually compressed to an extent which is larger 
the larger the kinetic energy of their thermal agitation. Their mutual 
action can be described under such conditions as a repulsion, charac- 
terized partly by h and by a positive internal pressure, corresponding 
to negative values of the coefficient a. 


Table IV 


Temperature range 

a.l0« 

1 6.10« 

400®, 

300° C. 

-240 

355 

300% 

200° C. 

-267 

344 

100% 

60° C. 

-146 

407 

0% 

-60° C. 

-40 

491 

-60% 

-100° C, 

-6 

620 

-160% 

-183°C. 

+ 36 

592 

-252% 

-268° C. 

+67 

663 


t P. Weiss, JiibiU de M. BriUouin, Paris, 1936. 
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HEAT MOTION IN LIQUIDS AND THEIR 
MECHANICAL PROPERTIES 

1. Heat Motion in Simple Liquids 

In the preceding chapter we have established the fact that .in the 
neighbourhood of the crystallization point the heat motion in liquid 
bodies must have the same character as in solids, i.e. consist, in its 
main features, in the vibration of particles (atoms) about certain 
equilibrium positions. 

This conclusion leads at first sight to a contradiction. There exists 
between crystals and liquids a sharp difference, the former being rigid 
(i.e. capable of elastic resistance to shearing stress), while the latter are 
fluid. The rigidity of crystals is in full agreement with the conception 
that the heat motion of the atoms reduces to vibrations of small ampli- 
tude about invariable equilibrium positions. This conception seems, 
however, to be wholly inappropriate in the case of liquids with their 
characteristic fluidity. 

A way out of this contradiction lies in the assumption that the 
equilibrium positions of the atoms in a liquid body are not absolutely 
permanent, but, for every given atom, have a temporary character. 
After performing a more or less large number of oscillations about the 
same equilibrium position during a certain time t, each atom of the 
liquid can jump to a new equilibrium position, at a distance 8 of 
the same order of magnitude as the mean distance between the 
adjacent atoms, where it is surrounded, partially at least, by new 
neighbours. 

If the time t is large compared with the vibration period, this sporadic 
change of the equilibrium position cannot affect the magnitude of the 
specific heat of the liquid (which in this respect must remain ‘solid-like’). 
If, however, at the same time, t is small compared with the unit of the 
ordinary time scale or more exactly with the time i, during which the 
body is acted upon by a force of constant magnitude and direction, 
it wiU yield to this force in the sense described by the ordinary process 
of liquid flow. 

In the contrary case, when t is large compared with t, the same force 
will produce only an elastic deformation of the body, consisting of a 
small shift of the equilibrium positions of all the atoms, just as in an 
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ordinary solid body. In other words, the characteristic ‘fluidity’ of 
liquids can be displayed only under the action of forces which vary 
sufficiently slowly with respect to magnitude, and especially to direc- 
tion, that is in such a way that the time of their action in a given 
direction is large compared with the average value of r — the mean life 
of an atom in a definite equilibrium position. Under such conditions 
the ‘rigidity’ of liquids, i.e. their capability of elastic (and not viscous) 
resistance to shearing stress, connected with the existence of temporary 
equilibrium positions of the atoms, is, as it were, ‘masked’ by their 
fluidity. 

This conception, which was put forward by the present author in 
1925, enables one to unify such seemingly opposite and mutually 
exclusive properties as rigidity and fluidity. 

An early attempt at such a unification was made for the first time 
by Maxwell, f who, however, based it on a purely formal argument 
consisting in representing the total strain due to a given shearing stress 
as the sum of an elastic part characteristic of a rigid body and a viscous 
part characteristic of a ‘purely’ liquid body. 

The conception that the molecules of a liquid are vibrating about 
equilibrium positions which are shifted now and then to adjacent sites 
forms the molecular-kinetic basis for Maxwell’s phenomenological theory 
(which will be discussed in detail in § 3). 

This conception must not be considered as introduced ad hoCy i.e. 
for the special purpose of explaining the fluidity of liquids, in con- 
nexion with the similarity between liquid and solid bodies with respect 
to the value of their specific heat. In our treatment of the heat motion 
in crystals (Ch. I) we have arrived, on the basis of general statistical 
considerations, at the conclusion that even in this case the equilibrium 
positions of the atoms are not permanent, each atom wandering through- 
out the whole volume of the crystal from one position to the next, by 
exchanging its place with an adjacent atom or with an adjacent hole, 
or by getting dislocated and moving from one ‘interstitial’ site to the 
next. 

This step by step wandering or self-diffusion motion, leading to a 
gradual mixing up of all the atoms, must proceed much faster in liquids 
than in solid bodies and must have a simpler character because of the 
absence of definite lattice sites. Each elementary shift of the equilibrium 
position of an atom in a liquid body can be described as a sequence of 
two processes: the ‘evaporation’ of the atom from its initial equilibrium 
t J. C. Maxwell, PhU. Trane. 157, 49 (1867). 
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position into an intermediate one, connected with the increase by a 
certain amount —W (activation energy) of its potential energy-^ 
or, more exactly, of the free energy of the whole complex constituted 
by it and by the surrounding atoms — and the ‘condensation’ from this 
intermediate position, corresponding to a maximum value of the poten- 
tial (or free) energy, into a new equilibrium position, the resulting extra 
value of the kinetic energy, into which the activation energy is trans- 
formed, being instantaneously shaken off, as it were, i.e. distributed 
between the given atom and its new surroundings so that it cannot get 
back at once into its initial equilibrium position. 

Under such conditions the dependence of the ‘mean life’ of an atom 
in the same equilibrium position on the temperature is expressed by 
the equation ^ 

the average velocity of translation of the atoms through the whole 
volume of the liquid being given by 

w = - = (la) 

T To 

and the self-diffusion coefficient, which determines the rate of their 
mixing together, by 

i) = ~ (lb) 

or otq 

This last formula can be and has been verified experimentally by the 
method of radioactive tracer atoms first applied by Hevesy in the case 
of fused lead.f The energy W turns out to be much smaller than in the 
case of the corresponding solid (crystalline) bodies, which is easily 
explained by the larger volume of the liquid, in connexion with the 
fact that W decreases with increase of the interatomic distances. . 

If, on lowering the temperature, the simple monatomic liquid we 
are considering did not crystallize, it would gradually lose its fiuidity, 
and, at such temperatures as those for which t is of the order of hours 
and days, would become practically rigid. 

The possibility of such a continuous transition from the liquid state 
into the solid amorphous one, which is actually realized in the case of 
a number of complex substances on rapid cooling, must be considered 
as a direct proof of the fact that the properties of fiuidity and rigidity 
can coexist in the same body, the classification of condensed bodies 
into solids and liquids having thus but a relative meaning convenient 
for practical purposes but devoid of scientific value. 

t Hevesy and Seith, Z. Elektrochem, 37, 528 (1931). 
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2. The Viscosity of Simple Liquids 

The conception set forth in the preceding section serves as a basis 
for a kinetic theory of the viscosity of liquids which was developed by 
the author in 1926.t 

It should be mentioned that earlier attempts to explain the viscosity 
of liquids were based on the generally accepted analogy between the 
liquid and the gaseous state and attributed the viscosity in both cases 
to the same mechanism, namely the transfer of momentum in the 
mixing up of the molecules. In the case of gases this mechanism is 
justified by the fact that the molecules move most of the time uni- 
formly in a constant direction, their momentum being altered by their 
interaction with each other during the relatively very short periods 
when they get into direct ‘contact’, i.e. suffer a ‘collision’. Under such 
conditions the levelling out of the average (macroscopic) velocities of 
contiguous layers (or elements of volume) can be treated as a result of 
a mixing together of the molecules with different additional (macro- 
scopic) velocities. It is natural that in this case the coefficient of 
viscosity /x, which is a measure of the rate of this ‘levelling-out’ process, 
turns out to be proportional to the diffusion (or self-diffusion) coefficient 
D, which is a measure of the rate of the mixing up of the molecules. 
The relation between these two coefficients can be found directly from 
a comparison between the equation of motion of a viscous fluid: 

( 2 ) 

where p is the density, v the macroscopic velocity, and p the pressure, 
with the equation of self-diffusion: 

^ = DW, (2 a) 

Cl 

where n* is the concentration of ‘tracer’ atoms (distinguished by the 
value of their additional velocity, for example). 

If in equation (2) the last term, representing the influence of pressure, 
is dropped and dyjdt is replaced by dvjdt (which is allowed in the case 
of small velocities), it assumes the form 

^ = f^V*(pv), (2 b) 

Ot p 

which differs from (2 a) by the substitution of the macroscopic density 
of momentum py for the concentration n*. The fact that in the case 


t J. Frenkel, Z.f, Phya. 35, 662 (1926). 
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of gases the levelling out of the macroscopic momentum takes place 
through the mixing together of ‘slow* and ‘fast* molecules can thus be 
expressed by the equality of the corresponding coefficients, i.e. 

t=D. (3) 

P 

The same result is obtained, as is well known, by a direct calculation 
of the rate of momentum transfer in a gas, the diffusion coefficient 
being given by the formula 

D = ^Iw, (3 a) 

where I is the mean free path of the molecules and w the average 
velocity of their thermal agitation. 

A similar approach to the question of the viscosity of liquids has a 
certain sense in the case of very high temperatures, lying near the 
critical one, when the heat motion of the molecules in the liquid state 
becomes similar to that in a gas ^ lyT ^ tq). In this case it is 
sufficient to introduce a minor correction for the finite size of the 
molecules (in calculating the time of collision). 

Leaving this question aside and coming back to a consideration of 
liquids at low temperatures (near the crystallization point), we must 
proceed along an entirely different path for the explanation of their 
viscosity, a path starting from the analogy between the heat motion in 
liquid and in solid bodies. 

From this point of view it is devoid of any meaning to treat the 
viscosity of a liquid as the result of a transfer of momentum by the 
individual particles (atoms), since the momentum of each atom cannot 
be considered — even in the roughest approximation — as a constant of 
the motion, as in the case of gases, but oscillates rapidly along with the 
vibrations of the atom about its equilibrium position. The fact to be 
explained in the case of liquids is not their viscosity y that is the resistance 
to shearing stress, but rather their fluidity y i.e. the capability of yielding 
to such a stress. Under such conditions it is natural to start directly 
from the mobility of the individual particles, i.e. the average velocity 
which is acquired by them with respect to the surrounding particles 
under the action of an external force of unit magnitude. The fluidity of a 
liquid, which can be measured by the reciprocal value of the viscosity 
coefficient (l//i), must obviously be proportional to the mobility (oc) of 
the individual particles constituting it. Now since the latter, according 
to Einstein’s relation, is proportional to the diffusion coefficient, it 
follows that the viscosity of liquids in the solid-like state (i.e. near the 
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crystallization point) is not directly proportional to the diffusion co- 
efficient, as in the case of gases, but inversely proportional to it. This 
explains at once the fact that the viscosity of liquids decreases when 
the temperature is raised, instead of increasing, as in the case of gases. 
Since the self-diffusion coefficient of a liquid body is proportional to 
the expression this expression must also determine the tempera- 

ture variation of its fluidity. We thus see that the viscosity of a liquid, 
as a function of the temperature, must be represented by an equation 
of the form ^ ^ Ae^^^^ (4) 

with an approximately constant coefficient A, 

The same result is obtained with the help of a more detailed argument 
which enables one, in addition, to determine the numerical value of the 
coefficient A, 

Let us treat one of the particles of the liquid as a small sphere with 
a radius a, and let us determine the resistance F suffered by it when 
moving with an average velocity v with respect to the surrounding 
particles (the liquid being supposed to remain at rest at large distances) 
by Stokes’s law F = (6) 

Writing this expression in the form v = otF we see that the mobility 
of the particle under consideration can be expressed through the 
viscosity coefficient of the liquid by the formula 


On the other hand, according to Einstein’s relation, we have 

D 

kr 

H.„» («) 

Now, the ‘self-diffusion’ coefficient of the liquid D is given, according 
to our theory, by the expression 

D = — 

Substituting it in the preceding formula we get 

^^'^O^WIkT /ftoA 


which agrees with (4) if 


A - 

7ra8»* 


8695.2ft 


00 
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Equation (4) describes very accurately the temperature dependence of 
the viscosity of all the liquids, not only simple, for which it has been 
derived, but also complex (with the exception of ‘associating* ones), at 
a constant pressure. The experimental values of A are, however, usually 
100 to 1,000 times smaller than the theoretical ones.f This discrepancy 
can be explained in the same way as the apparent discrepancy of the 
factor outside the exponential in the empirical expression (lb) for the 
diffusion coefficient with the theoretical value S^/otq, namely by a 
practically linear decrease of the activation energy W with increase of the 
temperature, owing to the thermal expansion of the liquid at constant 
pressure. Putting, as in equation (40) of Ch. I, 

W = Wo~ykT, 

we get D = — 

OTq 

which brings us back to the previous expression (4) for p with a 
value of the coefficient A smaller by e^: 


A 




e-y. 


(7 a) 


In order to remove the discrepancy between the theoretical and the 
experimental values of A we must put « 100, that is y » 6 which 
corresponds to a decrease of the activation energy by 10 cal./mole per 
degree. This means that the values of r previously obtained must be 
increased by a factor of 100. 

If we take into account the dependence of W not only on the tempera- 
ture but also on the pressure, according to the equations 

W = Wo-P{v-Vq) and = -(vJK)p, 

the coefficient A turns out to be an exponential function of the pressure 

A = AqCpIp^ (8) 

where Aq is the value of A for p = 0 and, if a is the coefficient of 
thermal expansion, 

= “ (8a) 

y 

is a pressure which corresponds to an e(= 2*71)-fold increase of the 
viscosity. The exponential increase of the viscosity with the pressure 
is in agreement with the experimental results. 


t In calculating A according to (7) one can put a « 8 10~* cm. and r, « 10“'* aeo., 

which for T « 300® gives A «= 10~* c.g.8. 
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Putting a 10“® and K = 10 ^^ dynes/cm.^ we get for y == 6 and 
T = 300 K. ^ jq 9 dynes/cm.2 = 1,000 atmospheres. 

Hence it follows that when the pressure is increased up to 10^ 
atmospheres the viscosity must increase by a factor of » 10^. 

This result is somewhat exaggerated; nevertheless, it gives a correct 
idea of the magnitude of the influence produced by the pressure on the 
viscosity of certain liquids. f 

It should be borne in mind that the application of equation (8) to 
the case of very high pressures can hardly give exact results, since the 
dependence of the volume on the pressure, and of the energy W on the 
volume, deviates from a linear law in this region. 

The above derivation of equations (4) and (7) may raise certain 
doubts, for it is based on the application of the macroscopic expression 
(5 a) for the mobility of a hard sphere moving in a viscous liquid to the 
particles of the liquid itself. It should be noted in this connexion that 
the application of this macroscopic method to the theoretical deter- 
mination of the mobilities of ions in solutions of electrolytes leads to 
values which are in fair agreement with the theoretical ones both with 
respect to the order of magnitude and to the dependence on the tem- 
perature (which reduces to the temperature dependence of the ‘fluidity^ 
1//Lt). The theoretical justiflcation of such a procedure lies in the fact 
that it accounts — though but in a roughly approximate way — for the 
partial participation of all the molecules of the liquid in the translational 
motion of one of them. 

In order to make clearer the molecular mechanism of the flow of a 
viscous liquid I shall give an alternative derivation of the preceding 
results, which, moreover, is free from the above objection. 

Like the preceding one, it is based on the notion of the mobility of 
the individual molecules of the liquid. It does not make use, however, 
of the phenomenological connexion between the mobility and the 
macroscopic viscosity of the liquid, but derives this viscosity from a 
consideration of the mechanism of its flow.J 

t According to Ewell and Eyring (J. Ghem. Phya. 5, 734, 1937) the quantity 
ethyl bromide, ethyl ether, euid CS| lies close to 2,000 (at room temperature). The ratio 
hIHq for p = 2,000 is equal for these three liquids to 3*74, 2*20, and 2*03 respectively. 
It should be remarked that within the range between 6,000 and 12,000 atmospheres the 
viscosity of many liquids has been fotmd to rise as the cube of the pressure. 

t In my first publication (1926) on the viscosity of liquids I confined myself to the 
derivation of the expression for the viscosity coefficient given above. This probably 
explains the fact that Andrade {Phil, Mag. 17 , 497, 698, 1934), who a few years later pro- 
posed an essentially similar though more qualitative theory, did not notice its connexion 
with mine. I pointed out this connexion in a . discussion in Nature ( 136 , 167, 1936), 
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3. Connexion between the Viscosity and the Rigidity of Liquid 
Bodies 

Let the flow of a liquid take place in the direction of the a-axis 
(from left to right), its average (macroscopic) velocity increasing in the 
direction of the y-axis (upwards). Let us consider a layer of the liquid 
with a thickness dy ==h (where S is the average distance between 
adjacent molecules), enclosed between the planes y = yo V = ^0+8. 
If the layer lying below it moves as a whole with an average velocity Vq, 
then the layer under consideration moves with respect to it with an 
average velocity = {dvjdy)h. This motion must be ascribed to the 
action of the force by which this layer is pulled (to the right) by the 
layer lying above it. If this force referred to unit area is denoted by 
(shearing stress), then the force actiag on each molecule is given by 
F = (8^ being the average area per molecule of the layer). 

While the equilibrium positions of all these particles move with an 
average velocity Vq (the same as that of the preceding layer), each of 
them vibrates about its equilibrium position, jumping over now and 
then to a new equilibrium position, which in the presence of the force 
F lies as a rule in the direction of the latter with respect to the initial 
position at a distance 8 from it. This jerk-like diffusion motion of the 
individual molecules, taking place at different instants in the direction 
by prefe^nce of the pulling force, constitutes the average motion of the 
whole layer with respect to the preceding one. 

The (relative) velocity of this motion is given by the expression 

AVgg = OLF = (xPggy8\ 

Putting here Avg^ = (dvJdy)S we obtain the usual relation between 
the velocity gradient and the shearing stress 


— - 

the product 08 standing for the reciprocal of the viscosity coefficient /z. 
We thus get 1 


This expression differs from (5 a) only by the absence of the factor Btt 
in the denominator and by the substitution of the average distance 
between neighbouring particles 8 for the radius of one of them a. 


whem a more detailed derivation, reproduced in the next section, was given. It is rather 
siu|iri8ing that both Andrade and Eyring, who in 1937 developed a theory of exactly 
the same Idnd, persisted in ignoring my earlier publications on the subject. 
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Replacing a by DjkT we obtain the foDowing expression for the co- 
eflaoient of viscosity: ^ 

(9a) 


which is practically identical with (6 a). 

The above analysis of the mechanism of viscous flow opens the way 
to an alternative determination of the viscosity coefficient along a line 
first introduced by Maxwell and based on a combination of a viscous 
flow with an elastic shearing strain due to the same shearing stress 
If the direction of the latter alternated with a period small com- 
pared with the mean life of the particles in the same equilibrium 
position, then in jumping from one position to the next they would 
exhibit no preference for any particular direction, so that the diffusion 
motion would not give rise to a viscous flow. The influence of the 
shearing stress would reduce in this case to a purely elmtic strain, 
consisting in a small simultaneous shift of the equilibrium positions of 
all the particles within each layer of the liquid with respect to the 
adjacent layers in the same way as in an ordinary solid elastic body, i.e. 
according to the equation 

1 p 


where is the elastic displacement (from left to right, say) of a layer 
at a height y from the base, and 0 the rigidity modulus. Differentiating 
this equation with respect to the time and noting that dujdt = 
where v'g. is the velocity of the elastic displacement, we can rewrite it 
in the form 

dy G dt * 

If the direction of the stress Pg^ remains constant or is changed relatively 
slowly, the liquid must suffer, in addition to this elastic strain, a viscous 
flow with a velocity vj determined by the equation 


dy p ^ 


The total velocity of the layer Vg. is obviously equal to the sum of vj., 
and vj. We thus obtain the following equation of the resulting motion 
of a ‘condensed’ body, combining the properties of an idealized elastic 
solid and of an idealized viscous liquid: 


( 10 ) 

dy 0 dt 

This equation forms the basis of Maxwell’s ‘relaxation theory of 
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elasticity’. This denomination follows from the fact that when the 
.motion oomes suddenly to a standstill^ the stress does not preserve the 
value 0(dujdy) corresponding to the instantaneous magnitude of the 
strain, as in the case of an ordinary elastic body, nor does it vanish at 
f once, as required by the ordinary (macroscopic) theory of viscosity, 
: but gradually ‘relaxes’ from the initial value Pq at the instant ^ ^ 0 
down to zero, according to the equation 


G dt 



0 , 


to which (10) is reduced if we put — 0. We thus get 


P = 


(10a) 


where '^m = ^ 

is Maxwell’s ‘relaxation time’. 

In Maxwell’s phenomenological theory this time remained wholly 
arbitrary. From the point of view of our molecular-kinetic theory it 
seems natural that it should be identified, approximately at least, with 
the mean duration of the ‘sedentary’ life of a particle, i.e. the average 
time T it remains attached to the same equilibrium position. This 
identification is substantiated by a consideration of the infiuence of a 
harmonically varying force P = The right-hand side of equation 

(10) is reduced in this case to — ^{l+i(jDTj^)P. If the 

product COT is small compared with 1, i.e. if the vibration period of the 
force 0 = 27 r/co is large compared with the relaxation time the 
second term in the brackets can be neglected. This means that under 
such conditions the vibrational motion of the body is reduced practically 
to a viscous flow. In the opposite case cot ^ 1, i.e. 6 the first 
term in the brackets can be neglected, so that the right-hand side of 
equation (10) is reduced to the term (\IO)(dP jdt) corresponding to 
purely elastic vibrations of the body. 

Hence it follows that Maxwell’s relaxation time cannot be much 
different from our ‘mean life of a sedentary state ’ t = Sub- 

stituting it in the expression (10 b) we get 

( 11 ) 

This equation is identical with (4) if we put A = Gtq, or with 
a view to the temperature dependence of W (= HJ— yfcP): 

A = GtqC’^. 
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It differs slightly from the equations (6 a) and (9 a), previously derived 
by us, by the substitution of the rigidity modulus G for the expression 
kT/rrah^ or QkTIS^. Since l/aS^ » 1/S® ^ n, where n is the number of 
particles in unit volume, the original expressions for fi turn out to be 
equivalent to the new one, following from Maxwell’s relaxation theory, 
if the rigidity modulus G is identified with the pressure p = nkT which 
would be produced by the particles of the liquid if for a given concen- 
tration n they behaved as particles of an ideal gas. 

Such a definition of the rigidity modulus is of course devoid of physical 
meaning. Its actual magnitude for a liquid body can be determined 
theoretically from a consideration of the intermolecular forces, in 
exactly the same way as in the case of solid bodies, if allowance is made 
for the somewhat larger value of the interatomic distances and for the 
absence of distant order in the arrangement of the atoms. This circum- 
stance must lead to a certain decrease of the rigidity modulus of liquids 
compared with that of the corresponding solids, without, however, 
affecting the order of magnitude. The rigidity modulus of a liquid 
must- thus have a magnitude of the order of 10^^ dynes/cm.®, slowly 
decreasing with increase of the temperature, just as in the case of solid 
bodies. An increase of it, which would be required by an identification 
of G with kTjb^ is, of course, out of the question. 

A reconciliation of our theory with that of Maxwell can be reached 
only by refraining from the identification of Maxwell’s relaxation time 
Tjjf with the mean life-time of an equilibrium position and by introducing 
the relation 

Since at T = 300 the pressure kTjP is of the order of lO^^-lO^^ 
dynes/cm.®, i.e. of the same order of magnitude as G, turns out to 
be under ordinary conditions only slightly different from t. 

The equations (6 a) or (9 a) have the advantage over (11) of being 
applicable to the limiting case of very high temperatures, at which the 
liquid ceases to be ‘solid-like’ and becomes rather gas-like. In this case 
the exponential factor accounting for the decrease of the viscosity 
with rising temperature, becomes practically unity (the mean life- 
time T reducing to the vibration period tq), and the dependence of the 
non-exponential factor A = A;T/8® (or kTjhhy) on the temperature, 
which was masked by it for lower values of T, corresponds to an increase 
of the viscosity with the temperature, characteristic of the gaseous state. 

It is true that in the latter case the viscosity should be proportional 
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to Vr rather than to T. It is interesting to note, however, that the 
magnitude of the viscosity coefficient which follows from our theory in 
the case of high temperatures lies very close to that which is obtained 
in the usual way from the kinetic theory of gases. Putting in the 
corresponding equations (3) and (3 a) p = nm, where m is the mass of 
a molecule, and I = l/8®» ^ 8 (since in the case of a liquid n ^ 1/8®), 

/i = Jnm8v. 

On the other hand, equation (6 a) reduces in the case « 1 to 
fi = nkTTQir « nmv\7r. 

This expression becomes identical with the preceding one if tq is identi- 
fied with the time required for moving over the distance 8 with the 
thermal velocity v (as has been done in § 1 of Ch. I in the derivation 
of equation (10a)). At elevated temperatures such an identification 
becomes quite natural. 

If tq is treated as a constant of the order of 10“^® sec., the ratio 8 /to 
becomes a constant of the order of 10® cm./sec., which lies close to the 
actual value of v within the practically accessible range of temperatures. 

4, The ‘Hole’ Theory of Diflfusion and Viscosity of Liquids 

In deriving the expression (6 a) for the. viscosity of a liquid body we 
have assumed that the average resistance of the liquid to the motion 
of one of its particles can be calculated with the help of Stokes’s law. 

If now a molecule of the liquid under consideration is replaced by a 
molecule of some foreign substance dissolved in it, the application of 
Stokes’s formula yields for the mobility of this foreign molecule a value 
of the same order of magnitude as that corresponding to its proper 
molecules (unless their radii are very different). This result is directly 
verified in the case of electrolytic ions whose mobility can be calculated 
from the specific conductivity. In the case of ordinary solvents the 
latter turns out to be inversely proportional to the coefficient of viscosity 
of the solvent (a/x = const.), in agreement with the results of the 
application of Stokes’s theory. 

This result appears at first sight to be quite natural and even some- 
what trivial. 

IVom the approximate equality between the mobilities of different 
(dissolved) molecules in the same liquid solvent there follows, however, 
the somewhat unexpected conclusion that their diffusion coefficients 
must also be approximately equal to each other and to the self-diffusion 
coefficient of the solvent. This conclusion is in full agreement with the 
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experimental facts, which show that the diffusion coefficients of widely 
different substances dissolved in the same liquid vary with the tem- 
perature as the reciprocal of the viscosity of the solvent. Hence it 
follows that the activation energy If, which determines the temperature 
dependence of the diffusion coefficient in the equation D == const. 
must be approximately the same for various solutes, being thus charac- 
teristic of the mutual action between the molecules of the solvent 
and not of that between these molecules and those of the dissolved 
substance. 

This result seems certainly far less trivial than that from which it is 
derived. 

It should be remembered that in the case of solid bodies the diffusion 
coefficients of various ‘impurities’ are widely different from each other 
both with respect to the order of magnitude and to their dependence 
on the temperature. 

Instead of this remarkable variety, we find in the case of liquid 
solvents a perhaps still more remarkable uniformity, the diffusion 
coefficients of widely different dissolved substances lying at room 
temperature near the same value 1 cm.^day, i.e. 10"® cm.®/sec. and 
differing from each other by a factor of 10 at most. Thus, for example, 
the diffusion coefficients of radon, oxygen, HCl, and sugar in water at 
18° C. are equal to 2*33, 1*6, 1*39, and 0*34 cm.^day respectively; the 
difference between these figures is quite insignificant when compared 
with the difference between the chemical constitution and geometrical 
dimensions of the molecules of the corresponding substances. 

It is interesting to note that the diffusion coefficients in the case of 
liquid solvents vary to only a relatively slight extent from one solvent 
to another. Thus, for example, the diffusion coefficients of lead, cad- 
mium, gold, and copper in mercury in the range between room tempera- 
ture and 500° C. lie in the range 0-72 to 3* 18 cm.^/day. It should be men- 
tioned for the sake of comparison that the diffusion coefficients of gold 
in molten lead and tin at 500*^ G. are equal respectively to 3*19 and 
4-65 cm.>2/day, while the diffusion coefficients of various organic sub- 
stances in organic liquids at 20° C. vary between 0-4 cm.^/day (glycerine 
in €fthyl alcohol) and 2*6 cm.^day. 

The comparison of these facts with the theoretical expression 

D == ile-»r/fcr 

for the diffusion coefficient leads, at first sight, to a serious difficulty. 
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In fact, the activation energy W should apparently be determined by 
the mutual action between the molecules of the solvent on the one hand, 
and the molecules of the dissolved substance on the other; it should, 
Accordingly, vary 'more or less sharply with the variation of the nature 
of either of them. 

Before discussing the difficulty the following circumstance must be 
pointed out. 

Since in the case of liquids the activation energy W is much smaller 
than in, that of crystals, being of the order of the heat of fusion, the 
factor must in the former case lie much closer to 1 and display 

a much smaller variation with the temperature than in the latter. This 
explains at once the fact that the diffusion coefficients of various 
substonces in liquid solvents are much larger (by a few orders of 
magnitude) than in solids, and are at the same time much less sensitive 
to a variation of the temperature or of the nature of the solute and 
solvent. In the limiting case W/kT-^0, i.e. the above 

expression for D must reduce to a practically constant value 

§2 10-18 

— « cm.^sec. ^ 100 cm.^day. 

6tq 10“"^* 

The actual values of D are, as has been shown above, about 100 times 
smalls than this figure, so that » 100 or IT 2,400-10,000 
cal./mole (for T « 300-800"^ K.). It should be remembered, for the sake 
of comparison, that in the case of solid bodies the energy W lies 
between 20,000 and 60,000 cal./mole, which corresponds to a decrease 
of D by a factor of 10* and even 10® at room temperatures and to a 
much sharper dependence on the temperature. 

The approximate equality of the energy W for various substances 
dissolved in the same liquid, and the (approximate) coincidence of this 
energy with the activation energy which determines the temperature* 
dependence of the viscosity of the solvent, can now be explained as 
foUows; 

, 1. If the molecules of the dissolved substance are very large (com- 
pared with those of the solvent) their heat motion cannot be described 
M an alternation of vibrations about an equilibrium position and dis- 
placements of the latter, but must be similar to the Brownian motion 
of colloidal particles. Accordingly, the expression D = (8®/6ro)c“^^*^ 
cannot be applied to this case. On the other hand, the Binstem-Stokes 
equations D =» oJcT = kTj^hfjua becomes more exact thb larger the, 
radius a of the ^macromolecules’. Putting/* = where 
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the quantities with the suflSx 0 refer to the molecules of the solvent, 
we obtain the following expression for the diffusion coefficient: 

D = ?ifog-wv*:r ^ D 

Batq d 

which both with respect to the dependence on the temperature and to 
the order of magnitude of the factors outside the exponential is in full 
agreement with the experimental data. 

2. If the molecules of the dissolved substance are comparable in 
respect of their size with the molecules of the solvent, the usual con- 
ception of the thermal motion in a liquid body is applicable to them, 
and the activation energy W in the equation D == (82/6To)e-^/*'^ should 
be determined by the mutual action of the molecules of solute and the 
solvent, and not of the latter alone, as found experimentally. 

This circumstance can be explained in two different ways: 

(a) In the first place it can be assumed that when a molecule of the 
solute moves about in a liquid solvent, the surrounding molecules of the 
latter are carried along by it in the same way as in the case of maCro- 
molecules, i.p. in accordance with the macroscopic hydrodjrnamioal 
theory. This does not necessarily mean a ‘solvation^ of the dissolved 
molecules and a motion of the solvated complex as a rigid whole. Such 
a solvation would practically bring us back to the case of macro- 
molecules, considered above. If it does not take place, then the ‘drag- 
ging’ of the solvent molecules by a molecule of the dissolved substance 
must be quite similar to the ‘mutual dragging’ of the solvent molecules 
in the case of self-diffusion. Under such conditions the activation 
energy W must be referred to the whole complex of particles partici- 
pating in the elementary transition of the particle under consideration 
from one equilibrium position to the next and in the case of a dilute 
solution cannot markedly differ from Wq. 

(b) This collective motion of a complex of particles can be pictured 
in such a way that the central particle (of the solute or of the solvent) 
should not play the role of the ‘leader’, but, on the contrary, should 
be ‘led’ by the surrounding ones, thus participating in the transition 
in a passive rather than in an active way. Let us imagine that the 
transition of the (‘central’) particle under consideration to a new 
equilibrium position takes place owing to a recession of the surrounding 
particles, which clear the way for it to this new position by making a 
‘hole’ near the initial one. The transition to the new equilibrium 
position thus consists essentially in the filling up of this hole, whereby 
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a similar hole must be left at the initial position, this hole being there- 
after closed by a process opposite to that which gave rise to it. From 
this point of view the activation energy W for the diffusion or self- 
diffusion in a liquid can be treated as the energy which is necessary 
for the formation of a ‘hole’, i.e. a small cavity of such size that it 
could accommodate a whole particle or at least a certain portion of it 
(in the case of large particles). 

Identifying this energy with the surface energy of such a cavity and 
treating it as a sphere with a radius r we have W — where a is 
the surface energy of the liquid. Putting g ^ 400 (mercury) and 
r = 10“® cm. we get If = 5.10"^^ erg, i.e. about 10,000 calories per 
mole. This figure is somefwhat exaggerated, yet of the correct order of 
magnitude. It is clear that in the case of a dilute solution the activation 
ener^ defined in this way must be practically identical with that 
which corresponds to the pure solvent Wq. 

We are thus led to the ‘hole’ theory of liquid bodies, which has been 
developed in § 10 of Ch. Ill in connexion with their equilibrium 
properties. This theory enables one also to understand the relationship 
between the viscosity of a given liquid and its specific volume, which 
was long ago discovered by Batschinskif and which is represented by 
the equation ^ 

** = 7^’ (12) 

where the parameters B and b are approximately independent both of 
the temperature and of the pressure. The constant 6 is practically the 
same as that appearing in van der Waals’s equation, so that the differ- 
ence V—b represents the ‘free volume’ of the liquid, Batschinski’s 
equation thus reducing to a proportionality of the fluidity to the free 
volume, irrespective of the temperature and the pressure which affect 
the viscosity in so far only as they influence the specific volume of the 
liquid. 

This result, which forms the essence of Batschinski’s relation, has been 
shown to be but approximately correct (in the region of high pressures, 
in particular). Nevertheless, its approximate validity within even a 
limited range of temperatures and pressures requires an explanation. 

Equating Batschinski’s expression for the viscosity of a liquid with 
the equation (4) of § 2 we get 

F-6 = Ce-^/*^, (12 a) 

where C == BjA = constant. 

t Batsohinaki, Z. phyt, Ohem, 84, 643 (1013). 
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This equation coincides with the ‘equation of state* of a liquid body 
which has been shown in § 10 of the preceding chapter. 

The exponential dependence of the free volume on the pressure, 
which follows from this equation, is certainly a roughly approximate 
one and can hold in a very limited range only. 

According to an empirical equation which was proposed long ago by 
Tait, the dependence of F on p can be represented with sufficient accuracy 
up to pressures of the order of 10,000 atmospheres by the logarithmic 
expression 

V = Fo-ailog(l+j>/j3). (13) 

The fact that the viscosity of a liquid is inversely proportional to its 
free volume, as required by Batschinski’s formula, is explained by the 
hole theory of liquids in a quite natural way. 

As has been shown in § 5 of Ch. I, the hole mechanism of the diffusion 
(or self-diffusion) in a crystalline body leads to the following relation 
between the diffusion coefficients of the holes D' and that of the 
particles D: , 

D=:-D' 

n 

(cf. eq. (36 a)). Hence it follows that D is proportional to the concentra- 
tion of the holes n\ Using Einstein’s relation q = DjkT between the 
mobility of the particles and their self-diffusion coefficient, it is possible 
to calculate the viscosity coefficient of the liquid /x in the same way as 
has been done in § 1 and § 2 with exactly similar results. We thus get 

i = const. — 
ji n 

or, since n'jn ^ e-v'\kT j)f ^ ^-nu'ikx (where AU' is the activation 
energy for the diffusion of holes) 

jx = const. e^u'+AU’)ikT^ 

In order to bring this result in agreement with the relations (12) and 
(12 a), where W is obviously identical with the energy of hole formation 
U\ we must neglect AK' in comparison with U\ This is, on our view, the 
actual nature of the approximation involved in Batschinski’s formula, 
and the reason why it fails to give an exact re^>resentation of the 
dependence of the viscosity on the temperature and on the pressure. 

It follows from the preceding considerations that a viscous flow 
can exist not only in the case of liquids (and amorphous solids) but 
also in the case of crystals. The fact that it has not been observed 
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experimentally in the latter case is probably explained by the prevalence 
of plastic slipping, which, in contradistinction to viscous flow, can take 
place at the lowest temperatures. 

The conception of atomic (or molecular) holes in liquids has been 
developed in recent years in connexion with a number of questions 
referring to the equation of state of liquid bodies and to their viscosity 
by a number of authors, especially by Eyring and his co-workers. f 

Since the energy of hole formation in a crystal is approximately 
equal to the latent heat of evaporation (per molecule) if the elastic 
strain around a hole is neglected, it should follow from the 'hole’ theory 
of viscosity that the activation energy in the equation fi = for 

the viscosity coefficient must be approximately equal to the latent heat 
of evaporation Uq, In reality W is usually much smaller than lying 
rather closer to the latent heat of fusion as can be seen from the 
following table: 


1 

Substance 

W cal,jmole 

cal.lmole 

Uf caLjrnole 

Na 

0-96 

25 

0*61 

Ag 

4-87 

59*5 

2-63 

Hg 

0-6 

14 

0-67 

A 

0-52 

1*5 

0-27 

N, 

0-47 

1-34 

0-17 

H.0 

305 

9*65 

1*43 

CH,QH 

1-84 

8'4 

0*63 


The discrepancy between W and is especially striking in the case 
of metals. Since in this case the diffusion motion is due to the displace- 
ment of wna rather than of neutral atoms, the smallness of W compared 
with could be explained here, according to Eyring, by the smallness 
of the ionic holes compared vdth the atomic volume. ' 

It should be mentioned in' conclusion that our conception of the 
viscosity refers to ordinary liquids, which with respect to the character 
ef then heat motion are similar to solid bodies and are endowed with 
a (latent) rigidity. In a first approximation they are wholly deprived 
of fluidity, which can be obtained in the second approximation by 
taking into account the elementary displacements of the equilibrium 
poritions of each particle in the crowd formed by the surrounding 
Ipartieles. 

There exist a number of attempts to approach the problem of the 
viscosity of liquid from the other end, assuming the liquid in the first ' 
approximation to be wholly devoid of viscosity, and introducing various 

/ ^ Eyring and Hinchfalder, J, Phyt, Chm, 41, 249 (1937). 
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processes of dissipation of energy and momentum to explain the origin 
of viscosity.t 

In application to ordinary ‘solid-like* liquids this second line of 
approach cannot give satisfactory results, being probably applicable 
only to the unique case of liquid helium Il.f 

In our theory the viscosity of liquids is intimately connected With 
their ‘rigidity*; according to Maxwell *s relation the coefficient of 
viscosity must vanish along with the shear modulus.§ 

The fact that gases which are wholly deprived of rigidity {G = 0) 
possess, nevertheless, a finite viscosity shows that Maxwell *8 theory can 
be applied to ‘solid-like* bodies only. In those cases where the cohesive 
forces between the molecules do not play an ^sential role, because of 
their smaUness (liquid helium) or of the small density of the substance 
(gases) or, finally, because of a very high temperature (lying above the 
critical point), the conception of thermal motion as a series of small 
vibrations about a certain equilibrium position interrupted by a jerk- 
like shift of the latter is no longer valid and must be replaced by the 
famihar picture of molecules colliding with each other as rigid or elastic 
spheres, which forms the basis of the treatment of viscosity in the 
kinetic theory of gases. 

The question of the behaviour of liquids in the gas-fike state under 
extremely high temperatures and pressures will not be considered here. 

The experiments of Bridgman and others have shown that while in 
the case of chemically complex substances the dependence of the visco- 
sity on the pressure is extremely sharp, in the case of metallic bodies 
in the molten state the viscosity coefficient preserves a constant order 
of magnitude up, to pressures of the order, of 50,000 atmospheres. 

This difference between the behaviour of the two kinds of substances 
with respect to pressure can be reduced to the fact that the increase 
of volume AF, corresponding to the formation of a hole, which deter- 
mines the dependence of fi on p according to the formula 

^ p, == const, 

is in the case of metallic bodies much smaller than in that of substances 
with complex molecules. It should be mentioned that a similar differ- 
ence is found in these two cases with regard to the dependence of the 

t See, for inatanoe, L. Brillouin, Joum, de Phys, (vii) 7, 153 (1936) ; Trana, Faraday Soc, 
33, 64 (1937). 

t P. Kap^tza, Joum, of Phya* 5, 69 (1941) and L. Landau, ibid. 5, 71 (1941). 

§ Landau's theory of the superfluidity of liquid helium H is baaed on theassumption 
that the potential energy of a liquid is a function of its density only, beiiiH||ndependent 
of the magnitude of the shearing strain, which means that 0 «=* 0 even atT « 0. 
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viscosity on the temperature at a constant pressure. This correlation 
is easily explaiued by the relationship, indicated above (see p. 204), 
between AV and the activation energy W, required for the formation 
of a hole, which is proportional to the surface tension a multiplied by 
the surface of the hole, i.e. by (AF)^ 

The preceding considerations have an important bearing on the 
problem of the structure and physical condition of the Earth. The 
crust, consisting mainly of silicates and extending to a depth of about 
3,500 km., is characterized by an extremely strong increase of the 
viscosity with pressure. Accordingly, in spite of the fact that it is 
molten (owing to a temperature of the order of 3,000 degrees), it must 
be treated as an amorphous solid rather than a liquid body, as is clearly 
shown by the fact that transversal seismic waves of relatively low fre- 
quency can travel through it with but a very small damping. On the 
other hand, the metallic core of the Earth, which is a sphere with a 
radius of the order of 3,000 km., is known to be impermeable to such 
waves. This result is in full agreement with the fact that the viscosity 
of molten metals is but slightly affected both by the pressure and the 
temperature, being of the same order of magnitude as that of water 
under normal conditions (0‘01-0‘1 poise). f 

5. Visco-elastic Effects due to Structural Changes 

The relation between the volume V and the pressure p of a liquid is 
usually characterized by the linear equation 

V - (14) 

where a = AF/IJ denotes the relative expansion or compression (sup- 
posed to be small) and the bulk modulus at constant tempera- 
ture or constant entropy. 

Leaving this distinction aside we shall consider here certain com- 
plications due to the accompanying variation of the structure of the 
liquid, j: 

In the simplest case of a monatomic liquid this variation of the 
structure must reduce to a change of the degree of local order in the 
arrangement of the particles — ^in the sense of a more conapact arrange- 
ment when the liquid is compressed or a more open distribution when 
it is expanded. 

In the case of binary alloys similar changes in the degree of altema- 

t Of. Inglis, Phya, Bev. 59, 178 (1041). 

{ This question has beet^ investigated by L. Mandelstam and M. Leontovich by a 
method somewhat different from that developed below; see Joum, Exp, Theor, Phya. 
(Bum.), 7, 438 (1937). 
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tion order must take place, and so on. This change of the degree of 
local order must in general lag with respect to the variation of the 
volume (or the pressure), since it is connected with a rearrangement of 
the particles or a redistribution of their mutual orientations, i.e. with 
processes requiring a certain activation energy, and proceeding accor- 
dingly with a finite velocity only. 

In the case of monatomic liquids this time-lag of the arrangement 
with respect to the volume must obviously coincide with the mean 
life-time of vibrations about the same equilibrium positions which 
determines the ordinary viscosity of the liquid. The time-lag due to 
a change of the orientation of the molecules must, in general, be different 
from the preceding one. 

Without attempting to estimate the numerical value of these time- 
lags, which determine the rate of the corresponding relaxation processes 
(i.e. of the approach to the equilibrium condition), we shall limit our- 
selves to the consideration of the dependence between a certain struc- 
ture factor (specified by the degree of local order 77 , say) and the relative 
change s of the volume. 

If the latter is changed very slowly, the value of 7 } remains at any 
instant equal to that of Tj(s), which corresponds to thermodynamic 
equilibrium. So long as s remains small this equilibrium value can be 
represented as a function of s by the linear expression: 

rj = ^-05, (15) 


where a is a constant coefficient. 

If at a certain instant t = Oy r) differs from its equilibrium value rjy 
then for a constant value of s the difference 7}—^ = $ must tend to 
zero at a rate —d^jdty which in the first approximation must be propor- 
tional to f , that is, according to the relaxation equation. 


dt~^7^ ’ 


(16) 


or ^ = const, In the general case when s does not remain constant, 
it is necessary to introduce in the right side of this equation an addi- 
tional term, proportional to dsjdt. This term can be determined from 
the obvious condition that in the limiting case of an infinite relaxation 
time ( t 2 = 00) the parameter 7j must retain a constant value irrespective 
of 8, Under such conditions d^jdt reduces to —dfjjdty i.e. to aids/dt), 
according to (15). The general equation for f must thus run as follows: 




Ee 


(16 a) 


8S96.29 
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We must now determine how the pressure must depend upon tj for 
ft oonstftnt vftlue of the volume. To this effect let us consider the free 
energy of the liquid J as ft function of v (or a), ij, and the temperature 
(which will be assumed to remain constant and will therefore be left 
out of account in the sequel). The equilibrium value ^(F) of ij will then 
be determined from the condition F = minimum, i.e. (8Fl8rj)y = 0. 

The pressure of the liquid in the equilibrium state is given by the 
equation , , 

PIT -,T7M 

[dvj,.^ \8r,l^^dV’ 

which in virtue of the preceding condition reduces to 


^ \8V, 


'71=71 


Urj ^rj the equation p = — 1^1 

can be used for the determination of the non-equilibrium value of the 
pressure, corresponding to a fixed value of rj. 

Putting ri = we have 

„ . Amy.’i)] 


^ = 0 


that is, 

On the other hand, from the identity 

d(8F\ I8»F\ /a^ ^ 

dv[dr,j^^^ \8V87,}^^-^'^W)^^^dV 
, IS*F\ drjl8»F\ 

[mU “ ~mwrr-; 

Substituting this expression in the preceding equation we get 

.,IS*F\ dij . 

pinna f] — ij Corresponds to a minimu m of F, the second derivative of 
F with respect to ij must have a positive value, which will be denoted 
by TJh. Noting further that dijldV = — a/F, according to (15) we get, 
writii^ Vt+V^a for F and Ap for p, 

Ap = ^f—abi, (i'^) 

or finally, aooording to (14), 

-Kis-abi. (17 ft) 
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In order to obtain a relationship between Ap and a we must eliminate 
I from this equation and the equation (16 a). 


Let us put Ap = Api+A^? 2 i (18) 

where £ipi = —KiS (equilibrium part of Ap) and Ap = ab^ (non- 
equilibrium part). Substituting the expression ^ = Apjab in (16 a) 


we get 


da 

(18 a) 

that is. 

da _ 1 dAp 2 
dt ~ ^2 

P2 

(18b) 

where 

K 2 = and /Xa 

= -^2 '^2* 

(18 c) 


The equation (18 b) is of exactly the same form as Maxwell’s equation 
(10), the parameter jK’g playing the role of the modulus of compressibility, 
and fi 2 of the viscosity coefficient. Since 
they characterize the corrections in the 
expression of p as a function of a which are 
due to a deviation from the equilibrium 
state, they will be denoted as the ‘devia- 
tion’ modulus of compressibility and the 
‘deviation’ volume- viscosity coefficient. 

The relation between Ap and Sj described 
by the preceding equations, is quite similar 
to the relation between the voltage ^ and 
the quantity of electricity q in the case of 
an electric circuit consisting of a capacity 
Cl connected in series with a circuit formed 
by a parallel connexion of a capacity 
and a resistance iZg 29).t In fact, the 
total value of the voltage is equal to the 
sum of a part = (llCi)q corresponding to the charging of the first 
condenser and of a part = ( 1 /^ 2 )?' = where q* is the fraction 

of q passing through the second condenser, while dq^ldt = / is the 
current flowing through the resistance i? 2 ; the sum g'+g'' is equal to g. 
It should be noted that the capacities Ci and play the role of the 
coefficients of compressibility ki = l/^i» ^2 ~ while JS| corresponds 

to the volume viscosity The expression (18 0 ) for Ta corresponds to 



t This anabgy has been developed by Burgers, FirH Report on Viecosity and PlaaUoityt 
Axnsterdam (1935), and by Guemant, Trans. Faraday Soc» 21, 1583 (1935). 
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the well-known formula for the electric relaxation time of 

the circuit ^2)* 

We shall make use of this analogy to illustrate two very simple oases, 
namely the case of steady harmonic vibrations and that of a suddenly 
applied voltage of constant magnitude. 

In the former case we have, assuming q and <l> to be proportional 
to 1 

^2 = 

and consequently q'+q'' — q~ ^2^2 + 7^"- - = Gjll + -r^]<l>2i whence 

/ I2 \ '^^’^21 

<!> = ^1+^2 = «[c;+c,aTi/ia^)]‘ 

In the case w = oo this expression reduces to g = C<l>, where 


0 = 


CtC, 


is the capacity of the two condensers connected with each other in 
series in the absence of the resistance -Rg* opposite case w = 0 

we get q — Ci<l), which corresponds to the absence both of R^ and of Cj. 

Coming back to our mechanical problem, we see that in both extreme 
cases the volume viscosity /ig disappears from the equation connecting 
Ap with 8 , the static case (co = 0) corresponding to a compressibility 
modulus Kq = Ki while the case of very rapid vibrations corresponds 
to a modulus of compressibility — K1+K2. The latter is naturally 
larger than the former (i.e. the body is ‘harder’ with respect to rapid 
vibrations than with respect to slow ones). It is obviously characteristic 
of the ‘initial’ compressibility of the body when subjected to a suddenly 
applied pressure and can accordingly be denoted as the ‘instantaneous’ 
modulus of compressibility. 

This remark will be useful for the solution of the second problem, 
inentioned above, namely the variation of the volume of the body 
under the influence of a suddenly applied pressure. 

Availing ourselves of the electric analogy, we have in this case 

^ ^ and q = Ci<l>i under the condition ^1+^2 = ^ = const. 


eft ' R, 


for < > 0 and = 0 for < < 0. Replacing ^2 by == we get 



dt Oj dt C-^ R2 R^ 



dq . q ^ <l> 
dt'^C^R^ R2 


that is, 
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The solution of this equation has the following form: 

(I = {p ^ 0 ) 

where = -B 2 (^i+^ 2 ) = while -4 is a certain constant. 

It can be determined from the condition that at the instant ^ = 0, 
when the voltage <f) is applied, the charge q must be determined by 
the ‘instantaneous’ capacity C = GiCJ(Ci+C 2 )* 

We thus have = 3^0 = 

whence A — — C'f (^/(C'l+C'g) and finally 

or q = qQ+q\ 

where = CiC 2 <l>l(Ci+G 2 ) is the initial charge at the instant when the 
voltage <l> is applied, while 


is the additional ‘relaxation* charge, acquired gradually after this 
application. At ^ = oo the total charge q reduces to the static value 
6\ (f). It should be noted that the corresponding relaxation time tj differs 
(by a factor from the ‘proper’ relaxation time Tg = -^ 2 ^ 2 . 

In a similar way the total compression of a body due to a sudden 
application of a constant pressure Ap consists of an instantaneous 
part 8q = — Ap/(^i+iC 2 ) and of a relaxation part 




Ap 


K,(1+KJK2) 
with a ‘relaxation’ modulus of compressibility 




K'-K.(.+D 

and an effective relaxation time 

The dependence of the compression on the time is represented in Fig. 30 
for the case in which the constant pressure applied at the instant 
^ == 0 is suddenly removed at an instant ti. This brings out an instan- 
taneous decrease of a by the value remaining compression 

taking place gradually according to the equation a' = 
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These results can be checked experimentally only when the relaxation 
time Tj or tJ is large enough—of the order of a second or more. This 
condition is realized for amorphous bodies (i.e. supercooled liquids) in 
the vicinity of the so-called ‘solidification temperature below which 
they acquire an enormous viscosity (of the order of 10'®). 


5 



It has usually been supposed, following a view originally expressed 
by Tammann, that this increase of viscosity taking place near a certain 
temperature Tg is accompanied by a sharp change of all the other 
properties of the body, namely by a decrease of its compressibility, its 
thermal expansion coefficient, electric conductivity, etc. Systematic 
investigations carried out in recent years, essentially by P. Kobeko and 
his co-workers, on the properties of amorphous bodiesf have shown, 
however, that no such abrupt change actually takes place if the time 
of observation is sufficiently increased on cooling the body below Tgy 
and that the results obtained are due to an enormously rapid increase 
of the relaxation time with decrease of temperature in the neighbqur- 
hood of Tg from values of the order of a small fraction of a second for, 
say, T = Tg+6^, up to extremely high values of the order of minutes, 
hours, and even days for T = Tg’-^b^. The solidification temperature 
has thus no objective meaning and cem be defined as a temperature for 
which the relaxation time, determining the approach of the structure 
of the body towards equilibrium, is of the order of 1 second. Using the 
ordinary method of measuring the compressibility of the body (by 
means of low-frequency acoustical vibrations, for example) we obtain 

t Kobeko, KuwEaiinsky, and Gorowitch, B\M. Acad, 8ci, C7.E.<SjS.,e6rie physique, 3, 
829 (1937); Kobeko, Kuwshinsky, and Shishkin, Acta Phyc, OfUm. UM,8,8, 6, 226 
(1987); Joum. ofPhya, 3, 2S7 (1940). 
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for the compressibility modulus K the static value K just above the 
^solidification’ temperature and the instantaneous value just 

below it. More accurate measurements show that in both cases the 
total deformation of the body can be represented as the sum of the 
instantaneous and of the relaxation parts. 

Similar results are obtained for the thermal expansion coefficient 
(the ‘static’ value of which at T > ^ is larger than the ‘instan- 
taneous’ one at T < 2^, since this coefficient is inversely proportional 
to the compressibility modulus) and also for the electrical conductivity 
of glasses with an admixture of alkali metals (see Ch. VIII, § 3). 

It should be mentioned that the notion of equilibrium structure and 
equilibrium properties has a somewhat relative meaning when applied 
to an amorphous solid, which can be treated as a liquid in a metastable 
‘supercooled’ state. The structure of such a body is, by definition, 
quite different from that crystalline structure which corresponds to 
thermodynamic equilibrium. So long, however, as the crystallization 
velocity remains negligibly smaU, we can speak of an amorphous 
structure with local order only, which corresponds to a smaller value 
of the free energy of the body than all the other slightly different 
structures of the same type as that of an ‘equilibrium’ structure. The 
minimum of the energy characterizing such a ‘relative equilibrium’ 
must be considered, accordingly, as a relative minimum, which is 
separated from the absolute minimum by a very high potential (or 
rather free energy) barrier. 

That part of the compressibiUty of amorphous bodies which is due 
to a small variation of their structure accompanying a variation of the 
specific volume is intimately connected with their volume viscosity. 
These two properties can therefore be conveniently amalgamated under 
the title of ‘structural visco-elasticity*. 

A quite similar ‘visco-elasticity’ of structural origin has been recently 
discovered by P. Kobeko and his co-workers in the case of such deforma- 
tions of amorphous solid bodies as affect mainly their shape, leaving the 
volume practically constant, and as can, accordingly, be reduced to a 
shearing strain of the same type as is found in the flow of practically 
incompressible liquids. They differ, however, essentially from this case 
with respect to the character of the dynamical resistance, i.e. with 
respect to the relationship between this strain and the corresponding 
shearing stress. In the simplest case (of which rubber is a most osten- 
sible example) the flow or shear under consideration turns out to be 
wholly reversibkt fts in ordinary elastic bodies, and yet, at the same 
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ti^e, it is associated not only With an elastior but also with a ^scous 
stress. The investigations of P. Kobeko have shown that the total 
shear (flow) due to the sudden application of a shearing stress P^y of 
a constant magnitude consists of two parts: an instantaneous one 
8 q= and a ‘visco-elastic’ part, increasing with the time according 
to the relaxation law of exactly the same t5rpe 

as the structural part of the change of volume under a suddenly applied 
pressure, considered above. On the removal of the stress the first 
part of s vanishes instantly, while the second is gradually diminished 
according to the equation 

5' = const. 

This reversible character of the flow which we are here considering 
sharply differentiates it from the usual irreversible flow, observed in 
most liquids both in the normal and in the supercooled state. Since 
the relaxation time rapidly increases as the temperature is decreased 
below a certain point the viscosity associated with the reversible 
flow often escapes attention, the body being described as purely elastic 
with a shear modulus Oq = above Ty and a larger shear modulus 
Ooo == below it. 

The existence of the reversible flow of amorphous solids above Tg can 
be established with the help of high-frequency vibrations, and below 
Tg hy A sufficiently long, sometimes a year long, exposure to the action 
of a constant fbrce. 

Making use of the vibration method M. Komfeldf has shown that 
the relaxation time Tg of rubber at room temperature is of the order of 
sec., while at — 60 *^ C. it becomes very large, of the order of a few 
.minutes at least. This explains the fact that rubber loses its charac- 
teristio high elasticity at low temperatures (and even becomes brittle 
at the temperature of liquid air). The special feature of rubber which 
distinguishes it from ordinary amorphous bodies consists in the small- 
ness of its relaxation shearing modulus O' = Oi{l+OJ02) compared 
with the instantaneous one 6^1-f 6^2, or what amounts to the same thing, 
in the smallness of the static modulus Oi compared with the deviation 
modulus O2 ; whereas the instantaneous modulus has the same order of 
magnitude as in the case of ordinary solid bodies (10* kg./cm.*), the 
static (or relaxation) shearing modulus is of the order bf only 10-20 
t M. Komfeld, O.R. Acad, 8ci, U.RJ3,8, 38, 312 (1948). 
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kg./oni.*, i.e. 100,000 tinies smaller. . This expIains~4hough in a purely 
formal way — ^the huge visco-elastic deformations of a reversible character 
that are caused in rubber by relatively weak forces (at sufficiently high 
temperatures for which the relaxation time is small enough). 

The question of the cause of the smallness of the relaxation rigidity 
modulus of rubber and certain other rubber- 
like substances will be considered in detail 
in § 6 of Ch. VIII. It should be noted here 
that apart from this peculiarity rubber does 
not differ from ordinary ‘glassy’ amorphous 
bodies. 

The preceding results referring to the 
visco-elasticity of shape can be derived in a 
general way with the help of equations of 
exactly the same type as in the case of the 
visco-elasticity of volume. To this effect the 
free energy of the body F must be treated 
as a function of a parameter a specifying the 
change of shape (at constant volume) and 
of a certain structure parameter t], defining 
for example the degree of orientation of the 
molecules (or their extension in a given direc- 
tion), the equilibrium value of this parameter being determined by th 
condition F = minimum. In this way equations of the same type (18) 
and (18 a) are obtained as in the case of deformations that reduce to 
a change of volume, without change of shape, the deviation modulus 
of rigidity having an essentially positive value bd^ (where 6 > 0). 

The above theory does not take into account the fact that, along 
with the reversible fluidity due to a modification of the structure with 
change of shape, all amorphous bodies, however rigid they may appear, 
possess a certain amount of ordinary irreversible fluidity which may 
escape notice because of its smallness, i.e, because of an excessively 
high value of the ordinary viscosity coefficient 

Coming back to the electric analogy we can account for this ordinary 
fluidity by connecting with the circuit (Gi,C 2 ,R 2 ) considered above 
(Fig. 29) a resistance in parallel with it. This is equivalent to the 
introduction, into a simple circuit (<7i, Ri) illustrating the connexion of 
the shearing elasticity with the irreversible fluidity, of an exactly similar 
circuit (Cg, R^) switched in series with the capacity Ci- The resulting 
complex circuit is represented in Fig, 31. 

MW.29 
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The relationship between the quantity of electricity Q that has been 
passed through such a circuit and the applied voltage ^ is given by the 
following equations 

Q = 9o+9. ^ = -Riffo. (19) 


where 9. is the strength of the current flowing through the resistance 
Jii. while q is connected with ^ by the same equation as in the absence 
of namely 

q — G^^2-\-—, <t>i+<l>2 ^ <l>- (19a) 

■"2 

Eliminating from these equations g, and we get 


This equation determines the motion of a visco-elastic (incompressible) 
body in the presence of both the reversible and irreversible fluidity, 
if § is imderstood to denote the change of shape (defined by the shearing 
strain for example) and the corresponding force, IjCi and l/C^ 
standing for the elastic moduli and i?i, for the viscosity coefficients. 
In the special case of a constant force equation (19 b) reduces to the 
simple formula ^ defining the usual irreversible flow. 

P. Rehbinder and his co-workers have recently obtained and investi- 
gated (very incompletely) a number of ‘structurated’ non-Newtonian 
liquids (gels), which combine a high fluidity of the usual irreversible 
type with a peculiar elasticity similar to that of rubber, though of a 
much smaller magnitude.f These highly elastic liquids can be specified, 
just as rubber, by a small static modulus in connexion with a 
relatively small viscosity coefficient This relationship between 
ai^d fully agrees with MaxwelPs equation fiJOi = t on the assump- 
tion that the relaxation time defined by it preserves the same meaning 
as in the absence of complicating structural effects. { As a matter of 
fact, however, in the presence of such complications the relaxation time 
becomes dependent upon the character of the corresponding process. 
This is illustrated by the fact, considered above, that in the special 
case ffi = 00 the relaxation time for harmonic vibrations is equal to 
^2 ^ while for a reversible deformation due to the sudden appli- 
cation of a constant force it is equal to 1/^2)* 

t The oe^illaiion period of a pendulum was decrecued by dipping it into such a 
liquid. 

t It riiould be noted that in the case of rubber is extremely large in ^pite of the 
amidlnesaof Og. 
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general case the notion of relaxation time becomes devoid of a definite 
meaning. I 

This question has not yet been subjected to a systematic experi- 
mental study. The experiments of Kobeko and his corworkers always 
referred to amorphous bodies practically incapable of irreversible flow 
= oo) and displaying accordingly a definite relaxation time. The 



dependence of the latter on the temperature can be represented with 
sufficient accuracy by the usual equation Tg = const, in the region 
of high temperatures only — much higher than Tammann’s solidification 
temperature Tg and, indeed, lying close to the crystallization point. On 
further cooling, the increase of Tj becomes much more rapid and can be 
represented by the preceding formula if the activation energy U is 
treated as a function of the temperature of the form where Uq 

and W are constants (Waterton). Fig. 32 illustrates the dependence of 
logTg upon the temperature or rather on 1/T, which Shishkin} has 
obtained by measuring the electric conductivity of glycerine. The 
limiting value of t obtained by extrapolation for T -> oo is equal to 
3. 10~i2 ggQ ^ YhQ same order of magnitude as the period of 

the vibrations, according to the simple formula t = (with 

Uq = const.). 

The increase of U on lowering the temperature is obviously due to 
the accompanying change of the structure. If the latter is specified by 
a parameter rj (having the meaning of the degree of local order) the 
activation energy U must obviously be treated as a certain function 
of 7), and consequently of the temperature T, if we are dealing with 

, t The difference between r, and tJ has not been checked experimentally hitherto. 

t N, Shishkin, Diss. Kazan, 1942. 
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thermodynamically stable states (in the relative sense, defined above)^ 
for which is a definite function of ^ 

The relaxation time tj can be used in the consideration of very small 
deviations of rj from its (relative) equilibrium value. If, however, the 
amorphous body, after being kept at a given temperature for a 
sufficient length of time t in order to reach the equilibrium structure 
corresponding to this temperature (t must be larger than the corre- 
sponding value Tg of the relaxation time), is rapidly cooled down, it can 
maintain its original structure for a practically indefinite time if the 
new value of rj is large enough. Under such conditions the activation 
energy V will also maintain its original value Uq, and the dependence 
of various properties of the body (such as the viscosity or the electric 
conductivity) in the lower temperature range on the temperature must 
again conform to the usual equation corresponding to the normal 
dependence of the relaxation time on the temperature. 

This conclusion is verified experimentally, as illustrated by the dotted 
lines of Fig. 32, which represent the temperature dependence of the 
‘apparent’ relaxation time, corresponding to a constant structure (de- 
fined by the value of rf at the point of intersection with the curve 
representing the temperature dependence of the ‘equilibrium’ relaxation 
time). 

6. Th6 Thermal Theory of the Visco-elasticity of Gases and 

Liquids (Kneser) 

The theory of the volume viscosity of liquids developed in the pre- 
ceding section, is formally similar to Einstein’s theory of the anomalous 
viscosity of a diatomic gas, as revealed by the abnormally large absorp- 
tion of sound waves propagated at a high temperature, when a large 
fraction of the molecules is dissociated into separate atoms, f So long 
as the vibrations of the gas can be treated as adiabatic, the degree of 
dissociation, which in a state of thermodynamical equilibrium is a 
definite function of the temperature, must deviate from this equilibrium 
value, lagging to a smaller or larger extent with respect to the tempera- 
ture. This circumstance, due account being taken of the dependence 
of the pressure on the temperature and on the number of atomic and 
molecules in unit volume, leads to an equation of the form (17 a), the 
parameter | denoting the deviation of the degree of dissociation firom 
the equilibrium value. 

If the temperature of 'the gas has a moderate value, ^e dissociation 
t A. Einstein, Berl^ Bar,. 19, 380 (1920). 
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and the volume viscosity associated with it in the case of acoustical 
vibrations can be neglected. It has been shown, however, by Kneserf 
that in this case the same role can be played by a deviation from 
equilibrium of the distribution of the energy of heat motion between 
the ‘extemar and ‘internal' degrees of freedom. The former are under- 
stood to represent the translation and rotation motion of the molecules 
(since they remain in equilibrium with each other so far as the energy 
distribution between them is concerned), while the latter refer to the 
vibrations of the atoms constituting the molecule under consideration. 

In the case of statistical equilibrium a change of the energy E of the 
gas by dE, corresponding to the increase of the temperature by dT, 
can be represented as the sum of two parts dE^ ~C^dT and dE^ = dT, 
where is the fraction of the total specific heat of the gas G which 
corresponds to the external degrees of freedom, while G^ corresponds to 
the internal degrees of freedom = G). 

Since the energy exchange between the external and internal degrees 
of freedom requires a certain finite length of time, the equilibrium 
partition of dE between dE^ and dE^ is departed from in the case of 
sufficiently rapid vibrations. This condition can be described as a 
departure of the ‘external’ temperature of the gas as determined by 
the average kinetic energy of the translation or rotation motion, from 
the ‘internal’ temperature specifying in the usual way (with due 
allowance for quantum effects) the energy of the intermolecular vibra- 
tions. In Kneser’s theory the difference plays the role of the 

parameter f . 

This theory can be applied, in principle, not only to gases but also 
to liquids and solid bodies, and can be stated in the following general 
form. 

In the case of statistical equilibrium the dependence of the pressure 
p on the volume F, with due allowance for the accompanying variation 
of the temperature, is expressed by the equation 



the relationship between AF and AT being determined by the condition 

where 8 = —dFIdT is the entropy of the body (or of a given part of it). 
With the help of the well-known relations {dSldV)j, = (d'pjdT)y and 
t H. Kneser, Zetto. Uckn, Ph^s, 16, 213 (1937); Ann. d. Phya. 32, 277 (1938). 
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(dSldT)jr = C/T where C is the specific heat at constant volume, the 
preceding equation may be rewritten in the form 


l^p\ 

WJi 


AF+jAr = 0, 


whence 


W _ _TI^ 




G 


(8p\ 


and consequently Ap = 

If, on the other hand, V is considered as a function of p and T, we get 
from the condition dF = 0 




dT = 0, 


that is. 


or 


^—dp+oidT = 0 


(20) 


where a is the thermal expansion coefficient and Kq the isothermal 
modulus of compressibility. We thus get 

^p=—KiS, (20 a) 

where = (20 b) 

is the adiabatic compressibility modulus. In the case of an ideal gas 

p, so 


l(d} 
ro\ 


“ YAdT, 


R 


1 


.-k’f *• 


th., »d 

c c 


C+R 


Ki = where C'+i? is the specific heat at constant pressure. 

c 

.This relation is easily generalized to the case of condensed bodies. In 
fact, the specific heat at constant pressure is equal to 


C = I tI^^\ = t(^^\ f t(^^\ 

^ wip Wjy'^ WItWIp \dT)y~^ \dTjy\dT); 

C —C = t/— ^ = —tI—Y(—\ —VK o?T 


80 that 


0 , 


and consequently == iTo^ (CJ, = C). (20 c) 

Turning now to the case of states deviating from that of equilibrium, 
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we must introduce, instead of a single temperature T, two different 
temperatures and Since the pressure p (at constant volume) must 
depend on only, in exactly the same way as it depends on T in the 
case of thermodynamical equilibrium, the original expression for Ap 
must be replaced by the following one: 

or according to (20) Ap == XgaATg, (21) 

where AT^ = T^—T^ denotes the deviation of the 'externar temperature 
from the normal (average) value T^. Denoting the corresponding devia- 
tion of the internal temperature by iST^ we can write the condition for 
the adiabatic character of the vibrations in the form 


or introducing the parameter | = A7^^— A7J. = 

CAT,+C,f+Foi^o«2{,3 = 0. (21a) 

The dependence of this parameter upon the time is determined by an 
equation of the usual relaxation type 

at Tg 

where jg is the relaxation time for the establishment of equilibrium 
between the external and internal degrees of freedom, while the addi- 
tional term / can be identified with the limiting value of d^/dt for Tg = oo. 
Since in this case A7^ = 0, i.e. 


— ATp, we must have 


Hence, finally. 


dt Tg 


VoKoOLT^ds 

Ce df 


(22) 


Oe dt' 

Substituting in (21) the value of A^ from (21a) we have, on the other 


hand, 


Ap : 


-J^o( 


1+- 


V,K,o^%\ K,aGi 


0 


c 




or 


Ap = — 


KoCcC,, 

77— 


(22 a) 


where, according to (20 a), Ki is the adiabatic modulus of compressibility. 
The equations (22) and (22 a) are identical with the equations (16 a) and 
(17 a) if we put 

„d 
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The mechanism we are now considering thus leads to the following 
values of the 'deviation compressibility modulus’: 

JT — 17 V^^%rp ^ ir 

Aj — Kq A0O( -*0^^ — -^0 — Q 'Qf 

the corresponding viscosity coefficient being equal to the product iTaTg. 

Kneser believes that this mechanism is capable of giving a satis- 
factory explanation of the abnormally large absorption of the acoustic 
(and ultrasonic) vibrations in liquid bodies without any reference to 
structure effects. This point of view is, however, contradicted by the 
fact that Kneser’s theory is obviously inapplicable to the case of 
transverse vibrations in amorphous bodies, which, as we have seen 
above, are characterized by visco-elastic effects of exactly the same 
kiffd as ordinary (longitudinal) sound vibrations. We shall consider 
this question at a greater length in the next section. 

7. Generalization of the Equations of the Elasticity Theory of 

Amorphous Bodies 

The classical hydrod 3 niamical theory, as expressed by the Navier- 
Stokes equations, left out of account Maxwell’s relaxation theory of 
shearing elasticity as Well as the visco-elastic structure effects discussed 
in § 6 (although Stokes has recognized, in principle, the necessity of 
considering a second ‘volume’ viscosity besides the ordinary shearing 
viscosity). On the other hand, the classical theory of elasticity of 
amorphous bodies wholly ignored their fluidity and the associated 
viscous effects. 

After estaUishing the fact that liquids and amorphous solids can be 
distinguished from each other in a purely quantitative way only, we 
must consider the problem of finding such a generalization of the 
equations of classical hydrodynamics and elasticity theory as would 
be capable of describing the laws of motion of actual condensed bodies, 
combining the properties of ordinary liquids and solids. 

The necessity of such a revision of classical hydrodynamics and theory 
of elasticity directly follows from the continuous character of the 
transition from the liquid state into the solid one when this transition 
is not accompanied by crystallization. 

It can be concluded from this continuity, among other things, that 
transverse vibrations can be propagated not only in solid bodies, as 
usually admitted, but also in liquids. The fact that this conclusion is 
not verified experimentally in the case of ordinary liquids is explained 
by the siqallness of their relaxation time compared with the period of 
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the vibrations which can be obtained even with the help of modem 
electro-acoustical methods. Under such conditions the transverse vibra- 
tions must undergo' a very strong damping. 

Limiting ourselves to the case of small vibrations, we shall take as 
our starting-point the equations of the classical elasticity theory and 
shall try to generalize them by introducing the various visco-elastic 
effects discussed in the preceding sections (including the ordinary 
fluidity). 

The equations of motion of a continuous isotropic medium can be 
written in the following general form: 



where p is the density of the medium, t) the components 

of the (small) displacement of a particle originally situated at the point 
Xu X 2 i x^i and the components of the stress tensor. 

In the case of idealized solids (deprived of fluidity and other proper- 
ties of a relaxation character) the quantities f^jc are connected with the 
components of the strain tensor 



by linear relations of the form 

/i* = (24) 

where 8 = 611+^22+% = div u is the relative change of specific volume 
AF/TJ, Bijc = I for i = k and 0 for i k, while L and M denote two 
coefficients, usually denoted as A and /x; M is nothing but the modulus 
of rigidity 0^, 

If the expressions (24) are substituted in the equations (23), the latter 
acquire the following form: 


j — - 

di^ 


= L—+M y =: (L+M)P~+M'^\, 

dXi ^\dxl'dxidxj dx^ 


or in vector notation: 


p^ = (L+M)78+M7hx. 


(26) 


Taking the divergence of both sides and remembering that divu = 
we obtain an equation 




= K7h, 


(25 a) 


a5w,» 


Og 
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which describes the propagation of compression |Iongitudinal) waves 
with a velocity v = ^(K/p), where K = L-{-2M is the appropriate 
elastic modulus. , 

In the case of transverse vibrations, for which the density remains 
constant {s = 0), equation (25) reduces to 




= ifV2u 


(25 b) 


and describes the propagation of waves with a velocity = ^{M/p), 
We shall now consider the way these equations must be generalized 
in order to include the effects of fluidity and other relaxation effects 
discussed in § 5.t 

The strain tensor can be resolved in a way invariant with respect 
to rotations of the coordinate system, into two parts, one part 

^ik — ( 26 ) 

specifying the volume change, while the other part 


'^ik — s (26 a) 

specifies the change of shape at constant volume (2 = 6)* 

In a similar way it is possible to resolve the stress tensor into a 
volume part ^ ^ ^27) 


where p = — J(/ii+/ 22 +/ 33 ) ^ certain pressure, representing both 

elastic and viscous effects, connected with a change of volume, specified 
by Oijf (i.e. by «), and a second part 

i^ik^fik'-'i^ikfy (27 a) 

which can be reduced to a system of shearing stresses} and which is 
connected with the change of shape, specified by 
The equations (24) of the classical elasticity theory can be rewritten 
in the form of two independent co variant equations 

-J9 = Ls, Iptt = 2ifT«, 


for the volume and the shape part of the deformation, considered 
separately. 

The first of these equations must be replaced by the equations (18), 
(18a), and (18b) of § 5, which can be written in the foUoymg more 
convenient form, 

t Cf. J. Frenkel and Obraafczov, Joum» of Phy$, 2, 131 (1Q40). 

X It ahould be mentioned that a complete separation of nonhM stiesaes from tan- 
gential (ehearing) ones is impossible, since in a suitable coordinate sjilteni any symmetrical 
tensor can be reduced to its normal components. 
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Let us introduce the linear differential operator 

A = 

and let denote the reciprocal operator defined by the condition 

With the help of these operators equation (18 b) can be rewritten as 
follows: 

^ ^ A \ A A -1^5 

Inserting this in (18) we get 
-Ap = 

or since r^djdt = A 2 —I 

-^p = [K\+K2(1-A2^)]s. (28) 


This equation has the same form as the original equation —Ap = Ls 
of the classical elasticity theory if the coefficient L is replaced by the 


operator 


L = K^+K2(1-A2^ 


). 


(28 a) 


Turning now to the generalization of the equations we 

shall take into account, to begin with, the irreversible fluidity only, 
which is specified by the ordinary viscosity coefficient fi and the rigidity 
modulus 0. The tensor must be resolved accordingly into two parts, 
an elastic one and a viscous which are connected with the 
corresponding stress tensor by the equations 

We thus get 


dt 


dr'j 


where r ^ fi/ G ib Maxwell's relaxation time, that is, 


ik I d^ljc 

dt^dt 






A being an operator which is obtained from by substituting t for 
’•a. or j J 

ipik = 2/^-i^Tjfc = 2GA-hrj^rii, 

i-e- (29) 
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This equation can be derived from the original one by 

replacing the coefficient M (= 0) by the operator 

M = (29a) 

In order to account for the ‘reversible’ fluidity, along with the usual 
one, we must make use of the more general equations (19), (19 a), and 
(19 b) of § 5, where Q and ^ must be understood to stand for the tensors 
and respectively. 

The equations (19 a) have exactly the same form as in the case just 
considered of a change of volume, and can be written down accordingly 
as follows: r i i i 

with Tg = C 2 Id conjunction with (19) this gives 

The integration with respect to the time can be represented as a 
result of the application of an operator reciprocal to ^ or ^ 43 . In fact 

J ^ (ft = 

Replacing 1/Cj, l/Clj 2^2* ^2 ^y Q'Dd Q, <f> by 

T^, we obtain an equation of the original form 

If if is deflned as an operator reciprocal to 

if-i = I^(A2-i)-i+[0,+G2(l-A2^)y\ (30) 

Ml 

or = (30a) 

where = fiilOi and = l-^-Tid/dt. In the limiting case =?= 0 
which corresponds to the absence of a reversible fluidity A 2 = A^^ = 1 
and 

Jf-i = 

Multiplying this operator by Ai— 1 we get 

= 4t, 

whence 1)-^ = (1— 


since 


we have 
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SO that in this particular case M is reduced to 0(1— in agreement 
with (29 a). 

In the opposite case of the absence of the usual (irreversible) fluidity 
we must put Tj (= r) = oo, the operator Ai—l reducing to infinity, so 
that the first term in (30 a) can be dropped and M assumes a form 
similar to the expression (28 a) for L, 

The relaxation time t 2 in these two equations, equal to in one 
of them and ^ 12/^2 other, can and, as a rule, must have entirely 
different values. When, however, both the volume and the shear 
viscosity are due to a common cause — ^the orientation of the molecules, 
for example — the two values of Tg can be identical. 


8. Application of the Preceding Theory to the Propagation of 
Small Vibrations in Amorphous Bodies 

In the particular case of harmonic vibrations, corresponding to the 
propagation of sound waves, for example, the dependence of the strain 
and stress tensors upon the time is given by a factor so that 
differentiation with respect to the time is reduced to multiplication 
by io), and integration with a division by icj. The operators A, Ly M 
reduce in this case to complex factors, namely 


A = l+icoT, 


1 + 1/ia 


(31) 

(31a) 


and 


if = 


0 


in the absence of reversible fluidity, or 


(32) 


if-i = 


0l tCOTj 1 + l/icOTg) ^ 


(32 a) 


if the latter exists. 

In the case of sine-waves propagated in the direction of the a;-axis 
the dependence of the quantities 8^^ and on t and x is given by the 
factor 

where v is the complex velocity of propagation, defined by the formula 

IN 

N standing for M in the case of transverse vibrations and for L+2M 
in that of longitudinal ones. Putting N = we have 


( 33 ) 
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where 




The wave-length A and the absorption coefficient jS (referring to the 
amplitude of the vibrations) are determined by the equations 

^ = 0) Mcos^; j3 = eo /— sin^. 

A jJ R 2' ^ J R 2 


(34) 


An especially simple expression is obtained for the coefficient a, specify- 
ing the absorption of the waves over a length x equal to the wave- 
length. We have, namely, 

a = JSA = 27r tan (34 a) 


If is small, this formula can be replaced by the approximation 

a = TT^ ^ Trtan^. (34b) 

We shall apply these formulae first of all to the simplest case of the 
propagation of transverse vibrations in an amorphous body charac- 
terized, in the sense of Maxwell’s theory, by a rigidity 0 (= Oi) and 
an irreversible fluidity l/fi (= l/ftj). In this case 


and consequently 


N==M = 


0 


^ ^ tan^ = — . 

IfoiT 1 (ordinary liquids with a small viscosity, vibrations of moderate 
frequency) the damping of the waves is so large (ex ^ 2tt) that it is 
hardly possible to talk about thefr propagation. In the opposite case 
ow >1 (amorphous bodies in a partially solid state, i.e. with an ex- 
tremely large viscosity and vibrations of a sufficiently high frequency) 
we have in a first approximation with respect to 1 /on- 



just ^ in the complete absence of viscosity, and 


car 2 T 2 /Lt ’ 


(35) 


where 0 = 27r/a) is the period of the vibrations. We thus see that in 
016 ease under consideration the absorption coefficient of the transverse 
waves varies inversely as the viscosity of the medium (whereas in the 
ease of longitudinal vibrations it usually increases in direct proportion 
with the viscosity; see below). 
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In order to account for the reversible fluidity the preceding expression 
for M must be replaced by (32 a). Let us first consider, for the sake of 
simplicity, the case of a practically solid body (tj = oo). The expression 
(33 b) reduces in this case to 


M 


Go 





If aji-2 > 1, we have in the first approximation 

\ WTg/ COTg 


and consequently 


(35 a) 


(l + (?l/(?2)aiT2 

The velocity of propagation of the waves in the same approxima- 


tion is 




= ^1+6^2 the instantaneous rigidity modulus. 

If (DTg < 1, then if « that in this case 

a = TT^wTa, (36) 

H-k\ 

The transition from low frequencies (toTg 1) to high frequencies 
(cut 2 ^ 1) is thus characterized by an increase of the propagation 
velocity from the value ^J{Ol|p) to while the absorption 

coefficient a first increases as on-g and after reaching a maximum value 
(for coTg = 'sI(GiIOq)) drops as the reciprocal of coTg. These relationships are 
illustrated in Pig, 3J, where lv^| is plotted with a dotted line, while the 



m 


HEAT MOTION IN LIQUIDS 


IV. 


full curve represents the absorption coefficient a. It should be men- 
tioned that the coefficient P in the region a)T 2 < 1 is proportional to 
and not to < 0 , as cx. 

The preceding results are greatly complicated if the ordinary (irre- 
versible) fluidity is allowed for. It is necessary here to distinguish two 
limiting cases, for which relatively simple results can be obtained. 

(1) (DTi > 1; tuTj > 1. In this case equation (32 a) yields to the first 
approximation (with respect to the small quantities l/a>Ti and I/wtj): 




- + 




\ Gi+OfunJ 60 L I®!®”"! 6*0 


where <7, = G'l+fl'j, that is 


whence |»,| = iJiOJp) and 

“ = +J— )• 

\Oi WTi G, wtJ 

(2) (UTj ^ 1 and cur, 1. In this case 


(37) 






i.e. 


so that = ^{OJp) and 


Or 


If otTi < 1, the waves are veiy strongly damped (a is of the order 
2n)t irrespective of the value of 0 ^X 2 . This case presents no interest. 
M, 0. Komfeldf has recently investigated the propagation of transverse 
vibrations in rosin for different temperatures between 20^ C. and 70^ C. 
At the latter temperature rosin acquires a marked fluidity, although it 
behaves more like a solid than like a liquid. Komfeld tested the validity 
of the relations following from Maxwell's theory (in the absence of 
reversible fluidity) by checking the constancy of the quantities fii and 
Oi with a variation of the frequency within k wide range (from 3X 10® 
to 1*3X 10® sec."^). They actually proved to be independent of the 
frequency; however, both of them showed a decrease with increasing 
temperature, the decrease of G being much less rapid than that of /t. 
At 20® C. Komfeld obtained for 0 a value of the order of 10'® dynes/cm.*, 


t M. Komfeld, OM» Ac. 8ei* UMJ3J3» 36, 58 (1942). 
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which decreased by a factor of 10 as the temperature was raised to 
70° C. The value of jx for 70° C. was found to be 10®, which corresponds 
to a value of 10“^ sec. for r. 

It should be noted, for the sake of comparison, that in the case of 
crystalline substances the rigidity modulus 0 decreases by a factor 
of 2-3 only when the temperature is raised from the absolute zero to 
a few degrees below the melting-point. In the case of tin, however, G 
decreases from 22x10^® to 2-5x10^®, i.e. by a factor of 8 when the 
temperature is raised from 100° K. to 500° K. In the case of stearine 
the approach to the melting-point is accompanied by a catastrophic 
drop in C?, as may be seen from the following table: 


K. 

88 

273 

300 

314 

319 

321-6 

1 322-8 

0X10-“ 

0-78 

0*64 

0-34 

014 

0 048 

0014 

0-006 


The cause of this abnormally large rate of decrease of G near the 
melting-point of stearine is not yet clear. 

Turning to the question of the propagation of longitudinal vibrations 
we must make use, for the determination of the complex propagation 
velocity, of the formula = aJ[(L+ 2M)lp ] . The dispersion and damping 
of these vibrations thus depends not only on volume properties, which 
are specified by the complex coefficient L, but also on ‘shape’ properties, 
which determine the complex rigidity modulus M, 

For the sake of simplicity we shall limit ourselves to the case of a 
body devoid of reversible fluidity, i.e. shall use the expression (32) 
for iff. As to the quantity L, it is expressed in exactly the same way 
as if in the absence of irreversible fluidity (with Go replaced by 
Ag). We thus have 


L+2M = K,+ . 

1 -f- l/icOTg 1 + 


We must distinguish four practically interesting cases. 

(1) u)Ti 1; cuTg 1 (ordinary liquids with a small viscosity both of 
the usual and of the volume type, at low frequencies). The preceding 
expression reduces in this case to 


Ai"f"A!2U«)T2“}“2G^Ui)Tj = 

which corresponds to a propagation velocity |v/| = and to an 

absorption coefficient 


OL =: Ww(2/Lti+jLta)/iCi. 

Hh 


( 38 ) 
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(2) oiTj > 1; coTj > 1 (practically solid amorphous body at high 
frequencies). In this case ^ 

X+2Jf = Ki+K.+ 2G+iiK.~-+20~] 

\ COTg <X)Til 


where K = K 1 +K 2 + 2 O is the static elastic modulus for deforma- 
tions constrained to one dimension. We thus get \vi\ » V(^/p) 


ot = 


K cDfi^ K wfij 


(3) wTi ^ 1; cDTa 1. In this case 



(38 a) 

(38b) 

(38 c) 


The available experimental data refer mainly to the first case. With 
the exception of simple (monatomic) liquids, such as fused metals, 
the absorption coefiicient of liquids, both for low- and high-frequency 
vibrations, has been found to be much larger (by a factor of a few 
hundred and sometimes even of a few thousands) than the theoretical 
value which follows from classical hydrodynamics and which corre- 
sponds to the first term in the brackets of the expression (38). It should 
be nojbiced thQ.t the classical expression for a is 


47r 

3 ^ 1 ’ 

differing from the first term of (38) by the factor § (which we have 
.,neglected since it is of no importance compared with the effect due to 
the volume viscosity /ig). We are thus led to the conclusion that the 
volume viscosity of liquids is, as a rule, much larger (by one, two, and 
even three orders of magnitude) than the ordinary viscosity fii, at 
least for room temperatures (the dependence of ^2 temperature 
has not been investigated hitherto). 

The fact that the coefficient it remains strictly proportiofial to w 
{p to w*) up to ficequencies of the order 10® sec.-^ shows that the 
inequality < 0 x 2 1 remains valid even for such high frequencies, which 

means that the relaxation time is smaller than W® sec. (at room 
temperatures), just as is 
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The smallness of involves a certain difficulty, since the abnormally 
large absorption of sound in liquids can be explained by large values 
of the volume friction coefficient which, as we know, is proportional 
to Tg. Comparing the equations pg = ^ 2 '*’2 /^i = 

the inequality /Ag ^ /^i required by the experimental data can be satis- 
fied on the condition either that if is of the same order of 

magnitude as r^, or that Tj > if is of the same order of magnitude 
as (?i. As a matter of fact 0^ must be smaller than by a factor of 
10-100. Hence Tg need not be much larger than in order to explain 
the fact that fig ^ thousandfold as large as /Aj. 

It has been mentioned in § 6 that Kneser attempted to explain the 
abnormally large absorption of sound in liquids by the thermal relaxa- 
tion mechanism which has been considered in § 6. Noting that 

Q Q 

z=z Kq -2 — — - ~ we see that according to this mechanism must 

Ct> Cg 

be smaller than the static compressibility modulus (by a factor of 10, 
say), so that an explanation of the large value of [jl^ == ^ 2 '^2 r®q^ir®s 
from this point of view a large value of Tg of the order of lOOOr^, i.e. 
10“® sec. at room temperature, which is contradicted by the absence of 
any trace of dispersion (increase of velocity of sound) in the neigh- 
bourhood of the frequency 10® sec.-^f 

9. Hypersonic Waves in the Heat Motion of Liquid Bodies 

Elastic vibrations with a frequency of the order 10^-10® sec.”^, which 
can be generated artificially by radio methods, are called ‘supersonic*. 
Vibrations of a still higher frequency — called here ‘hypersonic’ — cannot 
bo produced by artificial methods. Such hypersonic vibrations with a 
frequency reaching 10^^10^® sec.”^ are known, however, to exist under 
natural conditions in solid bodies, constituting, according to Debye’s 
theory, the main part of the heat motion in such bodies. In the case 
of simple (monatomic) bodies this motion may be described as a 
superposition of longitudinal and transverse vibrations (waves) such 
that the number of vibrations within the frequency range between v 
and v-f dv is proportional to v^dv. 

It is natural to expect that this picture can be applied, with some 

t In the case of diatomic gaaea at normal temperature and pressure T| is of the order 
of sec. Taking into account that the average number of collisions of a 

molecule under such conditions is equal to 10*® sec.""*, we see that the probability of an 
energy exchange between the translation and vibration motion during the time of a 
single collision (10-*® sec.) is of the order of 10-®-10-®. It is difiScult, however, to make 
from these figures even an approximate estimate of the probability of such an exchange 
in the liquid state. 
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minor limitations, to the case of liquid bodies, the more so because the 
simple form of Debye's theory refers not to crystals, but to amorphous 
solids, which can be treated as supercooled liquids. The only important 
limitation refers to the spectrum of transverse vibrations, which must 
start with a frequency of the order of the reciprocal of Maxwell's 
relaxation time (or the mean life of an equilibrium position according 
to our scheme), since vibrations of a lower frequency are too strongly 
damped (see eq. (36)). The low-frequency part of the spectrum of 
transverse vibrations, constituting a (relatively negligible) part of the 
heat motion in a solid body, must thus be replaced in a liquid by some 
motion of a different kind, the exact nature of which is still obscure. 
This motion must reduce itself, to some extent, to the self-diffusion of 
the^particles of the liquid. Noting that the number of normal vibration 
modes with a frequency < in a solid body with a volume F, is 

equal to vj and putting = i- = we get 

Z — c-^WIkT 

On the other hand, the relative number of particles which at any 
given instant of time can be found in a ‘transitional state', moving from 
an equiUbrium position to the next, i.e. possessing an activation energy 
W must obviously be equal to This expression does not agree 

with the preceding one, yielding much larger values of Z, so long as 
kT IF. We thus see that the actual number of vibrational degrees 
of freedom which must be removed from the low-frequency part of the 
spectrum of transverse vibrations of a liquid and must be represented 
by a ‘gas-like’ diffusion motion is much larger than that following 
from the preceding argument. 

In particular, it seems improbable that in ordinary liquids at room 
temperature transverse vibrations with a frequency of the order of 
10^® sec.~^ should exist. The above limitations do not refer, however, 
to longitudinal vibrations. 

It is interesting that such longitudinal hypersonic vibrations with a 
frequency in the range of a few octaves near 10^® can be studied 
experimentally, with respect to their dispersion, i.e. the dependence of 
their, propagation velocity on the wave-length, by the help of an optical 
method based on a principle which was introduced in 1923 by L. 
Brillouin in his theory of light scattering in solid bodies; 

Let us imagine a system of standing sine waves with a wave-length A 
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and a frequency v representing one of the normal vibrational modes of 
an amorphous solid body. These standing waves can be replaced by two 
systems of progressive waves propagated in opposite directions along 
the iT-axis for instance. The density of the vibrating body at different 
points will be represented by a function of the form 

P — pQ+A(io&^X8in27Tvt. 

Since the refractive index of a transparent body with respect to light 
rays varies with its density, we see that the propagation of such rays 
in a transparent medium, agitated by an acoustical wave system, must 
take place in a way similar to the propagation of X-rays in a crystal, 
the role of the crystalline planes being played by the planes of the 
sound waves, corresponding to a definite (arbitrarily) chosen phase or 
amplitude. 

The scattering of light due to this optically inhomogeneous character 
of the body must take place according to the same law as the scattering 
of X-rays in a crystal lattice with a constant d — X. Their scattering 
reduces itself, as is well known, to a reflection of the rays for the values 
of the glancing angle 6 given by Bragg’s equation 

2d sin 6 = nX\ 

where A' is the wave-length of the X-rays and n an integer (order of 
reflection). For any other values of 6 the scattered rays are mutually 
extinguished. 

This result can be applied to the case under consideration, i.e. to the 
passage of the rays of ordinary light through a body with a sinusoidal 
distribution of the index of refraction. In this case, however, which 
was investigated by Rayleigh long before the discovery of the diffraction 
of X-rays, a reflection of the first order only (n = 1) takes place, while 
the diffraction spectra of higher orders vanish. 

This result is not exactly true, for it is based on the assumption that 
the wave-length of the light A' remains constant, whereas for a given 
frequency v of the light vibration A' must vary inversely as the index 
of refraction. This gives rise to the appearance of liigher order diffrac- 
tion spectra, which, however, can be neglected because of their relatively 
low intensity. 

A marked reflection of the light takes place accordingly for a single 
value of the glancing angle, given by the equation 

2Asine = A' (39) 

to which Bragg’s formula is reduced if we put d = A and n = 1. 
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If the Binusoidal distribution of the index of refraction remained 
constant with respect to the time, the frequency of the scattered 
(reflected) light would be the same as that of the incident one. In 
reality, however, the refractive index vibrates at any given point of the 
body with a frequency v. The resulting modulation of the amplitude 
of the reflected light waves is, as is well known, equivalent to a splitting 
up of their frequency according to the formula 

Hence it follows that for an adequate value of the glancing angle, 
given by (39), two reflected light rays must emerge from the body with 
a frequency differing from that of the incident rays by the frequency of 
the sound vibrations. 

This result can be obtained in a still simpler way if the standing wave 
is resolved into two progressive ones with opposite directions of propa- 
gation. Each of them must then reflect light as a mirror moving in the 
corresponding direction with the velocity of sound v\ this entails, 
according to Doppler’s principle, a change of frequency by the amount 
Av' given by the equation 



where c is the velocity of light. Noting that c = v'A' and v = vA we 
see that Av' is equal to v. 

Let us now consider the actual case of a transparent solid or liquid 
body vibrating simultaneously in a number of different normal modes 
corresponding to longitudinal waves of all possible lengths and directions 
of propagation. light rays incident upon it in a definite direction are 
scattered in all directions. The scattering of monochromatic rays of a 
given frequency v* in a given direction, specified by a glancing angle B 
is, however, due to those hypersonic vibrations only for which the 
condition (39) is satisfied, and accompanied by a shift of the frequency 
v' by an amount ±Av' equal to the frequency of the corresponding 
hypersonic waves v. This frequency shift can be detected experimen- 
tally. On the other hand, the wave-length of the hypersonic vibrations 
that are responsible for the scattering can be calculated with the help 
of equation (39). It is thus possible to calculate the velocity of propa- 
gation of these hypersonic vibrations 


t; = vA = 


AkT 

2sin& 


(39a) 
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as a function of their frequency v = Av' by varying the angle of scatter- 
ing 26, 

Unfortunately, such an optical determination of the dispersion of 
mechanical vibrations in the hypersonic region can be carried out only 
for waves with a length greater than |A', i.e. for hypersonic waves with 
a length of the order of 10“® cm., which is a few hundred times as large 
as the shortest waves constituting the heat motion in a solid or liquid 
body. Accordingly, the maximum frequency of these experimentally 
detectable hypersonic waves is of the order of 10^® seo.~^, a few hundred 
times smaller than the limiting frequency of the Debye spectrum. 

This method of investigation of the dispersion of sound in the hyper- 
sonic region has been recently applied by Raof to liquid CCI4 and 
acetone, and somewhat later by Raman and VenkateswaranJ to glyce- 
rine. It has been found that in the case of CCI4 and of glycerine the 
velocity of sound slightly increases as we pass from the ultrasonic 
(v < 10®) to the hypersonic region, as would be expected according to 
the theory of the preceding section (if the relaxation times tj, or Tg or 
both are much smaller than 10"^® sec.). In the case of acetone, however, 
the velocity of sound, instead of increasing, was found to decrease from 
the value v ~ 1206 m./sec. for v = 7*3 X 10® to a value v = 978 m./sec. 
for v = 6x10®. 

This result must not be considered as disproving the preceding theory, 
for the latter did not take into account a number of complicating 
factors, which may also be responsible for the dispersion of sound both 
in the positive and in the negative sense (i.e. in the sense of a decrease 
of V with increase of v). 

The most prominent of these factors is the thermal conductivity of the 
body, which levels out the temperature differences between the com- 
pressed and extended volume elements and thus tends tb reduce the 
compressibility modulus from the adiabatic to the lower isothermal 
value. It is usually supposed that this influence of thermal conductivity 
is largest for the slowest vibrations and that high-frequency vibrations 
must be purely adiabatic. A simple argument shows, however, the 
opposite to be true. In fact, the influence of thermal conductivity can 
be specified by a coefficient D equal to the ratio of the heat conductivity 
« to the specific heat of unit volume 0^; D plays the same role as 
the diffusion coefficient in the theory of diffusion phenomena. With 
respect to its physical dimensions it is equal, accordingly, to the ratio 

t Rao, Naiure, 139, 886 (1937); Rao and Ramaiya, Phya, Reo, 60, 616 (1941). 

t Raman and Venkaieswaran, Natwra, 143, 798 (1939). 
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of the square of the ^ave-length A to the vibration period t = 1/v. 
Hence it follows that the influence of heat conductivity on the disper- 
sion and absorption of sound waves must be determined by a dimen- 
sionless coefficient equal to the ratio between D and A®/t = v^jv, where 
t; = vA is the velocity of sound. If this ratio is small compared with 1, 
the role of the heat conductivity must be relatively small, the vibrations 
being practically adiabatic (they can be wholly adiabatic in the limiting 
case Dv = 0, i.e. v = 0 only and not v = oo, as usually assumed). In 
the opposite case the vibrations must acquire an isothermal character. 
The limiting frequency Vq corresponding to a transition from the low- 
frequency adiabatic vibrations to the high-frequency isothermal ones 
is thus given by the formula 


In the case of solid and liquid (non-metallic) bodies at room tem- 
peratures Zl is of the order of 1 cm.^/sec. Putting v ^ 10® cm./sec., we 
get vq « 10^* sec.“^ We thus see that the hypersonic vibrations in 
acetone and in other organic liquids should remain adiabatic up to a 
frequency of the order of 10^^ sec.-^ The marked decrease of the 
propagation velocity found by Rao in the region of v = 10^® cannot 
therefore be explained by the above mechanism.t 
Leaving open the question of the actual cause of the negative (or 
positive) dispersion of hypersonic waves in liquids, we shall give, fol- 
lowing Rayleigh, J a more complete treatment of the effect j ust discussed. 
The equation . 

[dTjy dt'^T dt 

expressing the condition that the sound vibrations should be adiabatic 
must be replaced in the case of a non-vanishing heat conductivity by 


t(^\ 

Wh 




fy dt^ ^ dt 

This equation expresses the fact that the quantity of heat flowing to 
a given volume element by way of thermal conductivity is used partly 
to heat it and partly for external work. 

Noting that {^ldT)y = <xK^ (see § 6) and putting F = Po(l+^) 

T = Tq+0 we can rewrite the preceding equation in the following form : 




/cV»0. 


( 40 ) 


t Cf. V. Oinaboig, CJ?. Ac. Sei. VJtJ3J3. 36, 9 (1942). 
j Theory of Sound, ii, { 247. 
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In the case of longitudinal sine-waves propagated in the direction of 
the jr-axis all the small quantities including 6 can be assumed to vary 
as the ratio w/q representing the complex propagation velocijby 

V, Equation (40) reduces in this case to the relation 








(40a) 


where D = k/C^ and /o = — 

It should be noticed that in the case where Z) = 0 this relation becomes 
identical with the relation (21 a) of § 6, for f = 0 and — T^— T, 
Substituting (40a) in the equation (21): Ap = which 

is the approximate form of the equation d'p ~ (-^| dV 

{dT/v x^y/T 

for small values of a and 0, we get the usual relation 

Ajp = —Ls, 

with, a complex compressibility modulus 


which for Dq^/oj oo (oi 0) reduces to the isothermal value Kg, and 
for Dq^jo) -> 0 (a> -> oo) to the adiabatic value ~ Kq(1'{-K^ olWq TJG^). 
The hmiting frequency, corresponding to a transition from the adiabatic 
to the isothermal case, is obviously equal to Wq = v^jD, in agreement 
with the result obtained above with the help of an analysis of dimensions. 

Near this limiting frequency, along with a negative dispersion of 
sound, an abnormally large absorption must take place, which can be 
determined by the general equations of the preceding section if is 
identified with iTo, iCj with JKo/a, and the relaxation time with IjDq^, 
This ‘relaxation time' has, however, no intrinsic meaning characteristic 
of the substance, since it depends upon the wave-length A = 27Tlq, 
The fact that at very high frequencies the hypersonic vibrations must 
acquire an isothermal character follows, irrespective of the preceding 
formal theory, from the impossibility of applying the macroscopic 
notion of temperature, as a function of the time and position, to very 
small time intervals and distances. 

It should be noted that in Debye's theory of the heat motion in a 
solid body the elastic vibrations describing this motion are treated 
without any a priori reference to the temperature, the latter being 
introduced merely as a measure of the average intensity of these 
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vibrations. Such a treatment implies a strict validity of the principle 
of superposition of different normal vibration modes, i.e. a neglect of 
their deviations from a linear law of force (or harmonicity). 

Owing to these deviations the energy of a vibration mode repre- 
senting a sound wave, for example if it exceeds the average value 
corresponding to statistical equilibrium, is transferred to a number of 
other modes. This mechanism underlies the thermal effects connected 
with the adiabatic propagation of acoustic vibrations in a solid or 
liquid body. In fact such vibrations must give rise to a periodic 
variation of the intensity of high-frequency hypersonic waves, con- 
stituting the major part of the heat motion of the body, a compression 
of the latter being associated with an increase and an expansion with 
a decrease of their intensity. These non-linear effects become irrelevant 
near the short-wave length limit of the spectrum, the corresponding 
hypersonic vibrations being propagated in a practically ‘isothermar 
way, i.e. without energy exchange with vibrations of still higher fre- 
quency. 

The preceding considerations show that Debye’s ‘acoustic’ theory 
of the heat motion in a solid body, inasmuch as it does not take into 
account the non-linear effects leading to an energy exchange between 
the different vibration modes, gives an incomplete picture of reality. 

The heat motion in a macroscopically homogeneous material body 
gives rise to a number of fluctuations, i.e. local and transient variations 
of its properties. In the case of a solid body these fluctuations are 
reduced, according to Debye’s theory, to longitudinal vibrations, i.e. 
variations of the density connected with variations of the pressure, and 
to transverse vibrations, i.e. variable torsions connected with shearing 
stresses by the equations of the ordinary (linear) elasticity theory. The 
actual heat motion of the solid is represented by a superposition of 
these fluctuations. The latter are thus treated not as the effects of the 
heat motion but as its mechanical constituents. 

Now, we have seen that this picture is incomplete, for it fails to 
account for the variations of the temperature which are associated with 
the variations of the density (or pressure), especially in the region of 
relatively long hypersonic waves. As a matter of fact these temperature 
variations cannot be fitted into the frame of Debye’s theory so long as 
it aims at a purely mechanical description of the heat motion. An 
accurate description of this kind requires, as has been stated above, 
the introduction of anharmonicity effects, due to themon-linearity of 
the equations of motion. This results in an enormous complication of 
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the mechanical picture — a complication which is necessary for an 
adequate interpretation of a number of kinetic effects (such as the 
conduction of heat), but can be dispensed with so long as we are 
interested only in reversible processes, i.e. in equilibrium properties, 
even if they are ultimately due to anharmonicity effects, as is the 
thermal expansion, for example. In order to account for such effects 
without an explicit introduction of the complications connected with 
the purely mechanical description of the motion, we must complete the 
simple mechanical description, which leaves them out of account, by an 
a priori introduction of thermal elements into the picture of the heat 
motion. 

This has already been partially done in Ch. Ill, where in deriving 
an expression for the free energy of a homogeneous solid body we have 
treated the vibration frequencies as functions of its volume and shape; 
if instead of the volume and of other parameters specifying the shape 
of the body, we took the pressure as the independent variable, along 
with the temperature or with the specific entropy, these vibration 
frequencies would turn out to be functions of the latter quantities. In 
order to give a complete picture of the heat motion in a solid body in 
a state of thermodynamic equilibrium we must, accordingly, treat this 
motion as a superposition of mechanical (elastic) fluctuations in the 
form of acoustic waves, and of thermal fluctuations, associated with 
local variations of the temperature T or of the specific entropy «, 
which cannot, of course, be propagated in the form of waves. 

This does not exclude the possibility of representing AT or A6^ (for 
a given value of the average temperature T of the whole body) as 
functions of the coordinates in the form of a Fourier series with co- 
efficients depending upon the time, i.e. in a way similar to that used 
for the representation of the mechanical fluctuations in the form of 
standing waves. 

We thus obtain for AT or AS a Vave-like’ description, which differs, 
however, essentially from that corresponding to actual waves in that 
the amplitudes of the latter are harmonic functions of the time (with 
eventually a certain amount of damping), while the amplitudes of the 
former, as functions of the time, have a wholly aperiodic character, 
partly reducing to an ordinary relaxation. 

In other words, the waves resulting from a Fourier expansion of the 
fluctuations of a mechanical quantity, the pressure p for instance, are 
propagated with a definite velocity, constituting standing vibrations by 
way of interference of progressive waves with opposite directions of 
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propagation, while the ‘waves’ of temperature or entropy variation 
cannot be propagated, being alternately excited and damped and 
remaining stationary in space. 

If the density of the body p is considered as a function of the (local) 
pressure p = p+Ap and of the local temperature T = T-{-AT or of 
the specific entropy 8 = S+ASy then a Fourier expansion of Ap and 

AT (or A8) leads to a similar expansion of Ap = Az^+(^| AT 

WIt Wh 

or Ap = (~| Ap+f~ I A8y the first (mechanical) part being propa« 
\dpls \d8lp 

gated in the form of progressive waves, or vibrating harmonically 
with a frequency corresponding to the length of the waves if they are 
treated as standing, while the second (thermal) is non-vibrating, dis- 
playing a relatively slow and irregular variation with the time. 

Coming back to the question of the scattering of light by a solid or 
liquid (transparent) body, we see that the theory given at the beginning 
of this section and based on a consideration of mechanical (pressure) 
waves alone, must be completed by a consideration of the thermal 
‘waves’. 

Inasmuch as the scattering of light is directly due to density fluctua- 
tions (the index of refraction being a function of the density alone) and 
the variation of density is due both to a variation of the pressure and 
of the temperature or entropy, the light scattered in a given direction 
owing to the density waves (whose length and direction is given by 
Brillouin’s equation (39)) must consist of two parts: a ‘mechanical’ 
one with an altered firequency which has already been considered, and 
an additional thermal part, which must have the same frequency as the 
incident light (the corresponding unshifted Rayleigh line being some- 
what broadened as a i^ult of the irregular variation of the amplitude 
^ of the thermal ‘waves’ with the time). 

This important correction to the simple Brillouin theory of light 
scattering in solid bodies was introduced in 1934 by Landau and 
Placzek,t who showed it to be especially important in the case of liquid 
bodies, where the entropy fluctuations are much larger than in solids, 
and where, accordingly, the intensity of the unshifted component of the 
Rayleigh line has been found to be much more intense than in the case 
of solid bodies. 

The ratio of the intensity of this unshifted line Iq to that of the two 
shifted components must obviously be equal to tjie ^tio between 
t Phya. Z. d, Sotejjetunion, 5, 172 (1934). ^ 
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the square of the thermal part of the density fluctuation Ap = AT 
or Ap == AS and the square of its mechanical part Ap = j Ap 

or Ap = Ap. If, following Landau and Placzek, the pressure and 

the specific entropy are chosen as independent variables (which is a 
reasonable choice for relatively long waves capable of effectively scatter- 
ing light) and the volume F of a given small mass of the body as the 
dependent variable (instead of the density) we have 

= 0 A2>= 

WIs 

where Kg is the adiabatic bulk modulus and 

the latter relation following from the differential expression for the 
total heat 

dJ=Td8+Vdp. 


Denoting the minimum value of the latter for the whole system (made 
up of the element considered and of the rest of the body) by Jq we have 
further 

-M. « .* « W . - JV-W 

» 5 S<“l’ - 

whence it follows that 

y d(Ap) 




and 
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We thus get 



Now, in virtue of the identities 



and the thermodynamical relation 



this ratio can be rewritten in the form 



orfinaUy, h = = (41) 

according to (20 c), where —V(dpldV)p is the isothermal bulk 
modulus. 

In the case of solid bodies the ratio (Cp—C^jC^ is very small, while in 
the case of liquids it is of the order of 1, which explains the relatively 
large intensity of the unshifted line observed in the latter case. From 
the point of view of the physical considerations regarding the origin of 
the unshifted Rayleigh line, as due to the anharmonicity of the mechani- 
cal vibrations, this line would be expected to be wholly absent in the 
region of very short wave-lengths; the thermodynamical relations which 
have been used above lose their validity when the rate of change of the 
quantities involved, both with respect to the time ^hnd to the space 
coordinates, becomes too large. 
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10. Generalization of the Equations of Hydrodynamics 

In generalizing the equations of the elasticity theory we have con- 
fined ourselves to the case of small displacements of the particles, 
excluding in this way those types of motion which are characteristic of 
liquid bodies. We must now approach the problem of the generalization 
of the equations of motion of amorphous bodies from the opposite — 
and thus from the liquid — end. 

We shall replace, accordingly, the displacements by the velocities 
Vi = dUildt and treat the latter, following Euler, as functions of the 
time t and of the coordinates x^ of the displaced position. The 
equation (23) of § 7 must now be rewritten in the form 



and must be completed by the continuity equation 


dp Y ^ A 

dt dxu 

k ^ 


(42 a) 


Inasmuch as liquids are similar to solids in respect of their small 
compressibility we can use Hooke's law for the determination of the 
hydrostatic pressure p as a function of the volume expansion 8 = AF/PJ, 
which is equal to the relative variation of density with the opposite 
sign — Ap/po- Such a procedure would, however, be of practical interest 
only in the case of small vibrations, which has already been examined 
in § 8 by the methods of the generalized elasticity theory. If we wish 
to study such types of motion of liquids, and, in general, of amorphous 
bodies, as essentially depend upon their fluidity j both irreversible or 
reversible, we can wholly neglect the complications arising from the 
finite value of the compressibility, i.e. treat the liquid as incompressible. 
In this case the pressure must be derived from the dynamical equation 
expressing the general law of motion, which in classical hydrod 3 mamics 
has the form 

p^=-Vp+/iV2v-VC7, (43) 


where p. is the (ordinary) viscosity and U the potential energy of the 
external forces per unit volume. 

Equation (43) leaves out of account the shearing elasticity of a liquid 
i>ody, i.e. its rigidity, which is masked by small values of ft, but becomes 
a feature of primary importance when the viscosity is large enough 
(the body being actually transformed from liquid into solid). The 
influence of this rigidity, along with that of viscosity, on the tangential 
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part of the stress tensor (the ^normal’ part of it reduoing to 
has already been found in § 7 (eq. (27)) and can be written in 
the following form, corresponding to the substitution of the velocities 
Vi for the displacements : 




(44) 


Here 


~~ 2\dXi dt dxjg dtj^ 2\dXi dxj 


is the velocity tensor and A the operator l+T(d/d^), r being Maxwell’s 
relaxation time fi/O, 

We thus see that the simplest generalization of the equation (43), 
taking into account Maxwell’s relaxation elasticity, associated with the 
irreversible fluidity, consists in replacing the factor l/fi by the operator 

-A = Rewriting (43) in the form 

fi fi Gat 




we obtain the following generalized equation of motion 

mV*v = .i[p^+V(p+£7)], (46) 


or, in view of the relation dFjdt = dFldt-{-{yV)F (valid for any function 
F of the coordinates and the time) 


/i7*v= j^l+T^+T(vV)j|pj^^+(vV)vj+V(p+l7)|. (45a) 

In order to account for the reversible fluidity of an amorphous body 
we must start from the relations = 2 Jf containing the generalized 
operator if , according to (30 a). Differentiating this relation with 
respect to the time, we get 

or according to (30a) and remembering that O^ti = 

Hence it is seen that the desired generalization of the Equation of 
motion of an incompressible amorphous body, takinQg account of the 
fluidity (both irreversible and reversible) and of the rigidity can be 
obtained from (46) if the operator A (= A^ is replafled by 

5= l+tf,(^-l)[ffi+0.(l-V‘)]-‘. 
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and can accordingly be written as follows: 

,tiV»v = 5[pJ+V(p+t7)], (46) 

or 

= [«x+» 2 (l-^ 2 -‘)+<?iMi-l)][/>f +V(j>+£^)]. (46a) 

Besides these dynamical equations the incompressibility condition 

divv = 0 (47) 

must be used along with the usual boundary conditions referring to an 
ordinary viscous fluid. 

If the kinematics of the motion were fully determined by these 
conditions, the motion of a rigid fluid such as we are considering would 
be exactly the same — under identical external conditions — as that of 
an ordinary viscous fluid. 

As a matter of fact, however, the dynamical equations (43), (45), or 
(46) do not only serve the purpose of determining the pressure p for a 
given motion, but at the same time determine this motion, in conjunc- 
tion with (47). To make this point clearer it may suffice to note that 

by taking the curl of (43) we can eliminate p and obtain an equation 

for the rotational part of the motion. 

It would be out of place to investigate this question at greater length 
here. 


Kk 
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ORIENTATION AND ROTATIONAL MOTION OF 
MOLECULES IN LIQUID BODIES 

Rotational Heat Motion in Liquids 

As already mentioned in the preceding chapter (§ 1) the rotational 
motion of molecules even in relatively simple liquids at not too elevated 
temperatures consists essentially in rotational oscillations about equili- 
brium orientations, which are determined by the action of the surround- 
ing molecules and changed jerkily from time to time. The duration t 
of^ certain equilibrium orientation must, as a rule, be large compared 
with the period tq of rotational oscillations and connected with the 
latter by relations of the same type t = as in the case of the 

translation motion of the molecules of the liquid. Only in the limit of 
very high temperatures, when hT becomes comparable with the activa- 
tion energy U which is required for a sharp change of the equilibrium 
orientation, the rotational motion of the molecules is reduced to a free 
rotation of the same kind as in the gaseous state.f The difference 
between the rotational and the translational motion of molecules in 
liquids consists, from this point of view, in the fact that in the case of 
translational motion the equilibrium positions of the molecules, irre- 
spective of their size, are shifted by very small amounts of the order 
of 10”* cm., whereas the equilibrium orientations — in the case of small 
molecules, at*lea8t — ^are rotated through large angles. 

If the elementary displacements of the centres of gravity of the 
molecules were large, compared with their distance apart, the trans- 
lationcd component of the heat motion of the molecules in a liquid 
, could not be described as a kind of Brownian motion, i.e. as a self- 
difftision, defined by a differential equation; it would be described by 
an integral equation| and could not be associated with the conception 

/ t as hi the case of translation motion, U must be defined as the smallest energy, 

or rather free energy, required for such a rearrangement of a group of molecules as 
results in a sharp change of the orientation of the central molecule. The details of the 
mechanism of such reorientation processes and, in particular, the effective number of 
molecules involved in them, are not yet clear. In particular it is not clear 'Whether and 
|0 what extent the changes of orientation are connected with changes of position. 

{ Of the same type as that introduced by Einstein in his theory qf Brownian motion, 
equation is i^uced to a differential equation of diffusion bn the assumption that 
the average diiplacements of the particles are small. If this assui^ption is not justified 
->-as in the ease of the scattering of photons or neutrons — the notion of differential 
diffusion must be rejected. 
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of ‘mobility’, i.e. of a frictional force proportional to the average 
velocity of a molecule with respect to rest. 

Just this situation is apparently found in the case of the rotational 
motion of molecules. This motion can have a differential character, 
similar to the rotational Brownian motion of colloidal particles, only 
in the case of liquids with relatively large molecules, for which the 
notion of oscillations about an equilibrium position or orientation 
becomes devoid of physical meaning — or at least of practical value. In 
the case of liquids w;ith simple molecules of a small size the rotational 
‘diffusion’ or rather ‘self-diffusion’ motion must be characterized by 
sharp changes of the equilibrium orientations and cannot be associated 
with the conception of rotational friction (such as is used, for example, 
in Debye’s theory of the polarization of dipole liquids in alternating 
electrical fields; see below, § 6). 

It should be mentioned that in the simplest case of colloidal particles 
symmetrical about a certain axis — a dipole axis, for instance — the 
rotational motion can be reduced to an ordinary translational diffusion 
of a swarm of points on the surface of a sphere (with an arbitrary radius) 
if each point is imagined to represent a particle whose axis, supposed 
to be drawn from the centre of the sphere, intersects the latter in this 
point. 

If a small portion of the surface of the sphere is considered, the 
angular distribution of the colloidal particles — or rather of their axes 
— can be described with the help of an ordinary equation of diffusion 
in two dimensions: 



where x, y are two rectangular axes in a plane tangential to the corre- 
sponding portion of the spherical surface, /(x, y) dxdy the number of 
particles whose axes are contained in a solid angle corresponding to 
the area dxdy, and D the coefficient of rotational diffusion. In the 
presence of external forces with a moment M, the axis of each paiticle 
must rotate in a plane perpendicular to M with an average angular 
velocity a> proportional to M, i.e. a> = otM, where a is the coefficient 
of ‘rotational mobility’. It can easily be shown, in the same way as in 
the case of translational Brownian motion, that it must be connected 
with the coefficient of rotational diffusion by Einstein’s relation 


D 


(la) 
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These conceptions and relations can be applied to the rotational 
motion or angular distribution of ordinary molecules in a liquid only 
if these molecules are sufficiently large. In the contrary case the notion 
of differential angular diffusion described by the equation (1) must be 
replaced by that of an integral angular diffusion, characterized by 
large rotations of the equilibrium orientations, about which the mole- 
cular axes perform small oscillations. 

It should be remembered that this picture refers to the case of 
relatively low temperatures only, when kT < U, With approach of 
kT ioU the rotational motion of the molecules must become more and 
more Tree*, the liquid thus becoming ‘gas-like^ in this respect. It need 
not necessarily become simultaneously gas-like with respect to the 
tfwnalation motion of the molecules; more than that, a free rotation of 
the molecules can take place in certain cases even in the solid (crystal- 
line) state.f 

In the case of substances with complicated rod-shaped molecules the 
rotational motion must preserve the character of small oscillations far 
above the ordinary melting-point; in the case of ‘liquid crystals’ the 
corresponding equilibrium orientations preserve, moreover, a regular 
distribution, remaining more or less parallel to each other. 

The gradual transition from rotational oscillations to free rotation 
with a rise of temperature must be revealed by a decrease of the specific 
heat of liquids — by an amount of 2 cal./mole in the case of diatomic 
molecules and 3 cal./mole in the case of more complicated ones, accord- 
ing to the number of rotational degrees of freedom; this decrease must, 
in general, take place in a temperature range different from that which 
corresponds to a similar effect due to the translational motion. Both 
effects refer to the value of the specific heat at constant volume G^. 
Owing to the rapid increase of the volume when the liquid is heated at 
constant pressure to elevated temperatures the specific heat at constant 
pressure Cp is found, on the contrary, to increase very sharply with a 
rise of the temperature. This increase is preserved even if the pressure 
is simultaneously increased, being maintained above that of the saturated 
vapour (in order to prevent the liquid from partial evaporation) up to 
the critical point. 

In the case of substances whose molecules are rod-shaped or plate- 
shaped the transition to free rotation (which can be denoted as ‘orienta- 

f This is probably the case with hydrogen, both liquid and solids as has been pointed 
out' by Pauling, who believes that oirtho-hydrpgen molecules must persist in a state of 
free one-quantum rotation even at T » 0. ' 
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tional evaporation’ of the corresponding bodies) must, in general, take 
place at different temperatures with respect to different axes. Thus, 
for example, in the case of liquid paraffins free rotation of the molecules 
about their longitudinal axes can start at relatively low temperatures, 
while free rotation about transverse axes requires much higher tem- 
peratures (and larger values of the specific volume). 

In the sequel we shall limit ourselves to a consideration of substances 
composed of simple molecules possessing a symmetry axis, a rotation 
about which is either wholly absent (as in the case of diatomic mole- 
cules) or does not play an essential role. To begin with, we shall consider 
polar substances, the molecules of which possess an electric moment of 
constant magnitude in the direction of their axis of symmetry. 

The possibility of influencing the behaviour of such molecules by the 
application of a homogeneous electric field of a constant or variable 
magnitude and direction enables one to study a number of questions 
connected with the mutual orientation and rotational motion of mole- 
cules in liquids much more extensively than can be done by a considera- 
tion of the purely thermal properties only. Of special interest are the 
phenomena of the dielectric polarization and losses of dipole liquids 
in high-frequency alternating fields, since in these phenomena not only 
the equilibrium properties of the corresponding liquids but also their 
kinetic properties, depending on the electric relaxation time (i.e. the 
average duration of a constant equilibrium orientation of the molecules), 
are revealed. Electrical vibrations with a period smaller than the 
relaxation time must influence the liquid in the same way as if in the 
absence of external forces the equilibrium orientations of the molecules 
never changed; the influence of the electrical forces must reduce in this 
case to a purely elastic effect, consisting of small, practically undamped, 
forced vibrations of the molecules about their equilibrium orientations. 
If, on the other hand, the vibration period is large compared with the 
relaxation time, then, in the cme of large mokcvleSy the action of the 
electric field must reduce to a viscous effect, consisting of a gradual 
increase of the degree of orientation of the molecules in its own direction. 
This effect can be denoted as an orientational (or angular) ‘flow’ of the 
liquid; it is quite similar to the usual viscous flow of a liquid body under 
the influence of a shearing stress of a constant or slowly variable 
direction. The main difference between them consists in the fact that 
the ordinary (translational) flow is, in principle, unlimited, whereas 
the orientational flow is limited by a rotation of the molecular axes by 
an angle of 180®. 
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The dis^otion between the 'orientational elastic’ and the 'orienta- 
tional viscous’ behaviour of dipole liquids in rapidly or slowly alternating 
electrical fields refers, however, to liquids with large^ slowly rotating 
molecules only. The behaviour of small, sharply reorientated molecules 
must preserve the same 'orientational elastic’ character both in variable 
and in constant fields. ' 


2. Polarization of Dipolar Liquids in a Constant Electrical Field 
(Old and New Theory of Debye) 

According to Debye’s old theory, which is merely a replica of 
Langevin’s theory of paramagnetism, the electrical moment of a liquid 
due to a permanent electric field is equal per unit volume to 


P^P,L 



( 2 ) 


where Pq = pn is the maximum saturation-value of P (p is the dipole 
moment of a molecule, n the number of molecules in unit volume), 
while denotes the 'effective’ field acting on each molecule, supposed 
to be connected with the average (macroscopic) field in the liquid E by 
Lorentz’s formula 

E, = E+^P. (2a) 

L{ijs) == cotha;— 1/a? is Langevin’s function, which for a? 1 reduces 
to lx. We thus get in this case 


P = 


UT 


(3) 


or according to (2 a) 

p _ phi/SkT 

whence the following well-known equation for the dielectric constant 
€ = E+ifirP/E is obtained: 


€— 1 47rp*» 


(3 a) 


The last two equations can be applied to the case of relatively weak 
fields (not exceeding a few thousand volts/cm.). With a further increase 
of E the polarization P increases more slowly, tending to the constant 
limiting value P^ = pn. This saturation effect is cheracteriz^ by a 
decrease of the dielectric constant c, which in the limit -> oo tends 
to 1. If the function L(x) is expanded into a series of powers of x, then 
the second term, proportional to El, yields a correction Ac < 0 to the 
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value of € corresponding to the first term (i.e. to S -> 0), giyen by the 
following formula: 

A€= (3b) 

15 3 / ^ ' 

The equations (3 a) and (3 b) are in excellent agreement with the 
experimental data in the case of dipolar gases (for which they are greatly 
simplified, since in this case can be identified with Ey i.e. €+2 
replaced by 3). With .respect to dipole liquids the agreement between 
theory and experiment is of a qualitative character only. At the same 
time sharp discrepancies are found between the values of p obtained 
for the same substance in the vapour and in the liquid state with the 
help of equation (3 a), and between the values of p obtained for the 
same liquid with the help of (3 a) for the case of weak fields and of (3 b) 
for that of strong ones. 

Thus for example, in the case of water vapour, the dipole moment 
of the molecules, calculated according to (3 a) or according to the 

^TT 

simplified equation €— 1 = is equal to 1-84 x 10"^®, whereas in 

O n/I 

the case of liquid water it proves to be equal to 0»9x 10"*^®, i.e. nearly 
half the quantity. If, further, the latter value is substituted in equation 
{3b), then for E = 10® c.g.s. one gets Ac/c = —3*87, whereas the 
corresponding experimental value is found to be Mxl0“®, i.e. 3,600 
times smaller. 

The discrepancy between the values of p obtained according to 
equation (3 a) from the experimental values of € in the vapour and 
liquid phase of the same dipole substance could be explained, in 
principle at least, by assuming that a fraction of the molecules in the 
liquid are associated into astatic pairs, with oppositely directed moments. 
Such an assumption cannot, however, explain the discrepancy between 
the values of p obtained /or the same liquid with the help of (3 a) on the 
one hand and of (3 b) on the other. This discrepancy must be considered 
as an intrinsic contradiction, pointing to the fallacy of some basic con- 
ceptions or assumptions of Debye’s old theory leading to equation (2). 

This circumstance was noted in 1936 by Debye himself,t who 
attempted to improve his old theory by accounting in a more correct 
and complete way for the mutual action between the molecules of the 
liquid. In the old theory this mutual action was assumed to be reduced 
to a mutual orientation of the molecules in the direction of the average 
electric field E and was allowed for by replacing the latter by the effec- 
t P. D©bye, Phy$. Z. 36» 100, 193 (1936). 
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tiye field according.to Lorentz’s formula (2 a). A mutual orientation 
of the molecules in the absence of an external electric field was thus 
supposed to be lacking. In reality, as has been shown in the preceding 
section, a strong mutual orientation of the molecules must exist in the 
absence of external forces, the equilibrium orientations of the molecules 
being distributed irregularly with a certain degree of local order and 
being specified by a local field F, Inasmuch as the latter is due to the 
dipole moments of the surrounding molecules, it must have a magnitude 
of the order p/r^, where r is the average distance between nearest 
neighbours (2.10"® cm.), i.e. 10“^®/10“®® = 10® c.g.s., or 3.10’ volt/cm. 
The product pF » 10“i® is thus about 10 times as large as the value 
of kT at room temperatures. We thus see that even in the absence of 
any other mutually orientating influences nob reducible to the mutual 
action between the dipole moments, the molecules of a dipole liquid 
cannot rotate freely as in the gas phase, but must oscillate about 
certain equilibrium orientations. So long as we are interested in the 
action of external flelds of constant magnitude and direction, the fact 
that these orientations have a limited duration need not concern us, 
provided t is much larger than the oscillation period Tq. 

Since the strongest fields E which are applied for the polarization of 
liquids are very weak compared with the inner or local field F, their 
influQpce can be reduced, according to Debye’s new theory, to a very 
small rotation of the equilibrium orientation as determined by the 
local field alone, in the direction of the applied field £ or rather E^, so 
that the new equilibrium orientation should coincide with the direction 
of the resulting field F' = F+Ee. 

It is thus clear in Debye’s new theory that a dipole liquid is treated 
as an orientationally elastic or orientationally rigid body, without any 
allowance for the eventually possible effects of orientational fluidity or 
viscority. It is interesting to note that in his earlier theory of the 
polarization of dipole liquids'in alternating electrical fields (1912) Debye 
treated idl such Uquids as orientationally fluid bodies, without making 
any allowance for orientationally elastic effects. A recent theory aiming 
at combining the effects of the two kinds, which was developed by 
Debye jointly with Ramm in 1937, f again for all dipole liquids irrespec- 
tive of the size of their molecules, is, as will be shown below, self- 
contradictory and leads to wrong results. 

As has been pointed out in the preceding section, Debye’s newest 
theory, involving the orientationally elastic effects alone, is applicable 
t Debye and Raxnxn, Ann, d. Phys. (v) 38, 28 (1937). 
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to liquids with small molecules, whereas his earlier theory, based on a 
consideration of orientationally viscous effects alone, can be applied 
to liquids with large molecules. In the latter case, as will 
be seen below, Debye’s old theory of the polarization in 
constant fields remains valid (with certain important 
corrections which, however, are not connected with 
orientationally elastic effects). 

For the sake of clarity we shall first give a simplified 
presentation of Debye’s new theory ,*|- holding good for 
the case, usually encountered, where pE <^kT pF. 

In this case it is possible, as a first approximation, to 
neglect the rotational oscillations of the dipoles and 
assume that they are directed along the resulting electric 
field F' = Following Debye, we shall use for 

Lorentz’s expression (la), which is supposed to account for the mutual 
orientation of the molecules in the preferred direction. 

Let us denote by 6\ and (j) the angles between the vectors (F, Eg), 
(F',Eg), and (F,F') (Fig. 34). The equality of the torques acting on 
the dipole on the part of F and Eg is expressed by the equation 

£7gSin0' = jPsin^, (4) 

where 

sin 6' = sin B cos <^~cos 9 sin <^, cos B' = cos B cos <^+sin ^ sin (^. 

In the first approximation with respect to the ratio EJ F we can replace B' 
in (4) by B, which gives „ 

8in</> = -r^sinB, (4 a) 

F 



e 

Fig. 34 


and further 


CO8 0' = CO8 0-)-~8in20. 

F 


(4 b) 


The polarization of the liquid P can be obtained by multiplying the 
number of molecules n in unit volume by the mean value of the com- 
ponent of the electric moment of one of them along the direction of the 
field E (or Eg), i.e. of ^cos0'. If in calculating this mean value all the 
directions of the vector F with respect to Eg are regarded as equally 
probable,! we get cos^ = 0 , co^ = J, sin^^ = §, and consequently 




that is, P = -^E^. (5) 

3 F 

t Frenkel, AcUi Phyakochimica, U,R,S.S, 4 , 341 (1936). 

t According to A. Anselm, Acta Phyeicochimica U.R.S,S., 19, 400 (1944), this assump- 
tion is not justifiable and can lead to erroneous results. 
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This formula is a substitute for the formula (3) of Debye’s old theory. 
It is obtained from the latter if fcT is replaced by \pF, i.e. by multiply- 
ing the previous expression by the factor R = 2kTlpF, 

We shall now take into account the thermal oscillations of the mole- 
cules about their equilibrium orientation. Let 8 denote the angle 
between the oscillating dipole and the direction of the vector F'. The 
component of p along is equal to 

p oo8(d'— 8) = p(co8 6' COB 8+sin S' sin 8). 

The statistical average of sin 8 vanishes. In the case of small oscillations 
we have further cos8 = 1— J8*. Since cos8) ^ J8®pJP' is the 

potential energy of the dipole, whose mean value is equal to \kTy we 
gefc neglecting the difference between F' and Fy 


and consequently 



Pjp = pcosfl'cos8 =pcos^'(l— J82) = 


2pEJ hT\ 
3 F \ 2pF}’ 


that is, 



(6a) 


According to this formula, just as according to the formula (2 a) in 
Debye’s old theory, the polarization of a dipole liquid decreases with 
a rise of the temperature, the two formulae being approximately 
equivalent in this respect within the relatively narrow range of tem- 
peratures for which measurements of e are possible. Formula (6 a) 
corresponds'to the folloiidng equation for c: 



If we substitute the value p = 1*84 x 10“^® for the molecules of water 
in the vapour state, and the experimental value 81 for c, we can 
determine the magnitude of the local field F, The result agrees with 
the e^imate previously made, the value of pF proving to be nine times 
as large as that of kT at room temperatures. 

Turning to an exact formulation of Debye’s new theory we shall note, 
first of all (see Fig. 34), that 

F == 2Jg?,Fcosff)*, 

that is, to an accuracy of the first order with respect to EJF: 

J-' = i’(l+ Jcosflj. 
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pF 

W 


a' = 


pF> 

kT 
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and expand the function L{a') in powers of EJF. Limiting ourselves 
to first order terms we get 

L(a')=L(a)+g^cosfl. 

The product pL(a') is the mean value of the component of the 
moment p in the direction of F\ In order to obtain its component ^ 
along Eg we must multiply L(a') by cos^' and average over all values 
of d. On the assumption that they are equally probable we get with 
the help of (4 b): 

L(a')cosd' — L(a)^BinW-\-~a^cosW 
jf dd F 


since according to the definition of L 

— = I £2 

da a 

Thus 2 

P==n^^:=^E,{l-L^). ( 6 ) 

This formula, derived by Debye in 1937, can be obtained from his old 
formula (2 a) by multiplying it by the factor R — l—L^a), From the 
point of view of Debye’s old theory this would correspond to a decrease 
of the dipole moment in the liquid phase compared with that in the 
vapour phase by the factor Vi?. If a = pF/kT > 1, L(a) is reduced 
to l—kT/pF and 1 — ^ 2kTlpF, which is the approximate value 
of R previously found. If the quadratic term in the expression 
1— L* ^ 2kTlpF—{kTlpF)^ is retained, formula (6) is reduced to (6a). 

In order to account for the saturation effect, the preceding calculations 
must be performed with an accuracy to terms of the next (third) order 
in EJF, According to (4) we have, putting EJF = x, 

Brntj) = a?sinfl— a:*sin^co8^+a:®sin%os*0— isin*d), 
cos 9 = 1 — sin^^+a:* sin*fl cos d, 

COS0' = cosff+J*Jsin*d— fa;*sin*0cos^+i*^®sin*^(2cos*fl— Jsin*0), 
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and further 


F' = jP(l+a;cos^+^a;®sin*^— a;*cos^sm®6), 

whence 

L{a') — jL(a)4~aa;cos^+a;*j^^ ^^a2cos2^+^^asin2^j + 

o^ IdL a • 2a I ^ 2 a • 2n , ^ d^L « go! 

+^\ -r-«cos08in2^4-- -— o2cos^sin^04-- -7-7ra®cos®0 . 

y 2 da ^2da^ ^ ^ da^ J 


With the help of these expressions we obtain after -elementary but 
cumbersome calculations 



where E(a) — 1— while 

i?*(a) = 3[l-4i*+3i«+— (2i*-l)+6^1 

L ® 

is a correction factor to the second term of the expression for P following 
from Debye’s old theory and accounting for the saturation effect. 

Using the same value of pFjkT which is needed to remove the dis- 
crepancy between the values ofp for water molecules in the vapour and 
in the liquid state, Debye has succeeded in removing simultaneously 
the discrepancy between the values of p which followed from the first 
(linear) and second (cubical) terms of his former theory corresponding 
to JS = !?♦ = 1. 


3. Polarization ojf Dipolar Liquids in a Constant Electric Field 
(Onsager’s Theory) 

Inasmuch as Debye’s new theory, just as the old one, is based on 
Lorentz’s formula (2 a) for the effective field, they both lead to an 
equation of the Lorentz type for the dielectric constant as a function 
of the polarizability a = ^lE: 


€-1 
€ + 2 



(7) 


where oc ~ p^jZkT. 

This equation involves the following difficulty. Its left-hand side 
cannot evidently exceed 1 (for c = oo), whereas the ri^ht-hand side is, 
in principle at least, unlimited. This difficulty is in part due to the 
trivial fact that equation (7) is an approximation, based on the assump- 
tion of the smallness of E^ (for in this case only is ^ p^portional to E^), 
whereas in the case € -> oo the effective field E^ tends to infinity. 



{3 POLARIZATION OF DIPOLAR LIQUIDS IN IbONSTANT FIELD 261 

We thus see that, strictly speaking, equation (7) cannot be applied 
to very large values of c. It shows, however, that both liquid and solid 
bodies can possess extremely large electrical susceptibilities in very 
weak electrical fields. 

This behaviour has not hitherto been observed in the case of dipolar 
liquids.f Likewise, no liquid is known which would display the pheno- 
menon of spontaneous electric polarization (analogous to the spon- 
taneous magnetization of ferromagnetic bodies), whereas according to 
Debye’s old theory this phenomenon would be expected to be of 
frequent occurrence. Substituting in equation (2 a) the expression 
for the effective field in the absence of an external one, 

l = £(yf). (7 a) 

where f = P/Pq and y = ^rmp^lJcT. This equation is identical with the 
equation (26) of Ch. II for the degree of orientation in a dipolar crystal 
as a function of the temperature. The Curie temperature below which 
such a spontaneous polarization is possible is equal to TJ. = ^rmp^jk. 
Putting here n = 10^2, p = 10-^®, h — 10“^®, we get ^ 100° K. We 
thus see that at a temperature of the order of a few hundred degrees 
above absolute zero, at which a large number of dipole substances can 
exist in the liquid state, these liquids would behave as electrical 
analogues of permanent magnets. 

The first of the above-mentioned difficulties subsists in Debye’s new 
theory. Putting, for example, R — 2kTlpFf i.e. a = §p/-F, and noting 
that F « pjr^ « pn (since r® is approximately equal to the volume of 

the liquid per molecule), we see that i-an = ^ 1, which in 

o y 


virtue of (7) is just the condition for € -> oo. 

Thus, according to this theory, practically all dipole liquids should 
possess an exceedingly high susceptibility in weak electric fields. 

It is therefore clear that Debye’s old theory must be further modified 
in a direction quite different from that considered by Debye himself 
and connected with a critical revision of the Lorentz expression for the 
effective field. 

This point was recognized in 1936 by L. Onsager,{ who, leaving aside 
the complications due to Debye’s local field, has derived a new expres- 
sion for the effective field, essentially different, in the case of dipolar 
liquids, from that of Lorentz. 

t The maximum value of c found in HCN is equal to 120. The abnormal behaviour 
of Rochelle salt crystals is due to specifio factors and cannot be generalized to ordinary 
dipole substetnees. | Joum> Am. Chem. 8oc. 58, 1886 (1936). 
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According to Onsa^ the e^l^tive field must consist of the follow- 
ing two parts: 

The tot part G is that field which would be obtained in a spherical 
cavity containing the molecule under consideration, if the latter were 
removed from this cavity, under the condition that the field E and the 
polarization P should remain constant at large distances from the 
latter (in the vicinity of the cavity the field must be essentially modified 
and in particular must lose its homogeneous character). 

The second part of the effective field R is that field which is due to 
the additional polarization of the liquid produced by the introduction 
of the molecule in question into the cavity with a given direction of its 
permanent dipole moment. This field is called by Onsager the ^reaction 
field^rfor it specifies the action of the molecule on itself through the 
polarization of the surrounding medium. f 

We thus have E^ = G+R. (8) 

Let us denote the potential of the reaction field by ^ (R = — V0) and 
determine it as follows: (1) it must satisfy Laplace's equation = 0 
both outside the cavity (r > a) and inside it (r < a) (a is the radius of 
the cavity); (2) for r -> 0, i.e. near the centre of the cavity, it reduces 
to the expression ^ = pcos^/r^, corresponding to an elementary dipole 
placed at this centre; (3) on the surface of the cavity the boundary 
conditions 

-I*,..- (I) --(f) 

\^/r=o-0 \^lr=a+0 

must be satisfied. 

A molecule is thus treated as an elementary (point-like) dipole, 
surrounded by a sphere with a dielectric constant equal to 1, while the 
surrounding liquid is treated as a continuous medium with a constant 
(macroscopic) value of €. 

The solution of the preceding problem is given by the formulae 


^ = (r < a) 


, n*cos^ 


(r > a). 


(») 


where the vector 



(9a) 


can be defined as the ‘external’ moment of the dipole located at the 

t 

t Onsmgeie*u raaotbn field is essentially similaf to the field of the image forces, attract- 
ing an elastic charge or dipole to the surfhoe of a conducting body. 
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centre of the cavity, taking into account the polarization of the sur- 
rounding medium, while 


2€+1 


(9 b) 


Let us now determine the modification of the average field E, due to 
the presence of the spherical cavity, obtained by removing a molecule 
of the liquid from its place. This problem is practically equivalent to 
the preceding one, the conditions ^ = p cos 6/r^ for r 0 being replaced 
by the condition 

0(r, 6) —Er cos 6 for r -> oo, 


where G = — V0. We thus get 

th = —Er cos 6-^^ cos 6 
0 == — Or cosd 


where the vector 


p' = 


€-1 

2€+1 


a»E 


(r>a) 
{r < a), 


( 10 ) 

(10a) 


is the electric moment of the cavity (due to the bound charges which 
cover its surface), while 


G = 



(lOb) 


is the resulting homogeneous field, which must exist in it for a fixed 
value of E at large distances. 

The total ‘effective’ field acting on a spherical molecule in a polarized 
dielectric is thus equal to 


3€ p , 2(e-l)p 
2c+l*'+ 2€+1 a3* 


( 11 ) 


The ‘cavity field’ G has the same direction as the average (macro- 
scopic) field E, which is also the average direction of the reaction field 
R (for different molecules or different instants). In Debye’s theory, 
both old and new, it is tacitly assumed that the resulting orientating 
influence experienced by each molecule is determined by the average 
value (and direction) of the total field 

E”=G+R: (11a) 

Now, this is obviously incorrect, for the reaction field has always the 
same direction as the electric moment of the molecule producing it, and 
can therefore exert no orientating influence on this molecule. It is thus 
clear that so long as the electric moment of the molecules is supposed 
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to have a fixed value, the effective field which determines its orientation 
must be identified with the cavity field G. 

The moment of the torque acting on a molecule is equal to 

M = pxEe= pxG= p*xE 
(cf. eq. (9)). This corresponds to a potential energy 
U = —Ep*cosd= —Gpcosd. 

The polarization of the liquid in a macroscopic field E can thus be 
calculated according to equation (2) if E^ is replaced by G. This gives 

or in the case of weak fields 




2e+l kT 


■(12a) 


This formula leads to the following equation for the dielectric constant: 


(e-l)(2€+l) 


kT 


(13) 


replacing the equation (3 a) or (7) of Clausius-Mosotti (or Lorentz- 
Lorenz). According to (13) the dielectric constant increases, mono- 
tonically with increase of the parameter a = ininp^/kT)^ remaining 
finite for finite values of this parameter. In the limit a > 1, i.e. c ^ 1, 
we can put approximately 




27mp^ 


(13a) 


We have supposed thus far .that the polarization of the liquid is 
entirely due to the orientation of the molecules with permanent dipole 
moments of a constant magnitude. In reality this orientation polariza- 
tion is always associated with an elastic polarization, due to a change 
of the magnitude of the electric moment under the action of the 
electrical forces, and depending essentially on a deformation of the 
electron distribution about the nuclei of the corresponding atoms (to a 
very small extent also on a change of the intemuclear distances). 

Since Debye’s theory makes no distinction between the orientational 
and elastic polarization with respect to the definition of the effective 
field, it leads, in the case of weak fields, with allowance for the two 
components of the polarization, to the same equation (7) as in the case 
when one of them only is taken into account, the polarizability a being 
equal to the sum of the orientational part p^/dkT (or ip/F) and of the 
elastic part ocq which is independent of the temperature. 
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An entirely different situation arises in the case of Onsager's theory. 
In the special case of the absence of an orientation effect the moment 
p in equation (11) can be identified with the elastic or induced moment 
a.E. Since this moment is always parallel to E, equation (11) is in 
this case equivalent to (11a). Replacing p = p by P/n and putting 

y = 1, (14) 


i.e. identifying the volume of the spherical cavity containing a molecule 
with the volume of the liquid per molecule, we can rewrite (11) as 


follows: 


Ee = 


3e 2(€-l) 47r 
2€+1 2€+1 3 ^’ 


(14a) 


Now this equation is easily seen to be identical with that of Lorentz 
Eg = E+JttP. In fact, putting 47rP = (c— 1)E, we get 



I 

2€+1 


[3,+|(,_l)2]E 


2e^+5e+2 
3(26+1) ’ 


that is, 


Ee = 

C 3 


(16) 


since 262+56+2 = (26+l)(6+2), The same result is obtained on sub- 
stituting the expression (6— 1)^7 for 47rP in Lorentz ^s equation. 

It should be mentioned that from equation (15) in connexion with 
the relation _ , 


the following expression for the polarizability aQ is obtained: 

_ 3 6-1 


(16a) 


or, according to (14), a,, = (1®^) 

This equation was derived by Clausius and Mosotti on the assump- 
tion that the molecules can be treated as small conducting spheres. 

In the general case, that is, in the presence of both an elastic and an 
orientation effect, the permanent moment p in equation (11) must be 
increased by an additional moment Ap = oq Eg induced by the field, 
the effective value of the latter (Eg) being different both from that of 
the Lorentz theory (€+2)5/3 and from that 0 = 365/(26+1) of the 
special case of Onsager’s theory corresponding to oq = 0. 
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Using the relation (15 b) in which £ must be replaced by cq (i.e. by 
the square of the refractive index) we get instead of (ll) 

eTi ^ 3c 2(£~1) p 

i (2£+1)(£o+2)J 2C+1 2C+1 

whence it follows that 




'l I I P 

2c+€o J 3(2€+co) a’*’ 


(16) 


In the special case p = 0 and c = cq this equation is reduced to (14 b). 
The total value of the moment of a molecule is thus found to be 



The product pp is the sum of the molecule ^s own permanent electric 
moment p and of the moment induced by the elastic polarization in 
the reactive field. The vector p*p is the effective dipole moment of the 
molecule, specifying the field produced by it outside the cavity which 
it is supposed to fill. It should be noted that the total moment of a 
molecule p+Ap includes not only that part of the elastic polarization 
which is due to the reaction field R but also the contribution due to the 
cavity field G (whose direction is, in general, different from that of p). 

The potential energy corresponding to expression (17) for the torque 
is equal to (7 == cos0. The orientation part of the polarization 

can thus be calculated with the help of formula (2) if p is replaced by 
fip and by = 3£if/(2c+l). In the case of weak fields the 

orientational part of the polarization is thus found to be equal to 


= — — u«^E. 
3kT 2€+ir kT 


Strictly speaking, the /separation of the total polalrization into an 
orientation part and an elastic part is impossible, the two effects being 
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intimately interlocked with each other. The total polarization is equal 

This corresponds to the following equation for e: 

(t-to) (2t+l ) _ : 

2e+eo ■ ~ ZkT’ 
or, according to (17 a) and (17 b), 

(e — eo)(2e-hfo) _ 47mp* 

e(eo+2)* “ 

This equation is a generalization of equation (13). In the case of very 
large values of e it is reduced to 

In the opposite case e—^o 6 q equation (18 a) can be written in the form 
^ ^ ^^ 0 + 2)2 
kf~~' 


which differs but slightly from that of the old Lorentz-Debye theory. 

In his paper Onsager does not attempt to account for saturation 
effects. Limiting ourselves in the expansion of L to the first two terms 
(of the first and third order with respect to E) we get 


^(^a+2)lp 


which leads to the following equation: 


(£~eo)(26+eo ) _ 1 r €(eo+2) p^12| 

(€o+2)2€ ^kT 15[ 2€+€o kT\ /' 


(19a) 


Onsager ’s theory is in good agreement with the experimental data in 
the case of liquids with a weak polarity. In the case of strongly polar 
liquids it leads to too small values of the dielectric constant. Thus, for 


example, for the dielectric constant of water a value 31 is obtained 


from Onsager ’s theory, while the experimental value is 81. 

In Debye’s theory, both old and new, the effective field acting on a 
molecule is identified with that of Lorentz, Onsager’s argument being 
thus wholly ignored.^ On the other hand, Onsager’s theory wholly 
ignores Debye’s local field. It seems natural to unify the two theories 
by replacing the Lorentz effective field by Onsager ’s field G and the 
dipole moment of a molecule p by the product /Ap, allowing for the 
influence of the reaction field (in the presence of elastic polarizability). 

t In spite of the fact th^t Deb5re’s latest publications on this subject appeared after 
the publication of Onsager's work. 
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We thus get in the first approximation 

This formula is a generalization of Debye’s formula (6) on the one hand 
and of Onsager’s formula (18) on the other (without the last term 
representing the direct contribution of the elastic polarization). 

Onsager’s formula (18 a), taking into account Debye’s correction for 
the local field, assumes the following form : 


(«-go)(2«+to) _ r2//*y^\1 

*(*0+2)* 9*rL \kT)y 


(20 a) 


The. combination of Onsager’s theory with Debye’s theory of the local 
field, instead of improving the agreement between theory and ex- 
periment, leads, on the contrary, to a still sharper disagreement 
between them so far as the numerical value of c is concerned. . As has 
just been mentioned, Onsager’s theory, as applied to water, gives 
€ = 31; the introduction of Debye’s factor l—L^ lowers this value 
still further. 


4. Kirkwood’s Improvement of Debye’s and Onsager’s Theories 

Onaager’s theory is open to a number of objections, which can be 
summarized as follows: 

(1) Onsager uses an artificial and roughly simplified model of a 
molecule. Although such procedure often leads to correct results, 
which prove to be independent of the model used, it is neverthe- 
less desirable that the theory should not be based on wrong 
assumptions about the molecular structure. 

(2) The liquid surrounding an arbitrarily chosen molecule is treated 
as a continuum with a constant value of 

(3) The interaction of a molecule with its neighbours is accounted 
for (in the absence of an external field) by the reactive field only, 
which, being parallel to the electric moment of the molecule, 
produces no orientation effect whatsoever. 

Kirkwood has developed Onsager’s ideas in a stricter form and on a 
broader basis, allowing, in principle, for a mutual action of any kind 
between the molecules (and not simply for the mutual orientation of 
dementary dipoles, as in Debye’s theory).f Since, however, this mutual 
letion is thus far not known exactly even in the case of the simplest 

t J. Kirkwood, J. Chem. Phye, 7, 911 (1939). 
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substances, it has not yet been possible to obtain reliable numerical 
results for any actual liquid from Kirkwood’s theory. 

Instead of a single molecule let us consider, following Kirkwood, a 
dielectric sphere B with a radius large enough (compared with the 
distance between the nearest molecules) to justify a treatment of the 
surrounding liquid as a continuous medium with the macroscopic 
dielectric constant e. 

In the presence of a weak electric field E, the average value of the 
total electric moment of a molecule (in the direction of E) p' can be 
represented as the sum of a part pj^, due to the orientation of the 
permanent dipole moment p and of the induced moment Ap = olF, 
where F is the effective field (previously denoted by 

In order to calculate pj^ let us consider a large dielectric sphere A 
with a radius R > consisting of N molecules and introduced into 
an external field Eq (the latter should not be confused with the average 
field E). The sphere B will be imagined to form a small inner portion of A . 

One of the molecules with a moment induces in the sphere A a 
certain electric moment m^. The total moment of A is obviously equal 
to the sum of the dipole moments of its molecules 

m = ^ pf, (21) 

which can also be written in the form 

m == 2 

1 

in view of the linearity of the mutual polarization effects, so far as they 
are supposed to be small (along with E). 

Owing to its moment the sphere A has in the external field Eq a 
potential energy —m.Eo. The total value of its potential energy is 
obtained by adding to this expression the mutual potential energy 
of the intermolecular forces (including the mutual action between 
the dipole moments). We then have, according to Gibbs’s equation. 


ViE = 


( 22 ) 


J J dri dT2 dr^ 

J ... J dr-i dr^ ... dr^ 

where drj^ is an element of configurational space of the i:th molecule 
PiE component of p< along E. 

Expanding the integrand in (22) into a series of powers of Eq we get 
in the first approximation 

1 


PiE = 


kT 


(22 a) 
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where the average value of nijg refers to the case Eq 0. While the 
average value of Pi^. vanishes, the average of its product with — ^the 

corresponding component of ^’s total moment — ^is different from zero. 
In fact, according to (21 a), the total moment m contains a part m^, 
induced by the tth molecule. In an isotropic body must always have 

the same direction as p^, i.e. make the same angle 6^ with the (arbi- 
trary) direction of E^. Since in the case Eq 0 all the directions of 
are equally probable, we get 

PiE ^iE = Pi = \Pi 

where denotes the average value of calculated so as to take into 
account the mutual action between the molecules,* i.e. according to 
Gibbs’s formula 

J *** J dxi ... dr^ 

rfTi...dT^ ■ 

It should be mentioned that for k ^ i, PiE'f^kE == Dropping the 
index i (since is independent of the position and orientation of the 
corresponding molecule) we can write 

(23) 


The average field £ in a spherical dielectric placed in a homogeneous 
external field is given by the formula 





similar to that of Lorentz. The preceding expression can thus be 
rewritten in the form 


Pe^ 


c+2 pm ^ 
3 UT ‘ 


(23 a) 


Substituting this expression in the formula P = n(p^-\-oLF) we get 


€—1 _ 477 I pm 3 

7 ^ ~ 3'”\3ir'^rP2“£j‘ 


(24) 


The total (orientational) moment m, induced in the sphere A by one 
of the central molecules, is practically due to surface charges appearing 
as a result of its polarization. The depolarizing field of these charges 
is similar to the demagnetizing field in the case of ferromagnetic bodies. 
If the surface of the sphere A is removed to infinify (J2 -> oo), the 
depolarizing field in the central spherical region B with a fixed radius fg 
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tends to zero. Under such conditions the moment m of ^ is reduced 
to the sum of the moment M(i2,rQ) of the sphere J5, immersed in a 
continuous homogeneous medium with a dielectric constant c, and of 
the moment due to the polarization of this medium: 

m = M(i2,ro)+ ( PdV. (26) 

(A-B) 

Now the polarization of the dielectric is equal to 

■Tfc € 1 t 


47r 




where is the electric potential inside the sphere A, Substituting the 
expression in (25) and replacing the integration over the volume en- 
closed between A and B by an integration over the surfaces of the 
two spheres (with the help of Green’s theorem) we get 

m = j >l>tndS+~ j >l>tndS. (25a) 

R r» 

The potential is given by the formula (where r' is the vector join- 
ing the centres of A and B) 

+ X (r>ro), (26) 

where p* denotes the ‘externar moment of the region B, due to the 
presence at its centre of the ith molecule with a fixed direction of its 
permanent moment p (in this respect Kirkwood’s sphere B replaces 
Onsager’s spherical molecule); is a solution of Laplace’s equation 
without singular points; = Cr cos 9. (26 a) 

Noting that, for r > r', 


?!v-L_ 

* Ir'-rl 




er‘ 


COS 6 , 


we can represent the potential outside A by the formula 

= (m/r2)cos^, 

where 6 is the angle between r and the direction of polarization. The 
boundary condition for 0 and diltjdr on the surface of A 


gives 

whence 


P* 


■ = 4>e> 

+(7ie» = TO, 


j^\ ^ /^\ 


€ 


2m 

- — j 

€ 


“-.Tj”*' 


cm = - 


2«-l 


€€+2 




(27) 
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On the other hand, substituting (26) and (26 a) in (26 a) we have 

m = M(i?,r,)-l:^0(i?»->^)p*. 


Eliminating p* and G between these two equations we get in the limit 
J2 -> 00 i.e. TqIB 0, 


m = 


3 3c 

C4-2 2C+1 


M, 


(28) 


where M is the total moment of the sphere B, due to one of its mole- 
cules, when B is immersed in an unlimited medium with the same 
macroscopic value of the dielectric constant c. 

If the elastic polarization ocF is relatively small, the effective field F 
can, according to Kirkwood, be identified with Onsager's cavity field 0, 
i.e. 3€J&/(2c-f-l). This gives, according to (23) and (28), 



or, in the case c > 1, 


J-P 


(29 a) 


The effective permanent dipole moment of a molecule in the liquid p 
is in general somewhat laiger than the corresponding true value (in the 
gas state) po, owing to the additional elastic polarization due to the 
reactive field. 

We must now turn to the determination of the moment M. 

If in equation (23 a) m is identified with p, i.e. if the mutual action 
between the molecules is wholly neglected, Kirkwood’s theory reduces 
to the old theory of Debye. If, on the other hand, M is identified 
with p^p, then Kirkwood’s formula (29) reduces to that of Onsager’s 
theory. 

In the general case the product pM can be defined by the formula 


pM = p* 1 JJ* co8ye“^/*^ dcodv 


(30) 


with the accessory condition that JJ dwdv = 1 and that outside 
the sphere B with a volume v = frrrj the dielectric constant is equal 
to €. Here y denotes the angle between the dipole moment of the 
given molecule and that of some other molecule (enclosed in the solid 
ingle dw); W is the potential energy depending on their mutual 
orientation. 
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If it is assumed that the volume v contains the given molecule and 
its z nearest neighbours only, we get 

pM 1 + 2 cosy) 

cosy = IJ dcodv, (31) 

where Wq is the value of W for nearest neighbours. 

Equation (29) is now reduced to the form 

€—1 = 67m|^a + ^(l+2COsy)j. (32) 

It should be mentioned that cosy specifies the correlation between 
the orientations of nearest neighbours, accounting, in principle, not 
only for dipole-dipole interaction, but also for interactions of a more 
complicated character. 

Kirkwood expresses the opinion that if the latter interactions are 
left out of account, his theory must reduce to that of Onsager. This 
opinion is contradicted, however, by Kirkwood ^s own later work,t 
where cosy is actqally calculated for the case of a purely dipolar inter- 
action with the result cosy = « being the solution of the equation 

8 = L{zU8l2kT), where U is the height of the potential barrier pre- 
venting the free rotation of a molecule with respect to its neighbour. 

Substituting this value of cosy in (32) we get 



which is similar to our formula (20 a), combining the results of the 
theories of Onsager and of Debye. A minor difference refers to the 
term representing the elastic polarization; this difference is due to the 
fact that in Kirkwood’s theory the effective field F is identified with 
Onsager’s cavity field G. 

Kirkwood illustrates his theory by calculating the dielectric constant 
of water . In doing this he does not, however, use the exact expression 
for cosy given by (31), but assumes, for the sake of simplicity, that the 
neighbouring molecules HjO form a quasi-rigid structure with a fixed 
value of the angle between their dipole moments and a free rotation 
about 0 — bonds. This gives cosy = cos^60° = 0*41, and conse- 
quently, according to (31), since the number of nearest neighbours in 
water z is equal to 4, pM = 2*04p*. 

The mean value of the electric field due to the four nearest neighbours, 
taking into account their free rotation about the respective OH bonds, 

t J. Kirkwood, J. Ohem, Phya, 8, 206 (1940). 

Nn , 


8595.29 
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is equal to = 8 cos* and is parallel to the permanent dipole 

moment of the central molecule. Its total moment is thus equal 
to p = Po+aE', i.e. p = Po/(l— 3‘28(x/a*). Putting a=l‘6xl0-*^ 
and a = 3*27 X 10"®, we get p = l*16po and pM == 3*66p*. With 
Pq = 1-98x10“^® (a value derived from the measurement of the di- 
electric constant of water vapour) the following numerical expression 
for the polarization of liquid water is obtained: 



7-74 xlO^ 


which for T = 25° C. yields € = 67. This value is much closer to the 
experimental one than that of Onsager. 

If the angle between the 0 — bonds in the water molecule is assumed 
to be equal to 90°, instead of 100°, cosy = 0*6 and c = 82, in full 
agreement with experiment. 

This agreement is probably fortuitous, for the preceding calculation 
is based on a very rough and inconsistent picture of the behaviour of 
the molecules in liquid water. It is difficult to imagine that they can 
freely rotate about each of the 0 — H bonds, remaining rigidly bound 
with their neighbours, for a rotation of a molecule as a whole about 
one 0 — H bond implies a temporary breaking of the second 0 — H 
bond, which connects it with a second nearest neighbour. 


5. Polarization of a Liquid with Anisotropic Non-polar Mole- 
cules 

We have hitherto supposed that outside their permanent electric 
moment the molecules are isotropic, their elastic polarizability being 
specified by the scalar a. 

In the absence of a permanent moment Onsager ’s theory, applied 
to this case, gives exactly the same results as that of Lorentz. 

An essentially different situation arises in the case of anisotropic 
molecules, whose polarizability is specified not by a scalar a, but by a 
(symmetrical) tensor 

Let us introduce a system of principal axes — the symmetry axes of 
this tensor— rigidly bound with the molecule. The component of the 
induced moment of the molecule in the direction of one of these axes is 

Pi = 

P = ( 33 «) 


and the total moment to 
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where are the principal components of the polarizability tensor, ft 
the direction cosines of the effective field E^, and three unit vectors 
in the direction of the coordinate axes. 

In the general case p has a direction different from that of Eg, so 
that the field Eg not only polarizes the molecule but also produces a 
torque with the moment M = p x Eg, tending to orientate it in the 
direction of the axis a^, for instance, corresponding to the maximum 
value of the polarizability. The actual distribution of these orientations 
at a given temperature T is determined by Boltzmann's formula 
/ = const, where W is the orientational potential energy of the 

molecule. 

Just as in the case of molecules with permanent dipole moments, the 
effective field Eg can be represented as the sum of the cavity field G 
and of the reactive field R, i.e. 


p 2(€-1) p 
2c+L 2€+1 a3* 


(34) 


In view of the anisotropy of the molecule the dipole moment induced 
by the reactive field is in general not parallel to the latter; hence the 
reactive field not only increases the total moment, as in the case of 
Onsager's theory, but also contributes to orientating torque. 

In order to determine the resulting orientating field we must solve 
the equation (34) in conjunction with (33) for any given orientation of 
the molecule, specified by the direction cosines of the field E with 
respect to the coordinate axes 

Taking the component of (34) along the axis, multiplying by 
and substituting in (33) we get 


whence 

The quantities 


36 ^ . 2 (€- 1 ) 
Pi = 

f 3€a^ a® 

^ (2€-f-l)a^ — 2(€ — l)o(< 


(34 a) 
(35) 
(36 a) 


will be described as the reduced components of the polarizability tensor. 
We have further 


Since the component of p along the direction of E is equal to 


(36) 


( 37 ) 
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we get 


where 


E J e^SaiJy}^ 

4 _ 3« E* 

“2(26+ 1) 


(38) 
(38 a) 


and dQ denotes an element of solid angle. 

For the sake of simplicity we shall limit ourselves to the case in 
which the polarizability tensor has a symmetry of revolution about the 
axis of highest polarizability, i.e. ag = Noting that 2 y? = 1, we 
can rewrite (38) as follows: 

+1 


Pe _ -1 


E 


+1 


(:39) 


J dyi 


-1 

The exponent is very small compared with 1 ; the exponential function 
can therefore be expanded into a series of powers of In the zero 
approximation we get 

Pe = ^ J Kyi+ai(l— yf)] dyi = ^(ai+2ai). (40) 


In the next approximation, putting 

= l+A[(x[yl+oi{l-yl)l 

we get l>E==^j^al+ 2 ai+^(ai-a 2 )*j» (40a) 

or substituting here (35a) and (38a): 

— Scd^oci 6€a®ot2 

“ "s U2«+ l)o»-2(«- 1)0, (2€+ I)a»-2(«- l)a, 

. 18£W»(2e+l)(«i-«,)» \ 

■^6ifc!r[(2e+l)o»-2(«-l)aii]*[(2«+l)o»-2(«-l)aJ»|' ' ' 

This formula, along with the relation P = (e— 1) J^/47r yields an equation 
of the fifth degree for the determination of the dielectric constant c, 
which in the present case depends on the temperature and the intensity 
of the field E. 

It should be noticed that the simplified form of Debye’s theory for 
very strong local fields, given in § 2, is, in the first approximation, fully 
equivalent to the theory of the elastic polarization of liquid dielectrics 
with anisotropic molecules. 
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In fact, an external field parallel to the local field F gives no additional 
polarization, while a field perpendicular to F causes it to deviate from 
the direction of the latter, which is equivalent to a certain elastic 
polarization. Putting in (40) = 0 and = pjF we obtain Debye’s 

formula (5). 

A molecule with a permanent dipole moment p, situated in a strong 
local field jP, can be dealt with as possessing an anisotropic elastic 
polarizability with the above components. The random orientation of 
the local field corresponds to a random orientation of the molecular 
axes (in the first approximation). 

6. Polarization of Dipolar Liquids in Alternating Electrical 

Fields 

In 1912 Debye gave a generalization of his original theory of the 
polarization of dipolar liquids in permanent electric fields, extending it 
to the case of variable fields of small intensity by the application of 
Einstein’s theory of rotational Brownian motion to the rotational 
motion of the molecules. The orientational mutual action between the 
molecules is reduced in this case to a friction torque opposing their 
rotation, with a moment proportional to the average value of the 
angular velocity w. The proportionality coefficient is determined by 
Stokes’s formula 

- = STTa^fij (42) 

a 

where a is the radius of the molecule, which is treated as a small sphere, 
and fi the viscosity coefficient of the liquid; a is the ^orientational 
mobility’, introduced in § 1 and connected with the coefficient of 
orientational diffusion D by the relation (la). 

This theory thus wholly ignores the orientational elasticity of the 
liquid, which forms the basis of Debye’s new static theory (§ 2), and 
takes into account the orientational fluidity (or viscosity) only. As has 
been explained in § 1, such a treatment is admissible only in the case 
of liquids with sufficiently large molecules. 

Besides this ‘kinetic’ mutual action of the molecules, which is reduced 
to a friction torque, Debye’s theory takes into account that part of 
the statical interaction wTiich is included in the orientation effect of 
the electric field, using for that purpose (erroneously as we now know) 
Lorentz’s expression for the effective field. 

Let us denote by dQ = ^Bddd^ an element of the solid angle en- 
closing the direction of the dipole moment of one of the molecules, 



278 


MOTION OF MOLECULES IN LIQUID BODIES 


V. 


i.e. an element of the surface of a sphere of unit radius, containing the 
point where the axis of the molecule intersects this surface (all the 
molecules being supposed to be located at the centre of the sphere). 
Let further denote the relative number of molecules whose 
axes are contained in dCl, 

The distribution function/ can be found from the generalized equation 
of two-dimensional diffusion of the ‘representative points’ on the sur- 
face of the sphere (see (1)): 

f =Z)V»/+div(c«/V£r), (43) 

ct 


where U == —pE^cosd (43 a) 

is the potential energy of a dipole in the effective field and 


the moment of the torque produced by it. The latter is treated as a 
force acting on the representative point and directed in the direction 
of decrease of 6 (the direction of E defining the pole of the sphere). 

In equation (43) we can limit ourselves to the case in which / is a 
function of 6 only. Setting ajD = 1/A:T, equation (43) then becomes 


lef^ I d 
D dt mnd dd 




(44) 


If the field is weak, the function/ deviates but slightly from the constant 
value /o = l/47r which it must have in a state of equilibrium when the 
field is absent. Since this deviation is of the same order of magnitude 
as the forces causing it, the function / can be determined approximately 
if the product fidU/dd) in (44) is replaced by f^(dUjdB), Limiting our- 
selves to the case of a simple (harmonic) alternating field 
and putting accordingly /— /^ = const, e^, we get 


where the quantity 


1 [• pE^cose 1 
47r[ ' kT(\-{-iwT)y 

1 1 
^~2akT~^D 


(46) 
(46 a) 


plays the role of a relaxation time. 

This corresponds to the following expression for the polarization of 
the liquid: , 


P = 


np^Eg 1 


3kT l+iayr* 


(46) 
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which differs from that of the old theory for a permanent field by the 
factor ll(l+io)T), 

It should be noted that the preceding formula can be obtained in a 
much simpler way as follows. 

If the (permanent) electric field, which gives rise to the polarization 
p = where x = np^jSkT, is suddenly removed, the polarization 
must gradually decrease. Let us suppose that this decrease proceeds 
according to the ordinary relaxation law P — i.e. 

dP^^lp . 

dt r ’ 


In the presence of an electric field Eg the right-hand side of this 
equation must be completed by a term proportional to E^y i.e. giving 
rise to an orientational flow with a velocity dPJdty proportional to the 
driving force. Denoting the proportionality coefficient by l/fi {fi playing 
the role of viscous resistance) we get 


dt 


■- P+-1 

T 


(47) 


Since in the special case of a constant field the solution of this equation 
must be reduced to P = we obtain the following expression for fi: 


T 


(47 a) 


lieu/ 


If the field alternates with an angular frequency o), we can put jb e' 
which gives 

'■-i+fc®*' 

in agreement with (46). 

Equation (47) can be interpreted as expressing the fact that a certain 
part E^ of the field Eg gives rise to an elastic effect P = x^i> while a 
second part Eg compensates the viscous resistance connected with a 
variation of P: dP/dt = EJfi, The condition P1+P2 ~ K leads to the 
equation (47) along with the relation (47 a). 

The relaxation time t defined by (45 a) must not be identified with 
the mean life of a molecule r in the sense of the preservation of a 
constant orientation. In fact the notion of the rotational Brownian 
motion of the ‘orientational diffusion’ has a physical meaning only 
(see § 1) if the elementary rotations 8^ are very small (compared with tt). 
We thus have 

2t' ’ 


Z)=' 
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i.e. r' = (8^)*/22>. The relaxation time (46 a) is thus, in general, much 
larger than t', the smaller the elementary rotations 80. A coincidence 
between t and t, with respect to the order of magnitude at least, can 
take place in the case of very small molecules only, with large elemen- 
tary rotations (of the order of w). But in this case the very notion of 
orientational diffusion and of the viscous resistance connected with it 
loses all meaning. Under such conditions the effect of orientational 
flow, which forms the basis of Debye’s (second) theory, is less important 
and must be replaced by the orientational-elastic effect, which leads to 
Debye’s third theory, discussed in § 2 and corresponding to constant 
flelds. 

^ Jh the elementary form in which it has been presented by us for the 
case pF/kT > 1 this theory can easily be extended to the case of 
variable electric fields. Let us consider the forced vibrations of an 
osciUator about the equilibrium orientation, determined by F, under 
the influence of an external field F, Using the same notation as 
in § 2 we have, if J is the moment of inertia. 


= pE^8me--pFBmtl>, 


or, in view of the smallness of <f>, 


= pK^iad. 


Remembering that ^8in^sin0^^^sin0 is the component of the 
moment of a molecule in the direction of £^, we obtain, after averaging 
over aU values of B and multiplication by n: 

J^^+pFP = ^p^E,. (48a) 

The solution of this equation for the case E^ is 


2 np^ E^ 2 npEf, 

3 T" "" 3 F{l-w^lw[y 


(48 b) 


where ciq == ^(pF/J) is the frequency of free vibrations. Since the 
•latter is of the order 10^* sec.-^, whereas w does not exceed 10^® (ultra- 
short radio-waves), the preceding formula is practically reduced to the 
formula P = inpEJF, representing the influence of a constant field. 

The preceding argument does not allow for the fact that the direction 
of the local field F does not remain fixed, but is sha^ly changed after 
a certain mean life r. The vibrations of an oscillator cannot thus reach 
a stationary character, for their phase is irregularly changed every 
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now and then (the accumulated energy being transferred to the sur- 
rounding molecules). Quite analogous conditions are considered in 
Lorentz's well-known theory of the damping of forced electron vibra- 
tions in molecules as a result of collisions between the latter. The 
influence of these collisions is equivalent to a frictional resistance, 
proportional to the velocity, with a proportionality coefficient equal to 
2m/T, where m is the mass of an electron and t the average length of 
time between two successive collisions. These results of Lorentz’s 
theory of ‘Stossdampfung’ may be directly applied to our case. The 
influence of sharp changes in the direction of the local field can, accord- 
ingly, be accounted for by the introduction into the right-hand side of 
equation (48) of an additional frictional term — with a frictional 
coefficient /x = 2 J/t. This gives 

= (49) 


and further, after averaging over all directions of the local field. 


Jd^P 

dt^ 




(49 a) 


instead of (48 a). Putting ^ we get in the case a> coq 

p ^ 2 ^ ^ 

3 J 


or 


3 F l-t-(icofi/Ja>o) 


(49 b) 


This formula is quite similar to Debye’s formula (46). 

An important difference between them relates to the definition of 
the relaxation time, Debye’s relaxation time r = tj,, which is multiplied 
by o) in (46), being replaced in (49b) by a relaxation time 
where is the mean duration of a certain direction of the local field F . 

If the time is assumed to decrease with rise of the temperature 
according to a formula of the usual type Tp = const, then tjq 

should increase with T, which is contradicted by the experimental data. 
The latter agree with Debye’s definition of the relaxation time in (46), 
at least qualitatively, showing that this time is decreased with rise 
of T as it should, according to Stokes’s formula (42) and to the relation 
(46 a). Moreover, in the case of large molecules their radius, calculated 
from the value of turns out to be of a correct order of magnitude. 

If in the expression tj^ = 2/co Jt|p, replacing Debye’s relaxation time, 
we put coo sec.-i, and t 10-^® sec., we get tj^ IQ-^®. This 

0 0 
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value is absurdly small and certainly insufficient for the explanation 
of the large value of dieleotrio losses in dipolar liquids found experi- 
mentally. Hence it is clear that the actual mechanism of the damping 
of the rotation oscillations of small dipole molecules must be quite 
different from that considered above. 

In his last paper (in conjunction with Ramm) Debye attempts to 
generalize his new theory of the polarization of dipolar liquids in constant 
fields to cover the case of variable fields, using the notion of tjie local 
field explicitly as the cause of the quasi-elastic torque, holding a 
molecule near the equilibrium orientation, and implicitly as the cause 
of the firictional torque exerted on the rotating molecules. As has 
already been explained, this view involves an intrinsic contradiction, so 
that the results following from it hardly need to be examined in detail. 

E. Kuwshinsky has expressed the opinion that the Debye-Ramm 
theory can be justified by assuming that the interaction between nearest 
neighbours gives rise to the static (elastic) effect, while the interaction 
with more distant molecules leads to a slow rotation of the equilibrium 
orientation, which corresponds to the kinetic (viscous) effect. This 
justification does not, however, appear convincing. 

It might be thought further that the frictional force — is due 
to tlie anharmonic character of the rotational oscillations, i.e. to the 
non-linearity of the dependence of the intermolecular forces on their 
deviation from the equilibrium orientation — ^just as in the case of solid 
bodies. This idea does not agree, however, with the rapid increase of 
the relaxation time with a lowering of the temperature. 

It may be conjectured finally (P. Kobeko) that the effects of orienta- 
tional friction are due to the fact that a change in the orientation of 
one molecule involves a simultaneous change in the orientation of a 
very large number of molecules surrounding it, i.e. a kind of structure 
relaxation of a large volume of the liquid. 

Under such conditions the rapid increase of the relaxation time with 
a decrease of the temperature becomes intelligible. It is very difficult, 
however, to put this theory into a quantitative form. 

7. Orientation of Non-polar Molecules in Variable Fields 

The orientation of polar (dipole) molecules can be specified by the 
cosine of the angle formed by the positive directioq of their electric 
moment with some fixed direction in space. In the ^case of non-polar 
molecules with an axis of symmetry for which the two opposite direc- 
tions are equivalent (in the sequel we shall limit ourselves to the consider- 
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ation of this case), it is natural to specify the orientation by a spherical 
harmonic of the second order P^icoBd) = cos*^— whose average value 
for all possible orientations, supposed to be equally probable, vanishes 
(just as does the average value of the function Pi(cos^) = cos0). 

The degree of orientation of a liquid consisting of identical molecules 
of the ‘quadripole type ' can be defined by the average value of ^2(003 ^), 
or, more exactly, by the average values of three such expressions for 
three mutually perpendicular axes Zj, Zg, Z3. Denoting by Oi the 
angle between the axis of a molecule and the ith axis, we can specify 
the average distribution of the molecular axes in space by the tensor 


8 ij, = cosd^cos^jfc-Pi^fc (i, = 1, 2, 3) 

whose diagonal components (i = k) are equal to the average values of 
the functions ^2(^08^^), their sum being equal to zero (since, by defini- 
tion, Sifc ~ liii = k and 0 if i ^ k). 

This tensor will be denoted by the term anisotropy tensor. 

If the forces causing the anisotropy of the liquid suddenly vanish, 
the anisotropy must likewise vanish, not instantly, however, but gradu- 
ally. We shall assume that it vanishes according to the usual relaxation 
- 


where r is the relaxation time, which we shall leave indeterminate. 

In the presence of a factor giving rise to the anisotropy we must add 
to the right-hand side of this equation a term/^^ specifying the infiuence 
of this factor, so that the equation for s^^ assumes the form 

(60a) 

at T 


If does not depend upon the time (constant field of force), this ^ 
equation can be solved by putting Thus, for example, if we 

have to deal with the orientation of the molecules of the liquid in a 
permanent electric field E with the components we can put 


where A and p are certain proportionality coefficients. From the con- 
dition 2 = 0 it follows that p = —iA, so that the preceding expres- 

Sion is reduced to £>). (61) 

In order to determine A let us assume that £ is directed along the 
first axis {E = Zj, E2 = E^^ 0) and let us consider the quantity 
= cos^— J. If the molecules are orientated by the field indepen- 
dently (i.e. if they exert no mutual influence on each other) the energy 



m 


MOTION OF MOLECULES IN LIQUID BODIES 


V, 


of a molecule, making an angle with the direction of the electric 
field, is equal to 

W = — JajJSJ^sin^^i 

= — i(ai-“ a2)^* 008*^1— 

Hence the average value of cos^dj, 


008*^1 = ^ — — 


TT -t-1 

J co8*fli sin 6^ dOy | di 


+ 1 


j e-^i’^Bine^dd^ Jeyf’rff 


where y = (oL^—oL^E^lkT, is found to be, if y < 1, 


so that 



'r/ii = 


4(ai--a2) j5,2 


whence 


A = -1 

45 kTr ‘ 


(51a) 


The preceding equations enable one to determine the anisotropy due 
to the action on the liquid of a field with a variable intensity or direction. 
Putting, for example, E Ei = A^o^wt, we obtain the following 
expressions for the noU- vanishing components of the tensors 8^^ and 

= fAil^cosW = JAi42(i-|_co8 2£i><). 

(U T 


Replacing cos by we obtain in the stationary case 


, pi2iuA \ 


/ \ 


where is the static value of 8 (for w = 0) considered above. If the 
field E has a constant intensity, but a variable direction, rotating 
uniformly in the (1,2) plane with an angular velocity w, we have: 
El ^ A co&wt, E^ A sin oii, j&j = 0, so that the non-vanishing com- 
ponents 8iic found to be 



\ 

etacrf \ 
l+t2a>T/ 


_ _ 3t 


(52 a) 
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the real parts of these expressions being of course alone taken into 
account. The presence of the complex denominator l+i2a)T corresponds 
to a phase shift, i.e. to a retardation of the average direction of the 
orientation of the molecules with respect to the direction of the field. 
This retardation must give rise to a torque M, exerted on the molecules 
of the liquid and balanced by the forces of friction. 

In the case of a molecule whose axis makes an angle 6 with the 
(instantaneous) direction of the field E, the moment M of the torque 
is equal to —dWjdB, i.e. 

M = -\(ocj,~oL^)AHin2e, (63) 

In order to calculate its average value, corresponding to the expression 
(52 a) for the components of the anisotropy tensor, we shall transform 
these components to a coordinate system Xg, rotating with the elec- 
tric field in such manner that the latter remains parallel to the X[ axis. 
If the angle between this axis and the field axis Xj is denoted by ^ = wt, 
we have, according to the general formula for the transformation of 
tensor components, ~ ^ ^ where = cos(XJ',X^): 

% = SiiCOs!^<l)+2si20os<l)sm<l)+822^iTi^ 

^12 = ^21 = (^22— «ii)sin<^C0S<^+5l2(C08V—®i*lV) 

8*22 = %sin2<^ — 2^12 cos sin <^-f522C0s2«^. 

On the other hand, according to the definition of 

== cos^^— J, 8^2 = cos B sin B, 822 = sin^^— J. 

Comparing 8^2 with (63) we see that the average value of M can be 
represented as follows: 

M=-AaA^8;2. (53 a) 

Putting here 8^2 = i(822—Sii)8in 2^+812 cos 2<^ and using (52 a) we get 

M = cosa^l. 

2 [l+t2wT l+t2wT 

The real part of this expression is equal to 

~p^^^[2wT(Bm*2^+3 008*2^)- 2 cos 2^ sin 2^]. 

After taking its mean value with respect to the time (i.e. to ^) we get 
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p _ 16 (Aa)* 2ajT 
“135 IF l+(2a)T)8‘ 


V. 


(63 b) 


The average value of M thus proves to be proportional to the fourth 
power of the intensity of the field (which is explained by the fact that 
for a given degree of the orientation of the molecules if is proportional 
to A^y wMe the degree of orientation is itself proportional to A^), If 
CUT < 1, if increases in direct proportion to the angular frequency w; 
in the contrary case {orr ^ 1) it is decreased inversely as co. 

The rotation of the molecules of a liquid about their own axes, 
perpendicular to their symmetry axis (and to the plane containing the 
field), will be denoted in the sequel as the spin of the molecules. Since 
such a spin involves a friction torque exerted on each molecule by the 
surrounding liquid (and balancing the driving torque in the stationary 
case), the liquid cannot remain at rest and must finally come into a 
state of rotation in the same direction. 

This ‘drag* of a liquid by a rotating field, whose action consists in 
the orientation of the molecules, was observed for the first time by 
V. N. ZwetkoVjf who, however, applied a magnetic field instead of an 
electric one, and used in his experiment anisotropic liquids. In this case 
the orientational effect, and, along with it, the rotational one, is strongly 
enhanced by the orientational mutual action between the molecules, 
which causes them to combine into more or less homogeneous groups, 
called ‘swarms’ (see below). In the case of ordinary liquids a rotational 
effect similar to that of Zwetkov has not hitherto been observed — 
probably because of the smallness of the relaxation time r, which 
necessitates large rotation velocities. It may be mentioned that a 
similar effect should also be observed in liquids with polar molecules, 
where it must be proportional to the square of the electric intensity 
and not the fourth power, as in the case of non-polar liquids with 
anisotropic molecules. 

In the classical hydrodynamics of Navier-Stokes the molecules of a 
liquid body are treated as material points devoid of any spin motion. 
The only type of rotational motion envisaged in classical hydrod 3 mamics 
reduces to a translation of the molecules with non-v anishing vorticity 
curlv, where v is the translational velocity, the angular velocity of a 
volume element containing a large number of molecules being equal 
tomsslcurlv. 


t V. N. Zwetkov. Acta Phymcochimica U.E.8.8, 10, 665 (1939). 
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In the case of liquids whose molecules cannot be regarded as material 
points, but must rather be treated as small rigid bodies, the total 
angular momentum of a volume element is equal to the sum of the 
part due to the ordinary vorticity and of a part due to the spin — in 
the above sense. 

The introduction of the internal degrees of freedom corresponding 
to this spin involves a far-reaching modification and generalization of 
classical hydrodynamics, the main point referring to the establishment 
of the mutual action between the spin motion and the translational 
motion. This mutual action must be characterized by a tendency to 
an equalization of the vortex angular velocity co = J curl v and the spin 
angular velocity £2. Hence it follows that if the components of a> and 
St along a certain axis (say Z) are different, a frictional force, or rather 
torque, must arise with a moment (about the s-axis) proportional to 
the difference flj,. Strictly speaking, we must distinguish two equal 
and opposite torques, one of them with the moment dMg — dV 

acting on the spins (i.e. tending to accelerate or decelerate the rotation 
of the molecules in the volume element dV about their own axes, 
parallel to Z), and the other with the moment dM^ = ix(Clg—Wg) dV 
acting on the centres of gravity of the molecules and tending to 
accelerate (or decelerate) their vortex motion. 

In the presence of external forces tending to orientate the molecules 
the total moment acting on the spins is equal to the sum of dM' 
and of a vector dM^ == MdF, where M is given by (53 b). Denoting 
the average moment of inertia of the molecules about an axis parallel 
to z by jg and the number of molecules in unit volume by n, we obtain 
the following equation for the spin motion: 

(64) 

The corresponding equation for the rate of change of the part of the 
angular momentum of dV which is due to the translational motion 
can be written as follows: 

nm(dV )* ^ 

where m is the mass of a molecule and Tyg, the components of the 
stress tensor, which in classical hydrodynamics (just as in classical 
elasticity theory) is assumed to be symmetrical. 

This symmetry follows from the fact that in the limit dV 0 the 
left-hand side of the preceding equation vanishes, if the frictional torque, 
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represented by the first term of the right-hand side, is not taken into 
account. In the presence of this term the usual symmetry condition 
3^ = is replaced by the following more general relation: 

^xv-'^vx = (54 a) 

It should be mentioned that the vector of spin velocity ^2 has in 
general no connexion whatsoever with the average orientation of the 
molecules, as specified by the polarization vector P or the anisotropy 
tensor The molecules can rotate in a similar way about the same 
axis 7 ^ 0), while the direction of their average orientation as well 
as the magnitude of the latter remains constant (see next section). 

8. Orientation and Rotation of Anisotropic Molecules in a Flow 
of Liquid 

We shall not attempt to develop in more detail the theory of the 
connexion between the spin of the molecules and their translational 
motion and shall now proceed to an examination of the connexion 
between the orientation of the molecules, or rather between the degree 
of anisotropy of the liquid due to this orientation, and the rate of change 
of the strain of the liquid, no account being taken of the rotation. This 
rate, i.e. the rate of the deformation of a liquid, is specified by a tensor 
with the components 



which can be denoted as the tensor of velocity gradient. 

The deformation described by such a tensor is reduced, as is well 
known, to three extensions or compressions in the direction of three 
mutually peix>endicular axes, denoted as the principal axes of the tensor. 
It is natural to expect that such a deformation will be accompanied by 
a partial orientation of the molecules; if the latter are rod-shaped, their 
axes must tend to be orientated preferentially in the direction corre- 
sponding to the maximum velocity of extension. This orientating 
action must cease as soon as the deformation velocity vanishes; the 
resulting orientation must, however, persist for a certain time r, vanish- 
ing exponentially as Hence it is clear that the dependence of the 
anisotropy tensor on must be expressed by an equation of the 
type (60a), where the tensor can be assumed to be connected with 
by the linear relation 

fik ~ 


( 66 ) 
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following from 2 = 0. In the case of an incompressible liquid 

= 2 = div V = 0, so that the preceding relation is reduced to 

/ifc ~ 

If the flow of the liquid is steady, the equation (50 a) gives 

% == (56 a) 
Let us assume, for example, that the liquid flows in the x direction with 
a velocity v = changing in the perpendicular direction y (such a 
motion actually takes place near the surface of a solid body). The only 
non-vanishing component of the tensor is reduced in this case to 
^12 — ^21 “ Introducing a new system of coordinates x\ y' 

making an angle of 46” with the original one and referring the com- 
ponents of to this system we get 

/ I dv^ , , 

«11 = ^12 = 2 -ep ^22 = “'^12, ^12 = 0. (56) 

The deformation of the liquid connected with the type of flow under 
consideration thus consists in a continuous extension along the x'-axis 
and compression along the y'-axis. The molecules of the liquid must 
be orientated accordingly in the x' direction as if they were acted upon 
in this direction by an external electric field. If the molecules are 
optically anisotropic this orientation must give rise to a double refrac- 
tion, i.e. to an effect similar to that of Kerr. If the degree of orientation 
is small, the difference between the refractive indices for light vibrations 
parallel to the x'- and y'-axes must be given by the linear relation 

An = c-^, 
dy 

which is due to Maxwell (the proportionality coefficient c is called 
Maxwell's constant). 

This formula is verified experimentally both for pure liquids and for 
solutions of substances with elongated (rod-shaped) molecules up to 
the largest velocity gradients that can be realized (of the order of 
10~^ sec.-i). In the case of large gradients, however, one of the principal 
axes of the anisotropy tensor is found to make with the direction of flow 
(«) an angle a < 46®, this angle decreasing with increase of dvjdy. 

This circumstance is explained by the following considerationsf which 
can serve as a basis for a molecular kinetic theory of these phenomena. 

A molecule of a dissolved substance will be treated as a 'thin rod with 

T KolUndzachr. 62 , 269 (1933); Boder, Z,f, Phya. 75 , 268 (1932); see also 

J. M. Burgers, Second Report on Viscosity and Plasticity, Ch. Ill, Amsterdam, 1938. 

359S.29 

Pp 
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a length s, and the solvent as a continuous medium formed by infinitely 
small particles. Let us assume further that the centre 0 of the molecule 
A moves with the same velocity Vq as the surrounding liquid. If the 
axis of the molecule were inclined at a fixed angle 6 to the direction of 
flow (rc-axis), the velocity of the liquid with respect to its two ends 
and A^ would be equal to v—v^— lag sin 6, where g — dujdy is the 
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velocity gradient at 0. The components of this relative velocity at both 
ends in the longitudinal direction Igs sin 6 cos 6 must give rise to a force 
extending or compressing the molecule (a circumstance which must be 
taken into account in the determination of the resulting double refrac- 
tion), while the transverse components of the relative velocity ^sg sin*0 
tend to rotate the molecule in a definite direction (clockwise if gr > 0, 
anti-clockwise in the opposite case). If the influence of inertia can be 
neglected, the molecule must rotate with an angular velocity of such a 
magnitude 6 that the linear velocity of its ends in the transverse 
direction should be equal to the corresponding relative velocity of the 
solvent. We thus get /S 7 \ 


It should be noted ^at the mean value of this ‘spin velocity' of the 
dissolved molecules 0 = is equal to Ig, 

Let us denote by p{6)dd the relative number of molecules .4 1.^2 
whose axes are inclined to , the direction of flow at angles lying between 
B and B+dB. 

If the motion of the dissolved molecules is reduced to the non- 
uniform rotation, due to the flow of the surrounding liquid, the con- 
dition for a steady distribution p(B) is given by the equation 

pB == const., (67 a) 

whence, according to (67), we get 

const. 

'’-■SEV- 
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The preferred orientation of the molecules coincides thus in this case 
with the direction of flow x. 

The situation is essentially changed if account is taken of the rota- 
tional thermal (Brownian) motion of the dissolved molecules. This 
thermal component of the motion gives rise to an orientational diffusion 
of the molecules in the direction corresponding to a decrease of p(6). 
Adding the corresponding diffusion term —DdpjdS to the left-hand side 
of (57) we obtain the following generalized equation, expressing the 
condition of a steady distribution: 

p6—D-f~ = const. == c. (58) 

do 

If the diffusion term is of a prevalent importance (as is actually the 
case for dissolved molecules of a moderate size) the distribution function 
p must differ but slightly from the constant value pQ ~ l/27r. Putting 
p z= po+Pu where p^ po, we can rewrite equation (58) in the following 
approximate form: 

(58 a) 

whence, since d — —gsinW 

The first term of this expression must obviously vanish (in the contrary 
case the function p{d) would not be single-valued). We thus get 

p = p„|-l + ^sin20j. (68b) 

This expression shows that the preferred orientation of the molecules 
makes an angle of 45° with the direction of flow in agreement with the 
result of the formal theory previously given. 

A more exact expression for the function p can be found by expanding 
it into a series of powers of the parameter gl2D so long as the latter is 
small (compared with 1). In the opposite case it is more expedient to 
expand p into a series of powers of 22>/gf; in this case the preferred 
orientation of the molecules tends to that which corresponds to D = 0, 
i.e. to (67b). 

The order of magnitude of the diffusion coefficient D can be estimated 
with the help of the formula 
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V. 


where ot is the rotational mobility of a small rod with a length ^ in a 
liquid with viscosity fi. Using Einstein’s relation D/oi = kT we get 

This expression differs only by a numerical factor of the order 1 from 
Debye’s formula (1 a) and (42), which is obtained for a sphere with a 
diameter s. 

Coming back to the formal theory of the orientation of the molecules 
of a liquid in the presence of a velocity gradient, we shall now consider 
a motion of an essentially different character from the usual viscous 
flow considered above, namely the propagation through a liquid of 
longitudinal sound waves. 

Since such waves are due to compressions and expansions in a single 
direction (the direction of propagation), they are connected with a 
variation of the shape of each volume element, i.e. with shears which 
give rise to an orientational effect. If the period of sound vibration is 
very large compared with the relaxation time t appearing in equation 
(60 a), the orientational effect can be determined with the help of the 
relations j 

T 

referring to the steady state, and reducing in the case of longitudinal 
waves propagated in the x direction to 

^11 = ^22 = % == — JAtCii, (69) 

where =* dvjdx is the only non- vanishing component of the tensor 

^ik- 

These equations show that in those places where the liquid is expand- 
ing («ii > 0) the molecules are orientated preferentially in the longi- 
tudinal direction, but in those places where it is compressed, in the 
transverse directions. In both cases the maximum value of the bi- 
refringence, i.e. the largest value of the difference between the refractive 
indices, is obtained for those light waves whose electric vectors vibrate 
in directions parallel and perpendicular to the direction of propagation 
of the sound waves. 

The appearance of a double refraction in viscous liquids with optically 
anisotropic molecules under the influence of progressive or standing 
ultrasonic waves has been experimentally observed by Lucasf and 
studied in more detail by Petraglia.f The latter ai^hor used standing 
ultrasonic waves, the light rays being transmitted through the liquid 
t R. Lucas, €.R. 206, 827 (1938). % S. Petraglia, Nuovo CimerUo, July 1940, p. 378. 
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in a direction parallel to the plane of the sound waves, and polarized 
under an angle of 46° with respect to this plane. When the transmitted 
light was examined in crossed nicols a set of equidistant bright fringes 
was observed which corresponded to the anti-nodes of the sound waves. 
These effects were especially sharply pronounced in the case of suspen- 
sions with needle-like crystalline particles. 

The results of Petraglia’s experiments are in full agreement with the 
approximate theory, which corresponds to the assumption of the small- 
ness of the relaxation time t with respect to the period of the ultrasonic 
vibrations. If this assumption is dropped, the equations (69) must be 
replaced by 

1 o \ 

= Wiv «22 = % = -Ki* (59a) 

In the case of harmonic vibrations with an angular frequency 
and are proportional to so that the first equation (69 a) is 
reduced to / 1\ 

O 

whence 8,, = - II- . (69b) 

Hence it is clear that in the case <ot ^ 1 the effect under consideration 
must vanish (because the average orientation of the molecules cannot 
keep pace with the ultrasonic vibrations). 

Since under the influence of the ultrasonic waves the degree of 
anisotropy of the liquids changes not only in space but also in time, 
modulating the phase of the monochromatic light vibrations with a 
given direction of polarization which are transmitted through the 
liquid, a spectroscopic investigation of the transmitted light must 
reveal, along with the undisplaced line v', two lines displaced with 
respect to it in opposite directions by an amount equal to the frequency 
V of the ultrasonic vibrations. 

This effect cannot be observed in practice because of the smallnes? 
of V compared with v\ A similar effect would, however, be expected to 
result from the ‘hypersonic’ waves, which constitute the main part of 
the heat motion in solid and liquid bodies, in the case of liquids with 
optically anisotropic molecules. 

It is necessary to distinguish the scattering of light by these hyper- 
sonic waves, which is associated with a modulation of the amplitude of 
the scattered light vibrations (see Ch, IV, § 8) from the tranamission of 
(polarized) light through the optically unhomogeneous medium, which 
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is accompanied by a modulation, of the phase of the transmitted light 
vibrations.f In both cases the modulation frequency is equal to the 
frequency of thc> sound (hypersonic) vibrations. In the former case, 
however, the undisplaced line is either wholly absent or is relatively 
weak, while in the latter case it must be more intense than the two 
displaced lines. 

The influence of the thermal motion in solids and liquids on the 
transmitted (polarized) light has not hitherto been investigated.. 

9. Thermal Fluctuations of Anisotropy in Liquids and the 

Resulting Scattering of Light Rays 

. J?he thermal motion in a liquid body, constituted by more or less 
complex molecules, can be described as a superposition of translational 
vibrations in the form of longitudinal and of transverse waves, due to 
the translational motion of the centres of gravity of the molecules, and 
angular vibrations, or orientational waves, due to rotational oscillations 
about three (or in the case of diatomic molecules two) mutually per- 
pendicular axes. These two components of the thermal motion are not 
wholly independent in the sense that the translational vibrations must 
be accompanied by secondary variations of the orientation, such as 
have been considered in the preceding section for the case of longitudinal 
waves, while the angular vibrations can be accompanied by secondary 
translational ones. This correlation between the two types of motion 
is quite similar to that which exists between the acoustic and the 
optical branch of the vibrations of an ionic crystal, according to Born- 
Karman’s theory. Nevertheless, the vibrations constituting the heat 
motion in a body — either solid or liquid — consisting of separate undis- 
sociated molecules can be classified as essentially translational with an 
orientational ‘accompaniment’, and essentially angular with (possibly) 
a translational ‘accompaniment’. 

If the molecules are optically anisotropic their thermal motion must 
^ve rise to an additional ‘angular’ scattering of light (with respect to 
that which would result under the same condition in the absence of 
anisotropy), which in its turn can be divided into two parts: a part due ' 
to angular motion, irrespective of the translational one ( ‘purely angular’ 
part), and a part due to the angular accompaniment of the translational 

t Petraglia's experiments refer to this second effect. A similar interpretation is 
applicable to the experiments on the diffraction of non-polarizdd light by ordinary 
ultrasonic waves. These experiments were initially interpreted fiom the point of view 
of Brillouin’s old theory, which in reality refers to the scattering of light. A correct 
theory was given for the first time by Raman and Nagendra Nath, and later in a more 
complete form by Brillouin. 
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motion (‘translational-angular* part). The second part of the light- 
scattering must further be divided into two portions depending on the 
longitudinal and the transverse components of the translational motion 
respectively. They will be denoted, for the sake of brevity, as and 
It should be noted that the additional scattering representing both 
and is due to such elastic waves only as satisfy Bragg’s condition 
2A sin 6 = Xf just as in the case of the main component of the scattering, 
due to the longitudinal hypersonic waves (1). The portion must be 
relatively very faint and, if the incident light is polarized, must depend 
upon the type of polarization, the refractive index being increased 
for light vibrations which are parallel to the preferential orientation 
of the molecules, and this orientation changing from longitudinal to 
transverse along the normal to the wave-front (cf. the theory of the 
preceding section). A more interesting and instructive situation is 
found in the case of for the transverse waves alone would yield no 
scattering whatever if the molecules were optically isotropic. Moreover, 
the transverse waves with a frequency lying in the hypersonic range 
(10^® sec.“^) for which Bragg’s condition can be satisfied must in the 
case of ordinary liquids be strongly damped, since this frequency is of 
the order of the relaxation time of the liquid t at ordinary temperatures. 
Now it can easily be shown that such a damping must cause a broaden- 
ing of the corresponding Rayleigh doublet; if this broadening is large 
enough, the doublet must be reduced to a diffuse band of a certain 
width. If, along with the elastic transverse vibrations of the liquid, 
shears of a similar kind, due to entropy fluctuations, are taken into 
account, a third, undisplaced Rayleigh line must be introduced, so that 
in reality the transverse displacements of the anisotropic molecules 
connected with their rotations must give rise not to a doublet but to a 
triplet, quite similar to that due to the ordinary Rayleigh triplet in 
liquids with isotropic molecules. This \ triplet’ must differ from the 
preceding one (l^) in four respects. 

(1) For a given value of the scattering angle 6 and, accordingly, 
of the effective wave-length A = A 72 sin^, the width of the 
triplet in the absence of damping should be smaller than that of 
the ordinary I triplet, since it is equal to the frequency of the 
transverse vibrations, which is smaller than that of longitudinal 
vibrations with the same wave-length (the ratio vjvi being 
equal to the ratio of the corresponding propagation velocities). 

(2) In reality all the three lines must be broadened, as a result of 
the damping, into a diffuse band. 
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(3) The scattered radiation, forming this band, being due to the 
secondary angular displacements of the anisotropic molecules, 
must be depolarized in exactly the same way as the radiation 
scattered owing to primary angular fluctuations (see below). 

(4) Finally, the scattering must increase with the degree of optical 
anisotropy of the molecules. 

An additional scattering of light with all these characteristics has 
actually been discovered experimentally in 1930 by E. Gross, f who 
has shown that the Rayleigh line in liquids is characterized by the 
presence of a depolarized background, with an intensity distribution 
falling off rather rapidly with increase of the distance from the centre 
(corresponding to the undisplaced line). This depolarized background, 
which is especially strong in liquids with anisotropic molecules, is 
usually referred to as the ‘wings* of the Rayleigh line, although Gross 
himself reserves the latter term to indicate that portion of the scattered 
radiation which is shifted with respect to its frequency much farther 
from the centre of the line (by an amount of the order of geo.-i) 
and which corresponds to low-frequency Raman lines discovered by 
him in the spectrum of the same substances in the crystalline state. 

Gross has shown that the width of his ‘background’ which is usually 
of the order of 10^^ sec.-^ (10-20 cm.“^ in the wave number scale) 
increases as the viscosity of the liquid decreases, both for the same 
liquid (with increase of the temperature) and for different liquids. He 
has shown, moreover, that the width of the background can be identi- 
fied approximately with the reciprocal of the relaxation time t, as 
defined by Debye’s formula t = ^iw^jkTy where fi is the viscosity of 
the liquid. Such an identification has been possible in the case of 
monochlorbenzene, the molecules of which, besides being optically 
anisotropic, possess permanent dipole moments revealed in the electric 
polarization of this substance in low-frequency alternating fields. In 
the case of other non-polar substances with optically anisotropic mole- 
cules (benzophenone, for example) Gross has shown that the width of 
the depolarized background varies with the temperature inversely as 
the coefficient of viscosity. 

Gross himself believed that Bragg’s or Brillouin’s interference con- 
dition 2Asm^ = A’, which determines the width of Rayleigh’s I doublet, 
is immaterial for the surrounding background, whose width is limited 

f E. Gross and M. Vuks, Joum, de Phya. 6, 457 (1935); 7, 113 (1936). S. Gross, 
Nature, 126, 201, 603 (1930) ; 129, 722 (1932). Sm also Gross and Kasl^ axid Gross and 
Korshunov, Proc Ac, Sci. U,SJ3,B,, Phys. series, 1940. 
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by the condition Av' < 1/t only and can therefore greatly exceed the 
width of the doublet Av' = v. As a matter of fact Brillbuin’s condition 
must apply both to the I (longitudinal) and to the t (or more exactly Q 
doublet, in a generalized form, however, accounting for the damping of 
the corresponding waves, t 

A system of elastic waves propagated in the direction of the a;-axis 
with a damping coefficient <x is defined by the formula 

where k = 27r/A and o) = 27tv. This system can be represented, accord- 
ing to Fourier's theorem, as a superposition of a number of undamped 
waves with the same frequency and with all possible wave numbers 
q = 27r/A, the amplitudes of these waves being different from zero 
practically in a range Aq = a only about the mean value q = k. In 
fact, putting , 4 a, 

il>{x,t)= J (60) 

— 00 

we get (for a constant value of w) 
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4ir» <x^+{q-k)^’ 


(60a) 


The maximum of this expression corresponds to q = ky its half-width 
being of the order of a. 

Hence it follows that the scattering of light by an angle 20 is due not 
only to the hypersonic waves for which Brillouin’s condition 2A sin ^ = A' 
is exactly fulfilled, but also to those hypersonic waves whose wave 
numbers lie within a range Ak = a about Brillouin's value 27r/A. The 
corresponding frequency range Av = av, where v is the propagation 
velocity of the ultrasonic waves, can be defined as the effective width 
of each component of Rayleigh’s doublet. If this width is much larger 
than the spacing between the two components 2v = 2t?/A, i.e. if a > 2ir/A, 
the latter must coalesce with each other (and with the undisplaced 
line, due to entropy fluctuations) into a diffuse band. 

It is plear that this condition can be realized in the case of transverse 
waves only, which in liquid bodies are strongly damped so long as 
them frequency does not exceed the reciprocal of Maxw^ell’s relaxation 
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time r where 0 is the rigidity modulus of the liquid. As has 

been shown in § 8 of the preceding chapter, the damping coefficient 
per wave-length, oA = 27rtanJ^, is equal to 27r if cur 1, since 
tan (f) = l/ojT. The ratio between Av = av and v is thus approximately 
equal to 27 r, which means that for cu < l/r the width of the background 
Av must be larger than the width of the Rayleigh doublet, as calculated 
according to Brillouin’s theory. This argument does not, however, 
explain Gross’s result that Av is approximately equal to 1 /t. It, should 



be mentioned that the relaxation time defined by Debye’s formula, 
which has been used by Gross in the interpretation of his experiments 
with benzophenone,t is practically identical with the relaxation time 
T = appearing in the expression of the viscosity coefficient given 

by our theory (Ch. IV, § 2), namely since 8 « a. 

' According to the preceding theory the intensity distribution in the 
wings of the Rayleigh line (or within the Gross ‘background’) is given 
by the formula (60 a), where q—k is the distance from the centre of the 
line (or more exactly from one of the lines of the ideal doublet) measured 
in wave numbOTS. This formula is in agreement with the experimental 
results, as can be seen from Fig. 36, where the full line gives the intensity 
distribution observed experimentally by Bai.J The latter author has 
shown tiiat it can be represented by an empirical formula of the 
exponential type 

with an effective width 1/y, which increases as the viscosity of the 
liquid decreases. Our theoretical expression seems to be in even better 
agreement with Bai’s experiments than his own empirical' expression. 

The coefficient A in (60a) must be proportional to the degree of 
anisotropy of the molecules, which is also in full agreement with the 
experimental data. 

t C.H. Ae. 8ci, UJ3JS.R, 28, 786 (1940). 

N I K. S. Bai, Proc, Jnd, Ac. 8ei. A, 13, 439 (1941). 
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We. shall not engage in a more detailed investigation of this question 
and shall limit ourselves to the following remarks. 

If a plane transverse wave is propagated in the y direction, upwards, 
for instance, the vibrations of the particles being parallel to the a;-axis 
in the plane of the paper, the velocity 
gradient dvjdy will be alternately 
positive and negative, so that the 
prefere.Atial orientation of the mole- 
cules will be inclined at an angle of 
46° to the normal of the waves, as 
shown by the arrows in Fig. 37. The 
degree of orientation in the case of 
slow vibrations will be given by (55 a), 
while in the case of rapid vibrations 
with a frequency of the order of or 
larger than the reciprocal of the re- 
laxation time r', which characterizes the rate of the establishment of a 
steady angular distribution (and which must, in general, be different 
from the relaxation time r, determining the ordinary viscosity), it will be 
proportional to T'Ae^*./(l-f icor') (cf. equation (59 b), t' standing in the 
place of t). 

If the incident light is polarized in the plane of incidence, so that the 
electric vibrations are perpendicular to the plane of the paper (Fig. 38), 
the transverse vibrations of the liquid will not give rise to any scatter- 
ing, since the refractive index will preserve the same value throughout. 
If, on the other hand, the electric vibrations of the incident light lie 
in the plane of incidence, forming an angle 46°—^ with the preferential 
orientation of the molecules in odd layers with a thickness equal 
to JA, and an angle 46° with the preferential orientation of the 
molecules in the even layers, the refractive index will be different in 
alternating layers and a scattering will take place, provided Brillouin’s 
relation 2A sin ^ = A' is (approximately) satisfied. If the incident light 
is not polarized, the scattered light, or, more exactly, that fraction of it 
which is due to the ‘rotational accompaniment’ of the transverse 
vibrations, must be polarized normally to the plane of scattering. 
Owing to the angular fluctuations of the molecules about their mean 
orientation this polarization will, however, not be complete, the degree 
of depolarization being the same (1/7) as in the case of primary angular 
fluctuations. This circumstance has been verified by Bai (loc. cit.), 
who . has shown, simultaneously, that near the centre of the Rayleigh 
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’ * 

line the degree of depolarization is much smaller (of the order of. 8 per 
oent.).f ' 

The scattering of light as a result of primary angular fluctuations 
of optically anisotropic molecules (i.e. angular fluctuations not con- 
nected with translational motion) was studied by Raman and his 
co-workers, t both theoretically and experimentally, prior to the dis- 
covery of the Raman effect. The main question studied at that time 
was the depolarization of light scattered by an angle 2B = 90° ip poses, 
where all the orientations of the different molecules can be treated as 
wholly independent of each other and equally probable. Somewhat 
later Gan 8 § investigated the scattering of light in liquids and attempted 

account in a formal way for the mutual orientation of the molecules 
by considering, not the angular fluctuations of the individual molecules, 
but resulting fluctuations in the anisotropy of volume elements of the 
liquid, constituted by large numbers of molecules. 

The anisotropy of such a volume element can be specified, from the 
point of view of its optical properties, by the deviation of the tensor 
of dielectric constant from its mean value, which is reduced to the 
scalar co (equivalent to the tensor € 08 ^;^). Gans assumes that this 
deviation corresponds to an increase of the free energy of the volume 
element ^ by an amount A# which^ is a quadratic function of the 
quantities Referring this increase to unit volume 

and taking into account the average isotropy of the liquid we can put: 

where a and p are essentially positive coefficients, while J Ac^ and 
2 2 linear and the quadratic invariants of the tensor 

Ac^^. The first of them is connected with a variation of the density 
of the liquid, so that the coefficient a must be proportional to the 
bulk modulus of the latter. * As to the coefficient j9, it can be par- 
tially connected with the rigidity modulus of the liquid in the case of 
secondary angular fluctuations associated with transverse 8 hears,|| 
but must also contain a second term, independent of the parameters 

t A gwral mathematical theory of the ecattering of light in liquids allowing for 
relfuuki^n phenomena, connected with the degree of relaxation, bias recently been given 
by H. Leontovich, wlu), however, did not attempt to explain Grpss^s background or 
to analyse the physical ground for the broadening of the Rayleigh doublet components, 
limiting himself to the introduction of a, single relaxation time. See J* of Phy$, 

4r499 (1941). { Raman and Rao, PhU. Mag, 46 , 426 (1923). 

I R. Qans, Z.f, Phya, 17, 358 (1923). ^ 

{{ In this case the liquid sltould behave ae an amorphous solid with an infinitely large 

viaco^i^r and the anisotropy fluctuations should reduce to the weU-known optico* 
elastic effect. Such treatment is applicable to vibrations for which wt ^ 1* 



S 9 THERMAL FLUCTUATIONS OF ANISOTROPY IN LIQUIDS 301 

describing the translation motion, and charaoteristio of primary angular 
fluctuations. 

It follows from the preceding expression for A-P that the average 
value of the squares of Ac^^j. must be of the form* 

where a', are two new constants which can easily be expressed through 
the constants a, 

The results of Gang’s theory differ from those of Raman’s theory for 
gases by the fact only that the two parts of the scattered radiation — 
the completely polarized (due to the density fluctuations) and the 
partially depolarized (due to the angular fluctuations) — are propor- 
tional to the absolute temperature of the liquid, whereas in the case of 
gases they are both independent of the temperature. This result fully 
agrees with the experimental data. 

The existence of an essential difference between the scattering of 
light by gases and by liquids (as well as by solids) was established only 
after the discovery of the Raman effect by a study of the spectral 
distribution of the intensity of the scattered radiation in the neigh- 
bourhood of a Rayleigh line. 

In the case of gases this distribution corresponds to a free quantized 
rotation of the molecules, and is reduced to a large number of rotational 
lines which eventually merge into a continuous diffuse band. This band 
is characterized by the presence of two intensity maxima, on both sides 
of the central (undisplaced) line, at a distance iAv, corresponding to 
the average (most frequent) angular velocity of the molecules at a 
given temperature. As long as the quantum effects are blurred, tlie 
average angular velocity of the molecules 27rAv is determined by the 
equation 

where J is the moment of inertia of a molecule about the corresponding 
axis. 

If in the liquid state the molecules were rotating just as freely as in 
the gaseous one, the wings of the Rayleigh line would have a shape 
shown by the dotted line in Fig. 36. In reality, however, in the case of 
liquids with anisotropic molecules these wings are represented by the 
full line of Fig. 36, their intensity falling off monotonically with increase 
of the distance from the centre. Hence it is clear that in the liquid 
state of a substance a free rotation of the molecules does not take place, 
at moderate temperatures at least. 
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The Rayleigh doublet has a width Av of the order 10^® sec.“^, while 
the main part of the ‘wings \ which Gross denotes as the ‘background* 
of the Rayleigh line, stretches to a distance of the order of 10^^ sec.-i 
Still farther away — ^up to a distance of. 10^* sec.“^ — a region is found, 
denoted by Gross as the ‘wings’ in the stricter sense, which corresponds 
to separate lines of an unidentified origin in the Raman spectrum of the 
same substance in the crystalline state. The origin of these low-frequency 
Raman lines discovered by Grossf is not yet clear. It may be surmised 
.that they are due to primary angular fluctuations of the molecules in 
the form of rotational oscillations, which replace their free rotation in 
the gaseous state. In the liquid state these lines are blurred into a 
d)road band, probably as a result of a strong damping of the waves in 
the form of which they are propagated. In certain cases, such as benzo- 
phenone for example, some of these low-frequency lines are practically 
not affected by fusion. This shows in a very conclusive way that the 
thermal motion of the molecules in liquid bodies is essentially similar 
to that in the corresponding solids — which is the main thesis of the 
kinetic theory of liquids^. 

It should be mentioned that the frequency interval between 10^^ 
and 10^® sec.*"^ — ^the latter figure corresponding to the end of Debye’s 
acoustical spectrum— does not contain, as a rule, any additional low- 
irequency Ram^in lines. The ordinary Raman lines due to the intra- 
molecular vibrations of the molecules are found near a frequency of 
the order of 10^^ sec.~^, being practically independent of the state of 
aggregation. Some of these Imes are, however, slightly shifted in a 
direction corresponding to a decrease of frequency as we pass from the 
gaseous state to the liquid one. The shift is especially conspicuous in 
dipolar substances where it amounts to 1 per cent. It can be explained 
in a general way by the fact that the attraction between dipole molecules 
must loosen the bond between the opposite charges constituting their 
dipole moments (this is an example of the antagonism between inner 
and outer bonds, which will be discussed at a greater length in Ch. VIII, 

51 ). 

10. The Mutual Orientation of Molecules in Liquid Podies and 
Cybotactic Groupings 

The mutual orientation of dipole molecules of a small size (such as 
the alkali halides) both in crystals and in liquids cap be reduced to the 
simple dipole forces acting between them and described in Debye’s new 
t Nature, 195, 100, 431 (1^36). 



§ 10 MUtUAL ORIENTATION OF MOLECULES IN LIQUID BODIES 303 

theory with the help of the notion of the ‘local field'. In the case of 
molecules — both polar and non-polar — of a larger size such forces are 
wholly insufficient to account for the phenomena of their mutual 
orientation. In this case it is more expedient to treat the molecules as 
small rigid bodies of a definite shape, with superficial fields of attractive 
forces tending to press them against each other as tightly as possible, 
so as to ensure a spatial distribution corresponding to the smallest 
possible volume of the whole system. 

This tendency is fully realized at low temperatures only, when it 
gives rise to a regular crystalline structure. At higher temperatures, 
corresponding to the liquid state, it is in conflict with the disorganizing 
action of the thermal motion, resulting in a partial order, which can 
be described approximately by introducing the notion of molecular 
groupings of a finite size with approximately the same orientation. 
The existence of such groupings or ‘swarms’ in anisotropic liquids 
(‘liquid crystals’) was discussed theoretically long ago by Kast and by 
Ornstein on the basis of broad experimental evidence. 

In the case of ordinary isotropic liquids with rod-shaped molecules 
it has been discovered experimentally, with the help of X-ray analysis, 
by G. W. Stewart, who has denoted this phenomenon by the term 
‘cybotaxis’, the molecular groupings with a regular arrangement or 
orientation being described by him as cybotactic regions. 

The real existence of such ‘swarms’ or ‘cybotactic regions’ in the 
case of liquids with strongly elongated rod-shaped molecules has been 
established experimentally beyond all doubt. Some authors are inclined 
to treat them simply as small crystallites of exactly the same type as 
in solid polycrystalline bodies, with somewhat blurred boundaries con- 
stituted by broad transition layers. This point of view is admissible, 
with great reserve, in certain cases only; the arrangement of the centres 
of gravity of the molecules within the cybotactic groups can be wholly 
irregular, provided their axes are parallel to each other. 

The question of the size of the cybotactic groups, the character of 
their boundaries, the change of both with the time, especially when the 
liquid is moving under the influence of external forces, has practically 
not been studied hitherto. 

In the case of liquid crystals the size of the cybotactic groups — ^which 
in this case are denoted as ‘swarms’ — may reach a few millimetres if 
use is made bf the orientating influence of solid walls (with respect to 
which the molecules tend to be orientated with their axes parallel or 
normal to the surface of the walls), of magnetic or electric fields and so 
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on. In the absence of such influences, i.e. in the case of a spontaneous 
splitting of the liquid into swarms, the'latter have usually linear dimen- 
sions of the order of 10"® cm. — so far as can be judged from their 
diamagnetic susceptibility if each swarm is assumed to rotate as a solid 
body, without any change in the relative distribution and orientation 
of the molecules constituting it (Kast). It is clear, however, that such 
a picture cannot be applied simultaneously to several contiguous swarms, 
for a rotation of one of them as a rigid body would lead to a formation 
of more or less wide gaps between them. Since in reality such gaps do 
not arise, a change of the orientation of the molecules constituting a 
swarm must be accompanied by a deformation of the latter, involving 
a variation of its boundaries. The preceding scheme of the swarms 
jnust therefore be rejected as soon as we turn from their geometry to 
their kinematics. The main fallacy of this scheme is due to the neglect 
of the spin degrees of freedom of the molecules. In reality the change in 
the orientation of a swarm must take place by way of a rotation of each 
molecule about its own axis, this ‘spin rotation* being accompanied by 
such a translation of the centres of gravity that the neighbouring 
molecules remain in contact with each other. 

Under such conditions a change in the orientation of a swarm must 
be connected with a change of its shape, the latter change being 
especially large in the case of a rotation through an angle of 90°. 

This specific kinematics of the ‘swarms’ in anisotropic or ordinary 
liquids sharply distinguishes them from the crystallites of polycrystal- 
line solids. 

The correlation between the two types of motion in a liquid is deter- 
mined by equations of the type (54) and (54 a), viscous forces (or 
torques) replacing rigid bonds. 

The orientation of the molecules within the same swarm can gradually 
change from point to point, which must obviously correspond to an 
additional ‘elastic’ energy. In a transition from one swarm to the next 
the orientation of the molecules must change more or less sharply, in 
correspondence with a rotation of their axes, by an angle of the order 
qtW. 

The corresponding additional energy can be treated as the surface 
energy of the swarms, since it i^s proportional to the eaen of contact 
between them. 

In the case of anisotropic liquids the swarms, in the absence of 
external influences, maintain a practically constant etracture, as foOow^ 
from the permanence of the picture observed through a polartoti^’^^ 
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microscope. Hence it follows that the swarms have in this case an 
‘athermic origin’, i.e. do not represent thermodynamically stable group- 
ings, arising spontaneously as a result of thermal fluctuations. In this 
respect they are similar to the crystallites of an ordinary solid body. 
In the latter case the microcrystalline structure is determined not by 
the condition of thermodynamical equilibrium but by the kinetics of 
the crystallization process, which is connected with a simultaneous 
appearance and growth of crystal nuclei in the volume of the melt, 
and the existence of a large activation energy for the recrystallization 
of the polycrystalline aggregate thus formed. 

In the case of an anisotropic liquid a thermodynamically stable 
structure corresponds probably to the formation of a single swarm by 
all the mass of the liquid (such a single swarm is actually realized by 
pressing a drop of the liquid between the object-glass and the cover-glass 
of a microscope). The splitting up of this mass into a large number of 
smaller swarms with different orientations is probably connected with 
the kinetics of the transition into the anisotropic liquid state from the 
ordinary liquid state on cooling, or from the crystalline on heating. 

An entirely different situation is found in the case of the ‘cybotactic 
groups’ of ordinary liquids with rod-shaped molecules. These groups 
differ from the swarms of liquid crystals not only by their small size 
hut also by their spontaneous origin and thermodynamically stable 
character. The splitting up of a simple organic liquid, such as molten 
paraffin, into a large number of ‘micro-swarms’ (which must not be 
confused with micro-crystals because of the kinematical peculiarity of 
their rotations and deformations) is not due to extraneous causes and 
must arise as a result of the tendency of the molecules to be arranged 
in an energetically most advantageous way, i.e. in a tight contact with 
each other, in spite of the thermal agitation, which tends to distribute 
them in an absolutely irregular manner. 

Hence it follows that the average size of the cybotactic regions must 
gradually decrease as the temperature is raised. 

In order to estimate this average size as a function of the temperature 
the following roughly approximate reasoning may be used. 

Let us imagine that the liquid imder investigation, consisting of N 
molecules, is split up into z — Njg homogeneous regions (cybotactic 
groups) containing g molecules each. The orientations of the molecules 
in contiguous regions will be assumed to be sharply different, their 
contact being connected with a surface energy a per unit area. If the 
total volume of the liquid is F, the surface of each region has an area 



306 MOTION OP MOLECULES IN LIQUID B6j>|ES V. 

" ' A 

of the order (1^/2)*. The splitting of the liquia into z regions 'with 
sharply different orientations thus requires an additional surface energy 


E — a(F/ 2 )* 2 , that is, 


E = oVhK 


(61) 


This splitting is connected, on the other hand, with an increase of 
the entropy of the liquid, since the distribution of the molecules over 
the different regions can be effected in a number of different ways. 
This number is obviously equal to 

[(w?; 


which, with the help of the approximate formula xl = (xje)^, is reduced 
to 2 ^. The additional entropy connected with the splitting is thus 


fbimd to be 


S = ^iV'log2. 


(62) 


The free energy F = E—TS^ as a function of z, has a minimum at 


z = 


I I ■ 


(63) 


This equilibrium yalue of z corresponds to the following average 
number of molecules in a single region 


N __ 

z 


(63 a) 


or 9 = ny^J, (63b) 

where n N/V is the number of molecules in unit volume of the liquid. 

As would be expected, g increases as the temperature is lowered 
although not very rapidly. Putting cr== lOOerg/cm.^andw = lO^^cm.”^ 
we get for T = 300, g ^ 10*. If a = 10, then, for the same values of 
n and T, g drops to 1, which means that in this case the liquid would 
be wholly disorientated at room temperatures. 

The size of the cybotactic regions can be determined experimentally 
from the width of the intensity maxima in the X-ray diagrams of the 
corresponding liquids. The available data are, however, insufficient for 
a qujantitative check of the above theory. 

Liquids composed of rod-shaped molecules, and in particular liquid 
crystals, display, owing to the extremely strong mutual orientation of 
their molecules, extraordinarily strong orientation effects under the 
jnfluen^ of external forces — elastic, magnetic, an4? mechanical; in the 
last case we mean the tangential stresses connected with the viscous 
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flow of liquid bodies tending to orientate the molecules in the 
direction of flow (or at a certain angle < 46® to the latter). 

The orientation of the molecules of liquid bodies in an electric or 
magnetic field is revealed experimentally by their electric or magnetic 
polarization and also by the corresponding optical birefringence (Kerr 
effect); it has been, moreover, found by Zwetkov that an anisotropic 
liquid is ‘dragged* by a horizontal magnetic field slowly rotating about 
a vertical axis. The existing theories of these effects are all based on the 
Ornstein-Kast conception of a swarm as a rigid body, capable of 
rotating as a whole. In view of the erroneous character of this concep- 
tion we shall not discuss these theories here. A correct formal theory 
of the Zwetkov effect has been given in § 7. 



VI 

SURFACE AND ALLIED PHENOMENA 

1. The Surface Tension of Liquids and its Dependence on the 
Temperature 

The surface tension of liquids o is usually measured (in the absence of 
adsorbed layers, see below) by the free energy of their surface referred 
to unit area. 


It is connected with the total surface energy w and the surface entropy 


8 by the relation 

a = It;— Ts^ 

(1) 

or, since s = dajdT, 

1 

II 

b 

(2) 


The surface energy of a liquid can be defined, generally speaking, as 
the additional potential energy per unit surface due to the fact that 
the particles of the surface layer lack neighbours on the external side. 
It is therefore practically independent of the temperature. The tem- 
perature dependence of the surface tension is thus represented by the 
second term of the expression (1). 

The character of this dependence can be determined on the basis of 
the conception of a specific type of heat-motion associated with the 
free surface of a liquid body, which can be treated as a superposition 
of a set of mrface capillary waves of all directions and lengths (up to a 
certain maximum length of the order 28, where 8 is the average distance 
between neighbouring particles). This conception, which was intro- 
duced in 1912 by L. Mandelstam in connexion with his theory of the 
diffuse scattering of light reflected by the surface of a liquid, f is quite 
similar to Debye’s conception of elastic waves, by a superposition of 
which the thermal motion in the volume of solids and — to a certain 
extent — of liquids can be described. 

Just as in Debye’s theory, that part of the free energy of the surface 
due to its thermal motion can be represented by the formula 

^=-n'kThg~, (3) 

where n' is the number of particles per unit area of the surface layer 
(which is identified with the number of degrees of freedom of the 
latter). ^ 


t L. Mandelstam, Ann» d, Phya. 41, 609 (1913). 
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In the case of capillary waves the vibration frequency is connected 
with the wave-length by the formula 


where k = 1/A is the wave number. 

The number of different surface vibration modes in the range between 
k and k+dk per unit area is equal to 2Trkdk (cf. Ch. Ill, § 4). The maxi- 
mum value of Aj is consequently given by the equation 

^A'mA.Y ^ • (4 a) 


Hence it follows that the shortest waves have a length of the order 
-y/(7r/n') ^ VttS. The corresponding maximum value of the frequency 
is thus equal to 

As to the a^verage frequency v, it is defined by the formula 




vl \p, 


(4 b) 


log? = - 
n 


Armaz 



27rk dk, 


that is, 


logi? = logv^ax -|* 


(4 c) 


The energy w which has been defined above as the additional potential 
energy of the particles forming the surface of the body can be considered 
as independent of the temperature (explicitly, at least). Hence it follows 
that the quantity ip can be identified with the second term of equation 
(1), i.e. with —sT and that, consequently, the surface entropy is equal to 


5 = -w'Arlog-l. (5) 

hv 

Since, however, the surface entropy (just as the surface energy) is 
defined as a correction to the volume entropy (or energy) of the body, 
calculated without taking into account the effects due to its free surface, 
« must be determined not by ip but by the difference between this 
quantity and that part of the free energy of the body which is replaced 
hy ip. Since this part must correspond to the same number of degrees 
of freedom, it must be represented, when referred to unit area, by an 
expression of the same type (3) as with v replaced by v, the mean 
value of the vibration frequency, calculated without taking into con- 
sideration surface effects. We thus obtain the following expression for 
the surface entropy s n'klogfl7, (6a) 



VI. 


3^0 SURFACE AKI> AIMED PHKNOMENA 

wfaltli leads to the formtda 

a = w—n*kT log vjv (6 b) 

for the surface tension^ as a function of the temperature. 

The result is in good agreement with the experimental law established 
byEotvOB a^y{T,-T) 

for the surface tension of a liquid in equilibrium with its saturated 
vapour at temperatures suflSciently removed from the critical point Tq, 
The coefficient y can be calculated for different liquids with the help 
of the Ramsay-Shields formula 

212 

~ {Mvji’ 

where M is the molecular weight of the liquid and v its specific volume. 
The product Mv is connected with the number of particles per unit 
area n' by the relation 



where N = 6 xlO^ is Avogadro's number. We thus have 

0.10 

y =:~n'^3xl0-i«. 
iv» 

This empincal value lies close to the theoretical one 
y = n/klogvjv, 

since k = 1-34 xlO"^* while the factor Inv/v is of the order 1. 

It shoidd be remarked that the critical temperature, if it is defined 
by the condition o- = 0, turns out to be given by the formula 

5P ^ ^ 

^ n'klogv/v' 

which also agrees with the experimental data, with respect to the order 
of magnitude at least (cf. Ch. Ill, § 2). For a more accurate determina- 
tion of the critical temperature it is necessary to take into account the 
influence of the saturated vapour on the free energy of the boundary 
surface between it and the liquid phase. 

The preceding theory was developed by the author as a modification 
of a theory proposed earlier by Bom and Karman,t who identified the 
surface waves with ordinary elastic waves serving to describe the 

t Bom and Karman, Phys, Z, 15 , 861 (1913). This theory has been improved by 
BnUouin (C.B. 180 , 1248 (1925)), who limited himself to an ^Iteration of the vibration 
frequeney of the surface particles, without introducing the conception of surface wavofl 
for the calculation of the surface entropy. 
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thermal motion in the volume of a body. It can be appKed, however, 
only if relatively long surface waves are considered, with a frequency 
which is smaller than the reciprocal of the relaxation time of the corre- 
sponding liquid at the temperature under consideration, t = 

With respect to vibrations of a higher frequency the liquid must 
behave in exactly the same way as a solid body. Under such condi- 
tions the capillary waves must be replaced by surface waves of the 
Rayleigh type, which are propagated without dispersion with a velocity 
Vg closely approaching that of the ordinary transverse waves in the 
corresponding solid. According to Rayleigh’s theory 

V P 

where 0 is the rigidity modulus of the body. 

The frequency spectrum of the surface waves, constituting the heat 
motion of the free surface of a liquid body, must thus be separated into 
two parts: (1) the low-frequency or capillary part v < 1/t, and (2) the 
high-frequency or Rayleigh part v > Ijr. 

The frequency of the capillary waves is connected with their length 
by the relation (4), which in the case of the Rayleigh waves is replaced 
by V = vJX = 0*9/A-^((?/p). In a solid body the rigidity modulus 0 and 
the compressibility modulus K are of the same order of magnitude as 
the evaporation energy per unit volume Q (cf. Ch. Ill, § 1), whereas 
the surface energy w and consequently the surface tension a is of the 
order of the product Q8 (see below). Hence it is seen that in the 
limiting case of the shortest waves with a length A of the order of 8, 
the frequency v given by (4) becomes practically identical with that 
given by Rayleigh’s formula. 

A certain difficulty arises in connexion with the transition region 
V 1/t where neither formula is strictly applicable. The course of v as 
a function of k = 1/A in this region can be determined approximately 
by interpolation as shown by the dotted line in Fig. 38. 

It should be noticed that the complication arising in connexion with 
the existence of a transition region from capillary to Rayleigh waves 
does not alter in the least the distribution of the modes of vibration with 
respect to the wave numbers or wave-lengths, the shortest value of the 
latter remaining, as before, ^{irln') = V-7r8 according to (4 a). As to the 
wave-length corresponding to the transition region (or more exactly to 
its middle part), it can be defined approximately as a certain mean 
value, lying betw^n {r^J(a/p)Y and 0'dr^(Olp). Putting t = 10-^^ P = 1, 
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a = 100, Q = 10^^ dyne/om.* (which roughly corresponds to the case 
of ordinary liquids at room temperatures) we find = 2 Xl0“® cm. in 
the former case and 10~* cm. in the latter. We thus see that even in 
this case the major part of the vibration spectrum, as judged by the 
number of modes of vibration contained in the whole range between 0 


V 



and Ajmaxj belongs to the Rayleigh region. It is therefore more correct 
to define the average frequency v in (5 a) as the average frequency of 
Rayleigh’s spectrum, and not as that of the capillary waves. It should 
be mentioned that under such conditions the quantity vjv must approxi- 
mately be equal to the ratio of i^|{E/p)-{•^y|(0/p) to 0*9-y/((?/p), i.e. to 
{^i^/C/)+2}/2*7, which for EjG » 3 gives 1*4 and corresponds to a 
theoretical value of the E^Jtvds constant y, which is a little smaller than 
the empirical one (for non-metallic liquids; in the case of molten metals 
the new value of y is in better agreement with the experimental data 
than the bid one) . 

It has been assumed hitherto that the presence of a free surface does 
not influence the c^racter of the volume vibrations of a solid or liquid 
body, apart from replacing a Qprtain part of these vibrations by vibra- 
tions corresponding to surface waves. A closer investigation shows, 
however, that this conception is incorrect. If account is taken of the 
boundary condition which must be satisfied on the free surface of an 
elastic solid bodyj(absence of normal and tangential stresses), it becomes 
clear that longitudinal (or ‘potential’) waves cannot exist alone. The 
same applies to transverse (or ‘solenoidal’) ones. In fact, the reflection 
of a potential wave from the free surface of an elastic body gives rise to 
a potential and a solenoidal wave, and the reflection of a solenoidal wave 
gives rise to a solenoidal and a potential one. The two reflected waves 
have the same frequency (equal to that of the inciddht wave) but different 
kngtha, which are proportional to their respective propagation velocities. 
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Hence it follows that each normal (or ‘free*) vibration of a limited solid 
body must be described by a certain cmthimiim of longitudinal and 
transverse waves. 

In the simplest case of a semi-infinite body, limited by a plane surface, 
this combination, satisfying the condition of vanishing normal and 
tangential stress at the free surface, can be reduced to a system of four 
progressive waves, two of which (a longitudinal and a transverse 
Ti) may be treated as incident, and the other two (L^ and T^) as reflected. 
The waves formed by the superposition of and Lg ov and Tg can 
be dealt with as progressive in a direction parallel to the surface of the 
body (provided it is supposed to be unbounded in this direction) and 
as standing in a direction perpendicular to it. Besides such combined 
longitudinal-transverse, progressive-standing waves, the presence of 
the free surface leads to the existence of Rayleigh surface waves which 
are travelling in a tangential direction and are exponentially damped in 
the normal direction. Each Rayleigh wave can be regarded as a super- 
position of two waves, a potential wave connected with density varia- 
tions exactly as an ordinary longitudinal wave, and a solenoidal one 
connected with torsions or shears as an ordinary transverse wave. 
Each of these two waves corresponds to a pair of longitudinal or of 
transverse waves of the volume type in the same way as the wave 
formed in the case of total reflection corresponds to a combination of 
an incident and a reflected wave. 

The meaning of the preceding considerations for the statistical theory 
of solid and liquid bodies, and especially for the theory of their surface 
tension, consists in the fact that they lead to an important modification 
of the frequency spectrum of the free vibrations which constitute the 
heat motion in such bodies. Whereas, according to the simple theory 
which has been discussed above, this spectrum consists of three inde- 
pendent spectra referring, respectively, to longitudinal (potential), trans- 
verse (solenoidal), and surface (Rayleigh) waves with different maxi- 
mum frequencies and (approximately) identical minimum lengths (of 
the order of 2a, where a is the interatomic distance), according to the 
new conception this spectrum must be regarded as corresponding to a 
single system of combined density-shear vibrations with a common 
maximum frequency, each value of the frequency being associated with 
waves of two or even three kinds: a volume wave formed by the super- 
position of two incident and two reflected potential and solenoidal 
waves, a surface wave of the Rayleigh type exponentially decaying 
with increase of depth, and a volume-surface wave formed by the 

S s 
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superposition of a volume solenoidal wave (inoident+tefleot^) with a 
surface potential wave. 

The question as to the minimum length of the waves becomes here 
meaningless (even in the case of purely volume waves); as for the 
maximum vibration frequency, it is determined in the usual way by 
the condition that the total number of free vibrations of the volume, 
surface, and volume-surface tjrpe should be identical with the number 
of degrees of freedom of the body, i.e. with 3N in the case of a simple 
body consisting of N atoms. 

A rather complicated analysis which will not be reproduced heref 
shows that in the case of a body having the shape of a plate, or film, 
of a finite thickness and practically unbounded in the lateral directions, 
4^e number of normal vibration modes with a frequency not exceeding 
a given value v is given by the formula 



where Vj, and Vg denote the velocities of propagation of longitudinal, 
transverse, and surface (Rayleigh) waves respectively: 

i;, = ^(JS/ph V, = ^(OIp), Vg = 0*9V(^/p). 

Sere E denotes Young’s modulus, 0 the shearing modulus, V the 
volume, and A the area of the plate (film). 

Equating the expression (6) to 3Y we obtain the maximum value of 
the frequency v — of the smallness of the second (surface) 

term in (6) in comparison with the first one, this value can be deter- 
mined by the following* approximate formula: 

“ \4^Vfj 4/F’ 


(6 a) 


2 1 1 

where /=-i+-s /i = -s- 

vf vf 

Hence it is clear that the presence of a free surface leads to a decrease 
of the maximum vibration frequency and consequently of its mean 
value v'. 

In order to determine the thermal part of the free energy of the body ^ 
we must calculate the mean value of the frequency of all its normal vibra- 
tions according to the formula 

= i j 

0 


t See J. Frenkel €uid A. Gubanov, Joum. of Phya. U.R.8.8.t 1946 (in the press). 
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Using the expression (6) and (6a) for and we get 
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logy: 

whence it follows 


3\ } 4:(Vf)*\2N) ’ 


'¥= VnkT log 


9» 


iTrefkT 


-lAn*kT 


{37r/2)i 


i[2+{OIE)*r 


Here*w denotes the number of atoms per unit volume N/V and 
f = {vjvf)^ a numerical constant lying close to 0*8. 

The second term of the right-hand side represents the correction 
corresponding to the presence of the free surface of the body. Dividing 
it by i.e. referring it to unit area, and adding to the surface energy w, 
we obtain g = w—yT = y(To— T), with the following expression for 
the coefficient y: 

_ 3/37tU kn' 

where rC = n* is the number of surface atoms per unit area. 

This expression for y is but slightly different from that which has 
been found above and which can be written down in the form 


^ 2*7 

The new expression agrees more with the experimental data than the 
old one. As A. Gubanov has shown, the agreement is further improved 
if account is taken of the decrease of the surface energy w with a rise 
of the temperature (due to the thermal expansion of the body). 

In conclusion a few words must be added about the theory of the 
surface tension of liquid bodies which has been worked out by van der 
Waals and his school on the basis of the analogy between the liquid and 
the gaseous state. This theory assumes that the boundary between the 
liquid and the gaseous phase is vague, corresponding to a continuous 
decrease of the density from the value p, characteristic of the liquid to 
the value specifying the saturated vapour. This assumption is known 
at the present time to be incorrect, except, perhaps, in the vicinity of 
the critical temperature.f 

On this assumption the pressure in the transition layer must be 
anisotropic, i.e. must have different values in the normal direction {x) 
and in the tangential ones (t/ or z). The difference between these two 

t And also with the exception of metallic bodies, for which it remains valid even at 
0, for the gas formed by the free electrons. 
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pressures (Pyy = Pn) ofl'R ^ defined as the ‘differential surface 

tension’ in the transition layer, referred to unit thickness. The total 
value of the surface tension is equal to the integral 

J (Pxx-Pyv)^- . 

— 00 

We shall give later (§7) an interesting example of the application of 
this formula to the theory of electrocapillary phenomena. 

In the case when the density of the liquid (or solid) body is decreased 
in a discontinuous way as we pass to the gaseous phase, the preceding 
formula is inapplicable. 


Monomolecular Adsorbed Layers 

Substances dissolved in a liquid and tending to concentrate near its , 
surface or to become ‘adsorbed’ by the latter are known to lower its 
surface tension. This refers in particular to ‘surface active’ substances 
which are practically insoluble in the volume of the liquid but are 
strongly adsorbed on its surface. To this class belong, in the case of 
water, various fatty acids, in the case of mercury, alkali metals, etc. 
If the surface concentration of the adsorbed particles, i.e. their number 
n per unit area, is small (Compared with the maximum value, corre- 
sponding to a compact monomolecular layer, so that the adsorbed 
particles form a kind of two-dimensional gas, the resulting decrease of 
the surfiu;e tension is equivalent to a ‘plane pressure’, determined by 
the formula p = nfcr (7) 

similar to Clapeyron’s formula for an ordinary three-dimensional gas. 

This formula can be derived in the simplest way as follows. 

Let us imagine that the surface particles are acted upon by external 
forces directed parallel to the surface along the ar-axis, with a potential 
energy tJ which is a certain function of x. Under such conditions the distri- 
bution of the adsorbed particles will not be uniform; their concentration 
will be increased in those portions of the surface where the energy U is 
small at the cost of other portions where it is large. The dependence 
of the surface concentration n on a; is given by Boltzmann’s formula 
n = Differentiating this equation with respect to ai we get 


d{nJeT) 

dx 


dU „ 


where is the force acting on an adsorbed particle ih the x direbtion. 
This equation can thus be interpreted as expressing the condition 



§2 


MONOMOLECULAR ADSORBED LAYERS 


317 


of the balance between the external force acting on the adsorbed par- 
ticles per unit .area and the internal force reducing to the (negative) 
gradient of a ‘pressure’ p, determined by formula (7). This pressure 
must be revealed by a decrease of surface tension according to the 

formula o = c,-p = a,-nkT. (7 a) 


where ctq is the value of or for w = 0. 

It is interesting to note that in the case of a pure liquid or of a 
compact monomolecular layer of the adsorbed substance the surface 
tension a = otq is obtained by subtracting from the surface energy w the 
quantity v/kTlogkTjhvy approximately equal to the two-dimensional 
pressure, which would be produced by the surface molecules if they 
behaved as an ideal two-dimensional gas. 

The entropy of a three-dimensional ideal gas is given as a function 
of its temperature and volume V by the well-known expression 


S = Cy\ogT-\-kNlogV-{‘Comt. 


A similar expression, viz. 

A8 = log T log const., 


may be used for the additional entropy of the liquid surface when it 
is covered by a two-dimensional ideal gas consisting of a fixed number 
N of adsorbed particles distributed over the variable area A of the 
surface of the adsorbent; Cq is the specific heat of this gas at constant 
area. 

It is clear that by adding the specific entropy of such a gas per unit 
area 5 ' = S' /A to the specific entropy s of the pure liquid and intro- 
ducing the corresponding correction w' for the surface energy w in the 
formula (1) we shall obtain an entirely wrong value for the change of 
surface tension due to the adsorbed particles. This is explained by 
the fact that the identification of the surface tension with the free 
energy of the surface per unit area Y/A = ^ is possible only when 
ilt = w—T8 is independent of A. This condition holding for pure 
liquids does not apply to the case of the presence of adsorbed films. 
In this case the surface tension is connected with the free energy by 
the general relation 


dA' 


( 8 ) 


which is quite similar to the formula p == -^dY/dV for the pressure of a 
three-dimensional body, and which directly follows from the fact that 
(rdA is the work done against the inner (capillary) forces when the area 
of the surface is increased by the amount dA at a constant temperature. 
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Inarsmuoh ai^lKe presence of the adsorbed layer affects the surface 
energy IT in a way independent of the area of the surface (being, in 
the case under consideration, simply proportional to N)^ the resulting 
change of the surface tension is given, according to (8), by the formula 
Act *= 8A^/5d, where A0 is the corresponding change of the free energy. 
Since only that part of which depends on A must be retained, we 

A4=~TAS, (8 a) 

or, according to (7), A^ = —kNTlogA, (8b) 

We thus get Aor = — = —hnT, 

A 

in agreement with the conception of the pressure of the two-dimensional 
gas introduced above. 

The possibility of treating a diluted adsorbed layer as an ideal two- 
dimensional gas is supported by the following interesting consideration.f 
If the surface of the liquid is spherical, convex or concave, with a 
radius E, the surface tension is known to produce a capillary pressure 
2or/jB which is positive in the former case and negative in the latter. 
Putting here a = ag-^nkT, we see that each adsorbed particle changes 
this capillary pressure by an amount 

4 2kT _ mv^ 

"F “"X’ 

where v* is the mean square of the velocity of its thermal motion parallel 
to the surface. Now this quantity is nothing but the centrifugal force 
produced by the particle when it is moving with its average thermal 
velocity on the spherical surface of the liquid meniscus. ^ 

A closer examinatiqn shows that a diluted adsorbed layer must be 
treated not as an ideal gas but rather as a diluted two-dimensional 
solution. The lowering of the sur&ce tension, produced by it, is from 
this point of view a measure of its two-dimensional osmotic pressure, the 
equation (7) representing an analogue of van ’t Hoff’s law for ordinary 
diluted solutions. 

The conception of an adsorbed layer as a two-dimensional solution 
follows immediately from the fact that the adsorbed particles, being 
attached to the molecules of the adsorbent, cannot move along the 
surface qtiite freely as in a gas; their thermal motion must rather be 
similar to the motion of particles dissolved in an ordinary three- 
dimensional liquid. 

t Due to J. B. Chariton (unpublished). 
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This circumstance does not affect the validity of the piifeceding expres- 
sions 2kTIR for the average value of the capillary pressure produced 
by an adsorbed particle, since its centrifugal force, equal to this pressure, 
is not altered if, instead of sliding freely along the surface of the liquid, 
it performs a more complicated motion of an oscillatory type with the 
same average value of This shows that this complication does not 
invalidate the expression for the two-dimensional pressure given above, 
and determined according to (7 a) by the lowering of the surface tension. 

This lowering can be studied experimentally by measuring the tan- 
gential force acting on a movable barrier, separating the surface of the 
pure liquid (with a tension gto) from the contaminated one, i.e. from 
that part of the surface of the liquid which contains the adsorbed 
particles. This force is directed from the contaminated to the pure 
part and is equal, per unit length of the barrier, to the difference (Tq—ct. 

So long as the adsorbed particles are firmly bound to the surface of 
the liquid, i.e. cannot penetrate inside the latter, the barrier, referred 
to above, js wholly impermeable with respect to them. 

It has, on the other hand, no influence whatever on the molecules 
of the adsorbent, which can easily pass to and fro underneath it. The 
surface barrier used for the detection of the difference between the 
surface tensions of the pure and the contaminated part of the free 
surface of a liquid body is thus seen to play with respect to the ‘surface 
solution’, forming this contamination, the same role as a semi-permeable 
membrane in the detection of the ordinary three-dimensional osmotic 
pressure. 

Coming back to the equation 

kT~ = nF^, 

dx * 

with the help of which the notion and value of the surface osmotic 
pressure, as a statical inner force, has been introduced, we can give it 
an essentially different — kinetic — ^interpretation, connected with the 
phenomenon of surface diffusion. 

Under the action of an external force an adsorbed particle ‘swim- 
ming’, as it were-, on the surface of the liquid, just as a dissolved particle 
immersed in the latter, must move preferentially in the direction of 
this force with an average velocity proportional to it, i.e. 

where q is the ‘mobility’ or, more exactly, the surface mobility of the 
particle. On this orderly ‘drift’ motion an irregular thermal agitation. 
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or difhision motion, must be superimposed, which in the presence of a 
concentration gradient in the direction of the x-axis must give rise to 
a diffusion current —Ddnjdx per unit length of a line perpendicular to 
a?, where D is the surface diffusion coefficient. In a state of statistical 
equilibrium this surface diffusion current must be balanced by the 
two-dimensional drift current due to the action of the external forces 
and equal to nv^ = nqF^. 

Multiplying equatidn (7) by q, we see that it can be considered as the 
condition expressing the existence of such a kinetic balance, if the 
surface diffusion coefficient is connected with the surface mobility by 
Einstein’s relation 2) = qkT 

juat as in the three-dimensional case. 

It should be noted that in the absence of statistical equilibrium the 
concentration of the adsorbed particles must vary with the time accord- 
ing to the two-dimensional equation 

^ = i>7*n-div(g»F), 

where = dHldx^-\-dhildy^ and diY(qn¥) — d{qnF^)ldx+d{qnFy)ldy, 

Extending to the two-dimensional diffusion motion the results refer- 
ring to the three-dimensional case, we can put 

D = — = 

4t 4to 

where 8, tq, t, and U have their usual meaning; the parameters 8 and 
To must, moreover, have in both cases the same order of magnitude 
(10~® cm., 10“^® sec.), while the activation energy C/’and, consequently, 
the 'meau life’ r must be somewhat smaller for adsorbed particles than 
for dissolved ones. 

The existence of surface diffusion has been experimentally dis- 
covered and studied by a number of authors (especially by Volmer and 
by Langmuir), who have shown that the adsorbed particles — atoms 
and molecules — can 'creep’ rather rapidly over the surface both of 
liquid and of solid adsorbents. In the latter case the concentration of 
the adsorbed particles cannot, of course, be determined from a measure- 
ment of the surface tension; it can, however, be measured in the case 
of electrically conducting bodies by the surface drop of potential which, 
as will be shown below, is strongly affected by the presence of adsorbed 
particles. 

The decrease of the surface tension of different liqffids by the absorp- 
tion of surface-active substances can be reduced to a 'plane’ osmotic 
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pressure, produced by their particles, only in the case of small con- 
centrations, considered above. In this case the adsorbed substance 
practically alters the surface entropy alone, increasing it and thereby 
lowering the surface tension by an amount proportional to the absolute 
temperature. 

The lowering of the surface tension of various liquids under the 
influence of adsorbed layers can be reduced to the two-dimensional 
osmotic pressure produced by them in the case of dilute surface layers 
only. In this case the change of the surface tension depends on the 
variation of the surface entropy alone, being, as a result, proportional 
to the absolute temperature. In the general case both the additional 
entropy A/S and the additional energy A If due to the presence of the 
surface layer, constituted by a given number of particles N, depend on 
the area A occupied by them, so that the change of the surface tension 
is expressed in a more complicated way. The surface pressure p, 
defined as the difference crQ—dy loses in this case its simple kinetic 
meaning and assumes the character of a static force, due to a mutual 
repulsion of the adsorbed molecules or, more exactly, to the difference 
between their mutual attraction and the stronger mutual attraction 
between them and the molecules of the adsorbent. Thus, for example, 
the surface tension of water covered by a compact monomolecular 
layer of a fatty acid CH3(GH2)COOH lies close to the surface tension 
of paraffin, as would be expected if it is taken into account that the 
adsorbed molecules stand upright on the surface with their inactive 
methyl tails pointing upwards, while their active carboxyl ends are 
anchored in water. The smallness of the surface tension of water 
covered with such a film is thus explained by the relatively small 
cohesion between the methyl radicals. 

Whereas diluted adsorbed layers behave as two-dimensional gases, 
condensed monomolecular layers can be treated as two-dimensional 
analogues of liquids and even to some extent, of solid bodies. This 
analogy refers to a number of various properties of such layers, and, 
in the first place, to the similarity of their equation of state, connecting 
the surface pressure p = cjo—a with the concentration n and tempera- 
ture Ty to van der Waals’s equation. We shall not examine this relation 
more closely here and shall only mention that small variations of n and 
p can be connected by a linear equation 

= A<7 = K^, 

where K plays the role of a two-dimensional compressibility modulus. 

SSM.M 
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It is possible, furthermore, to ascribe to a condensed Imonomoleoular 
layer a certain ‘rigidity’, specified by a two-dimensional shearing modu- 
lus Ot which can be masked by their fluidity l/ij, just as in the case of 
three-dimensional amorphous bodies. 

The surface viscosity coefficient rj has been determined by several 
authors by measurmg the rate of flow of a monomolecular ‘liquid’ film 
through a capillary slit on the surface of the adsorbent, and applying 
to this flow the two-dimensional analogue of Poiseuille’s law. This 
theory, which leaves out of account the interaction of the adsorbed 
molecules with the surface of the adsorbent, or describes it as an 
analogue of solid friction, leads to enormous values of the surface 
viscosity which cannot be reconciled with its value for the corre- 
sponding substances in the three-dimensional liquid state. 

V. Levichf has recently shown that the surface viscosity of the 
adsorbed layer is wholly irrelevant to the phenomena under considera- 
tion, which can be satisfactorily explained by the ordinary hydro- 
dynamical theory of the viscous flow of a three-dimensional liquid, 
constituting the adsorbent, under the condition of the absence of 
slipping of the adsorbed layer with respect to its surface (as well as 
with respect to the solid walls of the capillary slit). Monomolecular oil 
films on the surface of the water are well known to produce a strong 
damping of its wave motion. It has been suggested by Rayleigh and 
by Lamb that this influence is an indirect one and consists in the 
alteration of the boundary conditions for the free surface of water. 
This idea has been quantitatively developed by V. Levich, who has 
shown that, besides altering the capillary pressure or(l/J?i-f l/Rg)* ^.s a 
result of the lowering of cr, the adsorbed film gives rise to a tangential 
force due to its surface elasticity (compressibility), and equal per unit 
area to — iC(An/n). 

In the absence of such a film the wave motion of water can preserve an 
irrotational character, the tangential components of the viscous stress 
tensor = fi(dvjdz+dvjdx) and = H^i^yl^z+dvjdy) (where fi is 
the volume viscosity of water) vanishing at its surface 2 = 0. If, how- 
ever, Ijie latter is covered by an elastic oil film, the boundary conditions 
are expressed by the equations 

which are inconsistent with the irrotational character of the wave 

t y. Levioh, On the Theory of Surface Phenomena (Rusnan), 1941. 
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motion. The resulting vorticity, without altering the character of the 
waves, leads, owing to the viscosity of the liquid, to their damping, 
which is thus seen to be wholly independent of the surface viscosity of 
the oil film itself. 

Of special interest from the molecular kinetic point of view are the 
phenomena of transition of an adsorbed monomolecular layer from a 
diluted (gas-like) state into a condensed (liquid or solid-like) one under 
an isothermic compression of the layer or as a result of lowering the 
temperature of the whole system. In both cases the gas-like film reaches, 
for a certain value of the surface tension a, depending on thq tempera- 
ture, a state of saturation and begins to condense, in exactly the same 
way as a saturated three-dimensional vapour. The condensation point, 
or rather curve (t(T)j is determined by the equation 

da r 

TiA'-A'^y 

which is the analogue of the Clausius-Clapeyron equation for the 
three-dimensional case, —<t playing the role of the pressure; r is the 
latent heat of condensation, and -4' and A"^ the area occupied by a 
given number of adsorbed molecules N in the gas-like and the con- 
densed state. 

Putting a = (j^—nhT and A* = Njn' > A\ we get 


dT~ 


rn' 

'N^ 


that is, n' = const. 

where U = r/N is the ‘surface evaporation heat' referred to one mole- 
cule. The constant can be identified approximately with the concentra- 
tion n" of the adsorbed molecules in the condensed state. This result 
can of course be obtained without the use of the Clausius-Clapeyron 
equation as a direct corollary of Boltzmann's principle. 

The analogy between condensed adsorbed layers and three-dimensional 
condensed bodies is limited by the fact that these layers are not ‘free 
but are deposited on the surface of a liquid or solid adsorbent. It is 
therefore not surprising that by further compressing or cooling a liquid- 
like layer, it is impossible to bring it into a crystal-like state. Such 
overcompressed or overcooled layers behave as two-dimensional ana- 
logues of solid amorphous bodies, or in some cases of liquid crystals. 
The latter refers in particular to rod-shaped molecules, such as the 
molecules of long-chain fatty acids, alcohols, and parafSns, which 
according to Langmuir are orientated, in the highly condensed state 
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of the adsorbed layer, in a direction perpendicular to the surface of the 
adsorbent, without, however, long-distance order in the distribution of 
their centres of gravity. The surface rigidity of such layers is usually 
masked by the smallness of their surface viscosity. 


3. Polymolecular Films; Thermodynamical Theory 

We have limited ourselves thus far to a consideration of mono- 
molecular adsorbed layers. In the case of immiscible liquids one of 
them can be covered by a thick polymolecular layer of the other 
(usually lighter) liquid. The boundary surface between the two liquids 
(1, 2) is characterized by a certain tension orj 2 , which, in the absence of 
contaminations (in the form of monomolecular layers with a variable 
concentration, depending on the area), can be identified with the free 
energy ^^ 1.2 area, ^ and Sj 2 denoting the corresponding 

specific energy and entropy. The energy ^ is practically independent 
of the temperature, being determined by the interaction forces between 
the particles of the two liquids, while the entropy term — Tsj 2 depends 
on the thermal motion of the boundary surface, represented by a 
superposition of surface — capillary and Rayleigh — waves. 

Let us imagine a liquid or a solid body (1) with a practically infinite 
(plane) surface, covered over an area .4 by a thin uniform film of a 
secopd liquid (2) consisting of a given number of molecules N, The 
thickness of this film h can be supposed to be inversely proportional 
to A, the product Ah being equal to the volume Tg of (2). 

If A is large enough, the change of the free energy of the system (1,2) 
due to the presence of the film can be represented by the formula 


F = [(0^2.0”" 0^1,2]^ > 

where q ^ surface tension of the ith liquid against air. 

If .4 is increased by the amount dA, the quantity of the liquid (2) 

forming the film remaining constant, the free energy is increased by 

<7od-4, where , 

Gq — 0^2,0"” ^1,0+ 

We thus see that, so long as this quantity is independent of the thick- 
ness A, it plays the role of the surface tension of the film. 

When the latter is spread over a sufficiently large area, the film 
becoming very thin, its free energy is no longer proportional to A but 
depends on it in a more complicated way. Under such conditions the 
surface tension of the film is determined by the formula 

BF 


o = 


BA' 
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This quantity, which is a certain function of the thickness of the film A, 
must not be confused with the ratio / = FjA, that is, with the free 
energy of the film per unit area, which is connected with g by the 
relation 


G=f+A 


dA' 


Replacing here A by Vjh, where V is the constant volume of the film, 


we get 




dh' 


(9) 


It is sometimes convenient to consider, instead of the free energy, 
the thermodynamical potential which in the case under consideration 
is connected with it by the formula 

(f) = F — Aof 

whence it follows that A = 

da 

If a = dFjdA is negative for all values of Ay the film, in the absence 
of external forces, must tend to spread over the whole surface of 1, 
until it becomes monomolecular, and then it can be split up into two 
phases — the condensed and the gas-like one — ^in a ratio depending on 
the available area. If, on the contrary, a is positive for all values of Ay 
the film must tend to contract into a single drop, forced to remain in 
contact with 1 over a certain minimum area -do by the influence of 
gravity. 

The behaviour of the film is characterized, however, not only by the 
sign of <7, but also by that of its derivative with respect to Ay i.e. 
dafdA = d^FjdA^y which determines its compressibility under the influ- 
ence of external forces. In the case of a three-dimensional liquid the 
condition of dynamical stability requires that the pressure should 
decrease with increase of the volume, which corresponds to a positive 
value of the compressibility modulus K — — V In the case of a 
two-dimensional film the analogous stability condition requires that the 
surface tension (which corresponds to a negative pressure) should 
increase with increase of the area, i.e. that dajdA > 0. The physical 
meaning of this condition can be seen from a consideration of the 
equilibrium of the film under the influence of an external force, which 
we shall describe as a tension of a constant magnitude a (applied to its 
perimeter). In a state of equilibrium this tension must be balanced by 
the inner tension a. Now when A is increased or decreased by dAy the 
film will tend to return to the initial state (size) if in the former case a 
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becomes larger than a, and in the latter if it becomes smaller, which 
means that dajdA > 0. The same result can be obtained from a con- 
sideration of the free energy of the film. In the presence of the constant 
external tension its inner free energy F must be decreased by the 
quantity — ctd. The condition that in a state of equilibrium F—qlA = 0 


5 3F 

would have a minimum value gives ^-^{F—olA) == 0, i.e. ^ == a = a 


and — ^ > 0, i.e. ^ > 0. Replacing A by vlh and u&ing the 

oA^ oA 


expression (9) for <r, we get 


da 


-A 


dh^' 


The condition of dynamical stability of a film daidh < 0 is thus 


reduced to 


^>0, 

dh^ ’ 


{9 a) 


which means that the curve representing the dependence of / on A 
must be convex with respect to the A-axis. 

We thus see that irrespective of the sign of the surface tension a 
(i.e. of the tendency of the film to expand or to contract) it must 
increase monotonically with increase of the area A (i.e. decrease of 
the thickness) so long as the film is capable of remaining in a state of 
stabk equilibrium under the influence of external forces. 

If this condition is realized for all values of A (i.e. of A), then three 
cases must be distinguished: 

(1) a> 0 for all values of A. The film tends to contract into a drop 
of the smallest possible size, limited by the influence of gravity. 
The film can be said to be ‘non-wetting’. 

(2) a <0foraU values of A. The film tends to spread over the whole 
available area. In this case the liquid (2) is said to ‘completely 
wet* the surface of (1). 

(3) a < 0 /or A > Aq and > 0 for h In this case the liquid 
film, in the absence of external forces, assumes an equilibrium 
thickness for which o = 0. 

If within a certain range of A-values da/dA < 0 (i.e. da/dh > 0), a 
stable film can exist only outside this range. More than that, from the 
thermodynamical point of view, the range of instability wiU stretch on 
both sides beyond the corresponding limits, just as in the case of the 
van der Waals theory of an amorphous ‘gas-liquid’ body. 

The fact that there can exist a close analogy between the isotherms 
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p(V) of such a body and the isotherms —a(A) of a liquid film has been 
recently pointed out by Frumkin.f This analogy cannot be complete 
in the region of small values of for a tends with decrease of A, 
i.e. increase of to a constant finite value whereas 

— p tends to — cx) for F -> 0. If o* is assumed to be negative for all 
values of h (case of wetting), its dependence on A can be represented by 
one of the following curves (Fig. 39): 



Fig. 39 


The curve 39 a is an exact replica of a van der Waals isotherm with the 
only difference that — <t(0) = — Gq is finite. By the application of a 
two-dimensional external pressure to a thin film initially spread over a 
sufficiently large area the latter will gradually diminish until a certain 
point A” corresponding to a certain thickness V = reached 

when a second ‘phase’ in the form of a film of a much greater thickness 
h* = VJA^ will appear, the decrease of A from A" to A' being accom- 
panied by the growth of the thick film at the cost of the thin one until 
the latter is wholly exhausted; a further decrease of A will cause a 
gradual thickening of the resulting homogeneous film. 

This process is an exact analogue of the process of the condensation 
of a vapour into a liquid; the horizontal lino B'B'' corresponding to 
the equilibrium between the thinner and the thicker film, just as the 
analogous horizontal line in the isotherms of the van der Waals theory 
must bisect the theoretical isotherm in such a way as to cut its wave-like 
portion into two equal halves (shaded areas oh Fig. 39 a). Fig. 396 
differs from the preceding on^ only in that the lower limit of stability 
A' practically vanishes. 

The values of the potential ^ of the film in the points A^ and A'^ are 
easily seen to be equal, which is the thermodynamic criterion of the 
possibility of the coexistence of the correspondmg two phases in equili- 
brium with each other. It should be emphasized that the states lying 
in the range A^C* on the one side and in the range G^A'' on the other, 

t A. Frumkin, Ackt Phyaicoohimica UM,SJS. 9, 313 (1038). 



SURFACE AND ALLIED PHENOMENA 


VI. 


without being dynamically unstable (since dajdA > 0), are, neverthe- 
less, unstable, or rather only relatively stable, from the thermodynamical 
point of view, just as an overheated liquid or a supersaturated vapour. 

The preceding relations, according to Frumkin, can be used to explain 
the frequently observed phenomenon of the spontaneous disintegration 
of an originally uniform film covering a given area (if the latter lies in 
the range A' A") into a number of small lenses (if the body 1 is liquid) 



or droplets (if it is solid). The latter are characterized by a definite 
value of the contact angle B, which is determined by Neumann’s 
formula 

QOSO = il?. 

^ 2,0 

The quantity a in this formula is erroneously identified by many 
authors with the surface tension of the body 1 against air ( 0 * 1 ^ 0 )’ whereas 
in reality it is equal to the surface tension of the thin film remaining 
on the surface of this body, with the equilibrium thickness corre- 
sponding to the temperature of the system. 

In the case of liquid lenses on a liquid surface the preceding formula 
must be replaced by- 

(7 CTj 2 0 ^2* 

and B^ being the angles between the surface of the film and the two 
tangent planes at the edges of the lens as shown in Fig. 40.t 

It should be mentioned that in the case corresponding to Fig. 39 a 
the drops or lenses formed tend to have a certain equilibrium thickness 
A', which as a rule is very small, and is therefore practically not in- 
fluenced by gravity, whereas in the case corresponding to Hg. 396 the 

t A complete theory must take into account the additional free energy of the linear 
boundary of the drops or of the lenses. The existenoe of this linear ftee energy plays 
an essential role in the kinetics of lens formation in an *over-prdteed* dbn — ^just as does 
the existence of the surface free energy of liquid droplets in the condensation of a super- 
saturated vapour. 
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size and, in particular, the thickness of the drops is limited by the 
influence of gravity alone. 

The phenomenon of drop (or lens) formation just described can take 
place not only in the case of wetting films <7 < 0, but just as well in 
that of non-wetting films cr > 0, which require an external tension in 
order to be spread over the surface of the corresponding body (under 
the condition of a strong adherence to the barrier limiting this surface). 
In fact, the preceding relations, illustrated by the Figs. 39 a, 6, are not 
altered in their essential features by adding to a an arbitrary positive 
value of constant magnitude, i.e. by shifting the curves parallel to 
themselves below the .4 -axis. 

It should be mentioned, further, that the shape of the isotherms 
a{A), just as the shape of the isotherms of van der Waals’s theory, 
must depend upon the temperature. It seems natural to expect that 
above (or below) a certain critical temperature the surface tension 
becomes a monotonic increasing function of A, corresponding to the 
stability of films of any thickness. 



We have supposed thus far that the film 2 is in contact with the free 
surface of the body 1, lying on the top of it as a flat drop, and being 
held in equilibrium by an external tension distributed over its border- 
line (due, for example, to its adherence to a linear solid barrier). 

We shall now consider the opposite case of a thin film in contact 
with a thick mass of the same liquid 2. This case can be realized approxi- 
mately by introducing into the liquid 2 a gas bubble and pressing it 
against the surface of 1. A similar result is obtained if the gas bubble 
is replaced by a drop of some other liquid 3, or by a solid body with ar 
plane lower surface pressed against the surface of the body 1 in such 
a way as to leave a uniform layer of the liquid 2 with a constant 
thickness h between 1 and 3. 

In this case it is convenient to measure the free energy of the system 
shown in Fig. 41, starting from a state corresponding to a thick film. 
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US assume that the area of the film remains constant (= 
while its thickness is varied. The corresponding variation of the free 
energy F = A^f is equal to d-F = A^(dfldh) dh. If dfjdh < 0, the film 
tends to get thicker and produces accordingly a pressure p, normal to 
its surface, of a magnitude given by A^p dh = —dF^ i.e. 

( 10 ) 


Now, since in the case of a variable area A = F/i?,/, the free' energy 
per unit area, is connected with the surface tension by the formula 
a=f+A{dfldA) =f—h(dfldh), we have dfjdh ^nd conse- 

quently 

IT' 


P = 


(10 a) 


Differentiating this equation with respect to hy we get 

dp ^ I /da df\ a—f 1 , — cr-\-f—h{dfjdh) __ 1 cJo- 

dh h\dh dhj h^ hdh h^ hdli 

This relation can be obtained in a more straightforward way from 
the equilibrium condition ^ = minimum for a given value of where 
^ is the thermodynamic potential of the film, defined as a function not 
only of its surface tension (as has been done above) but also of its 
pressure p. We thus get 

. df> _d^da dij>dp 

dh^ da dh dp dh ' 
or since = --A and d^Jdp = +F = Ah 

da—h dp = 0. 

This equationf has a very simple physical meaning. If for a given 
value Aq of h the pressure p of the film is balanced by an external 
pressure p^, while its tension is balanced at the same time by an 
external tension a^, then for an infinitesimal variation of h we must have 




h ■ 


It should be mentioned that in the case of a gas bubble or of a drop of 


t strictly qseakiiig, the pietsure p must be active not only in the normal direction 
but along the edges the film— in the tangential direction also, the effective value of 
the surface tension being equal to the difference between a aaodiph, that is 


so tha| p » ^do^jdh. 


oil* “ »-(»-/) “ +/, 
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liquid 3, the external tension gq is equal to where ft is 

the contact angle. This expression can be used for measuring a and 
for checking the validity of the relation (10 a). 

Noting that ^ = 0 for A oo we see that p is positive if a increases 
with a decrease of A, as it should, so long as the film is dynamically 
stable. If there exists a region of instability between W and V < hf, 
then in this region p must decrease along with a, and can even become 
negative for small values of h. If a gas bubble or liquid drop 3 is 
pressed against 1 until the film 2 underlying it reaches the upper 
stability limit, corresponding to a thickness h\ the film will sponta- 
neously ‘collapse’, i.e. become in a discontinuous way much thinner; 
under such conditions the bubble or drop will, eventually, adhere to 
the surface of 1 without the help of an external pressure. 

This mechanism of the adherence of gas bubbles or oil drops to the 
boundary surface between two liquids or between a liquid and a solid 
body has been proposed by A. Frumkinf as a result of an experimental 
investigation of the infiuence of an electric potential difference between 
the two bodies (one of them being a metal, liquid mercury for example, 
and the other a solution of an electrolyte) on the contact angle of the 
bubble or drop. By varying this potential difference fj> it was possible 
to change the value of the surface tension 3 and consequently the 
value of the contact angle 6 according to the relation o’i,3+o'2,8 0 = a. 

A direct measurement of this angle has shown that the surface tension 
(T, which was usually interpreted as the tension of the clean surface of 
the body 1 (mercury) or of the boundary surface between it and the 
liquid 3 (oil drop), did not remain constant, but varied with ^ in a way 
similar to (Tj 3, though to a much smaller extent, displaying a normal 
type of electrocapillary curve (see below). Hence it could be concluded 
that the surface (1,0) or (1,3) was not actually clean but that there 
remained upon it a very thin layer of the electrolytic solution (2). The 
latter was usually invisible; in certain cases, however, its presence was 
manifested by the appearance of coloured interference fringes (the 
thickness of the film being of the order of 10“® cm.)* 

The fact that the film remains in equilibrium with the gas filling the 
bubble implies the existence of a pressure balancing the pressure of the 
gas. This inference has been drawn by B. Derjaguin,$ who generalized 

t A. Prumkin, Qorodetzkaya, Kabanov, and Nekrassov, * Kapillaelektrisohe Benetzung 
von Metallen durch Elektrolytidsungon, I*, Sow. Phya. (1932) ; Frumkin and Gorodetz- 
kaya. n, Sow. Phya. 5. 419 (1934). 

t B. Derjaguin and M. Kuasakov, BvU. Acad. Sci. U.R,SJS., s4rie ohimique, 5, 1119 
(1937) ; Acta Phyaioochitnica U.R.8.8., 10, 26 (1939). 
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it to the case of a thin liquid film between two solid surfaces, and 
introduced in ttiis way the important conception of a ‘disjoining pres- 
sure*, suffered by two solid bodies immersed in a liquid medium when 
they are pressed together, and exerted by the liquid layer remaining 
between them.f The magnitude of this disjoining pressure and its 
dependence on the thickness of the layer has been determined experi- 
mentally by the same author with the help of the gasrbubble method, 
the pressure of the gas (or more exactly the excess of its pressure with 
respect to the atmospheric pressure) being measured by the quantity 
20 * 2 , 0 /-^) where R is the radius of the spherical portion of the bubble 
(its base being fiattened practically to a plane parallel to the surface 
of 1, the underlying layer of the liquid 2 displaying a set of Newton’s 
.jtlngs which were used to determine its thickness). 

4. Molecular-kinetic Theory of Liquid Films 

Derjaguin has shown that the phenomenon of disjoining pressure is 
displayed by thin films of practicaDy all liquids in contact with any 
other substances in the solid, liquid, or gaseous state. It reaches a 
value of the order of 1 gm./cm.^ for a thickness of the order of 10“® cm., 
rapidly increasing with a further decrease of the thickness, as shown by 
the curve of Fig. 42 (taken from Derjaguin *s paper). It is strongly 
influenced in the case of water by the presence of electrolytes dissolved 
in^the latter. Derjaguin has shown that the presence of a diffuse 
electric double layer at the boundary surface between the metal and 
the electrolyte causes by itself a disjoining pressure, which, for small 
values of the electric potential difference, is proportional to the square 
of the latter and depends on the thickness of film in an exponential 
way.J This dependence does not contradict in any way the experi- 
mental results; the calculated magnitude of this electric pressure is 
found, however, to be about 1,000 times smaller for h = 10“"® than 
the experimental values. It is thus clear that the pressure due to the dif- 
fuse electric double layer can represent but a small addition_to the 
main effect; according to Frumkin§ this additional effect explains the 
Influence of the concentration of the electrolyte and of the potential 
difference between it and the surface of the metallic electrode on the 
disjoining pressure of very thin films underlying a gas bubble, while 
the main part of the disjoining pressure is due to forces of non-electric 

t B. Derjaguin, Acta PhyskoMmica U,R.S.8, 5, 1 (1936); 10, 333 (1937). ^ 

J B. Derjaguin, Trans. Farad. Soc. 66, 204 (1940); Acta Physwochimica, 

10, 333 (1939); BuUf Ac. Set. U.B.8J3., e^rie chimique, 5, 1163 (1937). 

I Frumkin and Oo^etzkaya, Acta Physicochitnica U.BJ3.8. 9, 327 (1938). 
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origin. This conclusion is supported by the fact that the phenomenon 
of disjoining pressure is observed just as well in the case of non- 
conducting liquid films not containing any ions. 

It seems natural to trace the origin of the disjoining pressure to the 
action of ordinary cohesive forces between the molecules of the film 
and those of the body underlying it. A calculation of this effect yields, 



Fig. 43 


however, values which are likewise too small by one or two orders of 
magnitude. t Because of the great theoretical interest of this question 
we shall reproduce here the corresponding calculation. Let the mutual 
potential energy of the molecules of the kind i and A; at a distance r 
from each other be The potential energy of a body consisting 

of molecules i and limited by a plane surface MN (Fig, 43) with respect 
to a molecule fc at a distance x from this surface, is equal to 

UijJix) = J J dr sin B dS, 

where denotes the number of i molecules per unit volume, the integra- 
tion being extended over the corresponding half-space. For a given 
value of r the angle B between the radius vector and the normal to 
t B. Derjaguin, Roll. Z. 69, 166 (1934); see also Frumkin and Gorodetzkaya. 
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the surface is changed from 0 to a value for which cos^j = x/r. We 

f* 

thus get j sin^d^ = (1— (a;/r)) and consequently 
0 


CO 

Vif,(a) = 2im, J 


In the case of a simple power law, where wi > 3 we 

find 






(m— 2)(m— 3) 


A plane layer of k molecules with a thickness at a distance x from 
the surface MN has with respect to the body (1) a potential energy 


^ik = Uij^i^)nkdx 


per unit area, where is the number of molecules per unit volume of 
the layer. 

If the body formed by the k molecules extends from x = —a to 
X = —00 its potential energy with respect to the body k is equal per 
unit area to „ 

««(«) = / Ui^ix)n^dx, 

a 

which in the case reduces to 


27TC^jg Tin 1 ym 

(w—2)(?n— 3)(w— 4) 

The validity of this expression implies that m > 4. In the case of 
most substances the mutual potential energy of two molecules depends 
upon their van der Waals attraction and is inversely proportional to 
the sixth power of their distance. In this case (m = 6) 

The smallest admissible value of a is the distance between two 
molecules i, k ‘in contact’ with each other; it is of the order of 
2-3 xlO"® cm. 

Putting i = k and a = we obtain the mutual potential energy 
between two parts of a single body separated (mentally) by a plane 
surface. This energy taken with the opposite sign is obviously equal 
to the wdrk which must be done in order actually to separate the two 
halves of the body (i.e. to bring them to a sufficiently large distance 
apart), referred to unit area. This work can b® identified with 

the double of the surface energy of the body with i^espect to air 
In the same way the quantity ^ ^ ^ equal to the surface 



335 


§ 4 MOLECULAR.KINETIO THEORY OF LIQUID FILMS 


energy of the two bodies 1 and 2 in contact with each other decreased 
by the sum of their surface energies (with respect to air) 

Let us finally calculate the potential energy of the system (1,2) when 
the second body is present in the form of a film with a finite thickness A, 
lying upon the surface of 1. Its mutual potential energy with respect 
to 1 is equal per unit area to 

A 00 00 

f Ui2n2dx== I f 

sL hi h 


— ®l,2(^l,2) ^1,2(^) — 


yi.2 . yi>2 


if the potential energy of two molecules 1 and 2 is inversely proportional 
to the mj gth power of their distance. Instead of calculating the self- 
energy of 2, which must be added to the preceding expression in order 
to obtain the total energy of the system 1+2 (or rather that part of 
it which depends upon A), we can subtract from it the mutual potential 
energy of 2 with respect to the half-space 1 filled with the substance 
of 2, instead of 1. We thus get 


^ = -yi,2 


W 2 - 


-4 


1 1 , r 1 1 1 


or 


w = — ^i?.+ const., 


(11) 


where /Ltj g = ^ 1 , 2 ““^ 1 ^ 2,2 = ^ 2 , 2 “” constant is irrelevant for 

the sequel and can be dropped. 

If a layer of 2 is enclosed between two different bodies 1 and 3, the 
preceding expression must be replaced by 


«;==Zi.2 , :^.3__y2.2 , y^s 


(11a) 


the last term representing the variable part of the mutual potential 
energy of 1 and 3. 

If the entropy of the layer is left out of account, w can be identified 
with its free energy per unit area /. The disjoining pressure, or rather 
its statical part, depending on the potential energy only, can thus be 
calculated according to the formula = — dwjdh (cf. eq. 10). Taking 
the case of equation (11) and putting for the sake of simplicity 
%.2 == ® (London dispersion forces), we get 

Ptt = 2(y,.j-yg.8)/A*. (12) 

The disjoining pressure is thus inversely proportional to the cube of 
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/ 

the thickness of the layer. It turns out, however, that it is not neces- 
sarily positive; if 72,2 must be negative for all values of h. 
Taking the derivative of p with respect to A, we get 


dpgi __ dhv 
dh'~ 




Now, according to (9 a) this expression must be negative if the film is 
to be stable. We thus see that if the film is stable it must produce a 
positive pressure; a negative disjoining pressure could be produced by 
an unstable film only. 

These results show that the disjoining pressure can, in principle, be 
produced by cohesive forces. An estimate of its numerical value shows, 
however, that this cause is insufficient. As has been pointed out above, 
is equal to the double of the surface energy which is equal to the 
surface tension at the zero point of the temperature. We can thus put 

c>2 

100 dyne/cm., whence it follows that ^ = 10+^7 ^. 

hr 0^ A® nr 

Putting here 8 « 2 . 10“* and A = 10”® cm., we get p ^ 40 dyne/cm.^, 
which is about 20 tinies smaller than the value found experimentally 
by Derjaguin in the case of a number of liquids. 

The results are not essentially changed if we assume that the ex- 
poaents /X12 and M2, 2 in (11) are different from each other. In this case, 
however, p and <7 lose their monotonic character as functions of A. 
Thus, for example, if 2 > M2,2> curve p(A) assumes a shape shown 
in Kg. 44a, while in the contrary case it assumes a shape shown in 
Kg. 44 6, -which is just the reverse of the preceding one. 

Using the formula da — pdhwe obtain for a{h) a dependence which 
is represented by the dotted lines in the corresponding figures, the 
value of <7 for A 60 (thick layers) being assumed to be positive. We 
thus s^ that in the case 44 a the film is unstable for small thicknesses. 
Both cases cannot correspond to the actual conditions, for sufficiently 
thick films on the one hand, and monomolecular (adsorbed) layers on 
the other, are known to be always stable. 

^ It has been shown above that in the ca^ of diluted monomolecular 
layers the surface tension is always decreased with respect to the value 
. (7o, corresponding to the clean surface, by the amount p == nkT, where 
. » is the number of adsorbed molecules per unit ^rea. Since n can be 
treated as an equivalent for A in the region A 0, we thus see that in 
this region a must always increase with a decrease x)f A, tending to a 
finite limiting value gq. This course of a as a function roughly corre- 
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spends to the initial portion of the dotted curve in Fig. 446. Such a 
coincidence is, however, purely accidental, since the effect we are now 
considering is due not to the variation of the potential energy, which 
has been taken into account in drawing the curve 446, but to a variation 
of the surface entropy, which represents the temperature dependent 
term in the surface free energy f= w—Ts. 

By taking into account this entropy term it is possible to stabilize 



(a) (b) 


Fig. 44 

a thin film in the case corresponding to Fig. 446. It seems natural to 
expect that a similar entropy effect must be responsible for the stability 
of thicker films, corresponding to the case of Fig. 44 a. 

As has been shown in § 1, the surface entropy of a liquid or solid 
body of a practically infinite thickness depends on the heat motion of 
its free surface, which can be represented as a superposition of capillary 
and Rayleigh waves and is equal per unit area to knlogvjv, where v 
and V are the geometrical means of the vibration frequencies associated 
with all volume and surface waves res|jectively, and n the number of 
superficial molecules per unit area. 

Let us imagine a layer of liquid with a finite thickness h, supported 
by an absolutely rigid body. Under such conditions, implying that the 
lower surface of the liquid film remains fixed, capillary or Rayleigh 
waves will be propagated on its upper (free) surface only if the length 
of these waves is small compared with the thickness of the fihn. In 
fact, the fundamental characteristics of surface waves consist in the 
rapid decrease of their amplitude with increase of the distance from the 
surface. In the case of capillary waves (or gravity waves on the surface 
of deep water) the dependence of the amplitude on the depth Z below 
the surface is described by the exponential expression where a is 
equal to 27r/A. In the case of Rayleigh waves the amplitude of the 
vibration is proportional to the sum of two exponential terms of the 
preceding type with slightly different exponential factors and oj of 
the same order of magnitude, 27r/A, as before. Although such waves 
can, in principle, exist in very thin layers (just as gravity waves in 

8505.89 ^ 
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shallow water), yet in this case they cannot be treated as surface waves, 
since the motion constituting them is not Umited to the free surface of 
the layer, its amplitude decreasing with the depth in an approximately 
linear way. 

Hence it is clear that in estimating the surface entropy of a liquid 
film with a thickness h we must limit ourselves to surface waves with 
a length not exceeding a certain critical value A^, of the order of h. 
Since the number of vibrational degrees of freedom with a wave number 
exceeding is equal, per unit area, to 

where n is the number of superficial molecules per unit area and 8 a 
length of the order of 1/V%, i.e. of the order of the mean distance between 
neighbouring molecules, the contribution of the surface waves to the 
entropy per unit area is equal to 

, = (13) 

The dependence of — ^the geometrical mean of the vibration fre- 
quencies — on the thickness h can be neglected and can be identified 
with Vniax- Noting that knlogvjv = is equal to the surface entropy 
of a thick layer, we can rewrite (13) as follows: 


S = Soo 



(13a) 


The kinetic or entropy part of the surface tension ^ 
is thus equal to , o 22 \ 


-T(s-hd8ldh) 

(14). 


This expression increases with a decrease of h, as it should in order 
to ensure the stability of sufficiently thick films. 

If the surface energy of the film is given by (11), which corresponds 
to a monotonic variation of the pressure (12), the statical part of 
the surface tension is equal to 


where y = 2(yi 1® interesting to note that in this case, i.e. 

the case of ordinary van der Waals forces between the molecules with 
a potential energy inversely proportional to the sixth power of the 
distance, the dependence of the statical part of the surface tension of 
a film on its thickness is the same as that of the kinetic part, both 



§4 MOLECULAR.KINETIC THEORY OF LIQUID FILMS 330 

varying with h as 1/A*. Adding the two parts of the surface tension 
we get . J .2 

= (16) 

The two terms in the brackets are of a comparable magnitude, yjh^ 
being approximately equal to (if y > 0). If y < 0, the second 
term must certainly outweigh the first, so that cr should increase with 
a decrease of h\ the same relationship must be expected to hold in the 
opposite case. 

We thus see that the introduction of the entropy part of the surface 
tension, inasmuch as it is due to capillary or Rayleigh waves on the 
outer surface of the film, enables one to secure the stability of thick 
films, and at the same time improves the agreement between theory 
and experiment so far as the numerical values of a and p are concerned. 
As has been pointed out above, p is found experimentally to be of the 
order of 1 gm./cm.^ for h = 10“®, whereas according to (15) we have 



which for h — 10”®, 8 = 3.10”®, and y/8® ^ s^T 50 dyne/cm., gives 
^ = 60 dyne/cm.2 

Similar results are obtained in introducing the entropy contribution 
to the surface tension in the case of the more complicated expressions 
for the surface energy given by (11) or (11a). The dotted curve of 
Fig. 44 b acquires a more or less pronounced maximum on the side of 
larger thickness, the region of instability being thus limited to a certain 
range of intermediate thickness. In the case of the curve of Fig. 44 a 
the main contribution of the entropy term must be in the region of 
small values of h, where without the influence of heat motion, which 
is represented by this term, it would be unstable. 

It must be noted that in the case of the thinnest monomolecular 
films, especially of the rarefied gas-like type, the character of the heat 
motion, which has been considered above (§ 2) in connexion with the 
surface tension, is entirely different from that which can be described 
as a superposition of surface capillary or Rayleigh waves. In the latter 
case the motion has a component normal to the surface, and vanishes 
at a fixed boundary (lower surface), while in the former it takes place 
at the fixed boundary in a tangential direction, the adsorbed molecules 
slipping, as it were, along it. In reality the molecules vibrate about 
certain equilibrium positions both in the tangential and in the normal 
direction, jumping every now and then from one equilibrium position 
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to the next. The surface entropy essentially depends, however, only 
on the latter component of the thermal motion, reducing to a two- 
dimensional diffusion of the adsorbed molecules. 

If their number per unit area is increased until they form a condensed 
monomolecular layer, the character of the thermal motion parallel to 
the surface must be fundamentally altered. It seems natural to assume 
that it is transformed into a two-dimensional wave motion consisting 
of longitudinal waves and transverse waves, the latter being, similar 
to some extent to the Rayleigh waves considered above, while the 
former resemble the surface waves introduced by Lamb. A macroscopic 
description of this tjrpe of wave motion is hampered by the fact that 
it involves a breakdown of the usual continuity conditions which require 
. that the molecules of a surface layer remain fixed if the surface of the 
adsorbent is supposed to be fixed. If the latter assumption, which 
represents only a rough simplification of the reality, is dropped, then 
it is possible to consider, not only in the case of a monomolecular layer 
but also in that of thicker film, surface waves of the Rayleigh and of 
the Lamb type as giving a second contribution to the surface entropy, 
along with the free surface waves considered above. 

We shall not engage in a more detailed discussion of these questions 
and shall confine ourselves to a few concluding remarks concerning the 
external manifestation of the properties of thin liquid film. 

These properties have an important bearing on a number of capillary 
and colloidal phenomena connected with the stability of gas bubbles 
and foams, the stability of colloidal solutions the particles of which 
are kept apart by the action of the disjoining pressure of the liquid 
films separating them (electrical forces alone being insufficient), and 
finally on the explanation of the mechanical properties of gel-like 
systems. 

The specific elasticity of thin films (which has been described by 
Derjaguin in terms of the ^disjoining pressure’ produced by them) 
seems to have been discovered for the first time by D. Talmud and 
S. Bresler, who noticed in 1931 that two drops of mercury freely moving 
on the bottom of a glass vessel filled with molten paraffin did not coalesce 
but remained separated from each other by a very thin paraffin film. 
The thickness of this film has been determined by measuring the electric 
capacity of the minute condenser formed by the two drops when they 
were slightly pressed together and was found to be of the order 10“* cm. 
Under such conditions the capillary, attraction between the mercury 
drops must be balanced by the disjoining pressure of the paraffin layer 
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separating them. Later P. Rehbinder applied this principle for the 
purpose of cutting the surface of liquid mercury, covered with an 
aqueous solution of saponii>, into pieces which remain separated from 
each other for a relatively long time by extremely thin water films, 
extending from the surface of mercury to the bottom of the glass vessel 
containing it. 

These experiments clearly show that the stability of emulsions and 
suspensions can be explained by the elasticity (disjoining pressure) of 
thin films of the dispersive medium which prevent their coalescence 
(coagulation). From this point of view, introduced by Derjaguin, the 
influence of various agents affecting the stability of colloidal solution, 
and, in particular, of ions, appears in an entirely new light. According 
to the current view, the stabilizing action of electrolytic ions is reduced 
to the Coulomb repulsion of the colloidal particles to which these ions 
are attached (forming the inner surface of the electric double layer 
covering them); the coagulative action produced by ions of the opposite 
sign is explained, from this point of view, by the fact that they neutralize 
the surface of the particles. 

From our point of view the influence of the ions on the stability of 
colloidal solutions is not directly connected with their mutual repulsion 
(or attraction) but depends upon the stabilizing effect which is produced 
by them on a liquid film which is the seat of the diffuse side of the 
electric double layer, while the opposite side is concentrated on the 
surface of the adjacent solid. It has been shown by Derjaguinf that 
the presence of such a double layer increases the disjoining pressure of 
the film and eventually wholly removes its instability for moderate 
values of the thickness. 

This effect is beautifully demonstrated by Frumkin’s experiments on 
the adhesion of gas bubbles to the surface of mercury (cf. Ch. VI). If 
this adhesion can be regarded as a macroscopic illustration of the 
process of coagulation, then it follows that in the case of coagulation 
of colloidal solutions the colloidal particles remain attached to each 
other by extremely thin films of the dispersive medium, the process 
of coagulation being due to the instability of the liquid films of inter- 
mediate thickness. 

One thing remains, however, obscure, namely the stabilizing influence 
of monomolecular layers of certain surface active substances, serving, 
in particular, as emulsifying agents. The difficulty consists in the fact 

t B. Derjaguin, Bull, Acad, Sot, U,RJS,8„ s4rie ohiinique, 5, 1163 (1939); Acta 
PhyHcochimtca U,BJSJ3„ 10, 333 (1939). 
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that the influl^oe of such layers is extended to films with a thickness 
of the order of 10"® cm., i.e. lying far beyond the range of the field of 
force directly due to the layer. Its influence must accordingly also be of 
an indirect nature (just as in the case of an ionic double layer). It may 
be due either to the orientation of the molecules of the liquid, extending, 
by the action of one molecular layer on the next, through relatively 
large distances (as in the case of liquid crystalline films orientated 
between two parallel plates), or to an alteration of the character of the 
surface heat waves, which are responsible for the entropy part of the 
surface tension of a liquid film. The latter effect can be illustrated by 
the damping of capillary waves on the free surface of a liquid, due to 
the presence of a thin oil film, and can be reduced to an alteration of 
_^e boundary conditions which determine the character of the surface 
waves (irrotational or rotational, longitudinal or transverse). 

In all these cases the unusual properties of thin liquid films are due 
to their characteristic ‘elasticity", which they acquire as a result of the 
dependence of their tension, and pressure, on their thickness. It should 
be mentioned that the quenching influence of oil film on water waves 
is by no means limited to monomolecular films, which are considered 
in Levich’s theory (§ 3); stable polymolecular films, with a tension 
increasing as their thickness is decreased, must be still more effective 
in this respect owing to their higher elasticity. 

5. Reduction of Cohesive Forces between Molecules to their 
Surface Energy, and Application of this Method to the Dis- 
tribution of Molecules in Solutions 

Since the molecular forces fall off very rapidly with the distance, it 
is usually possible, in calculating various quantities connected with 
cohesive forces in liquid bodies, to limit oneself to the consideration of 
the mutual action between neighbouring molecules only. This refers, 
in particular, to the surface energy of liquids (w), which has been 
defined in § 1 as the ‘excess potential energy per unit area, due to 
deficiency in the number of nearest neighbours about the molecules of 
the superficial layer". 

Denoting the number of nearest neighbours for inner molecules of 
the liquid by z, and the number of such neighbours for a superficial 
molecule by z\ we can put 

w = Ui{z—z')n\ (16) 

where % is the mutual potential energy of two neighbouring molecules 
at a mean distance of the order of 10"® cm. from each other, and n' 
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the number of superficial particles per unit area, whictf is a quantity 
of the same order of magnitude as l/r^ {r = mean distance between 
nearest neighbours). 

On the other hand, the quantity 

W — \nzu-^, (16 a) 

where n is the number of particles per unit volume (equal approximately 
to 1/r®), is equal to the evaporation energy of the liquid (i.e. the latent 
heat of evaporation at = 0) referred to unit volume. We thus obtain 
the following relation: 

w _ 2{z—z') 


10 - 


(16 b) 


This result is verified experimentally for practically all liquids. Thus, 
for example, in the case of water we have W = 500 cal./cm.^ = 2 x 10^® 
erg/cm.®, while w 7^ 100 erg/cm.^, so that wjW = 5 xl0“® cm. 

The relation between the surface energy of a liquid and the latent 
heat of its evaporation can also be approached in a somewhat different 
way, indicated by Langmuir. f 

Let us imagine that a prismatic rod of a liquid with a cross-section A 
is divided along this section into two halves. This process is accom- 
panied by the appearance of a new free surface with an area 2^4, which is 
connected with an additional surface energy 2Aw, If the subdivision 
of the liquid into smaller and smaller elements is continued until it is 
separated into single molecules, the surface energy will be increased by 
the amount Nqw, where N is the number of molecules and q the area 
of the surface of each molecule (treated approximately as a volume 
element of a continuous medium). 

This quantity does not admit of an unambiguous determination. 
Langmuir defines it, for instance, as the surface Arrr^ of a sphere with 
a volume Ittt® equal to the volume of the liquid per molecule V jN = 1/n. 
This gives / , 


\4iTnl 




Now, it is clear that the surface energy Nqw required for dissociating 
the liquid into separate molecules is equal to its evaporation energy 
(at T = 0). Putting w = (17) 


we thus get 


W = nqw 
w 1 ^ I 
W wj ~ 6»‘’ 

which agrees with respect to the order of magnitude with (16 b). 
t I. Langmuir, Chem, Rev. 13, 147 (1933). 
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We give below a table (taken from Langmuir’s paper) iQustrating the 
relation considered in a number of examples: 


Svbstance 

VjN 

4irr* 

Boiling 

point 

W 

W 

4irr» 

to 


(A.U.)* 

(A.U.)* 

°K. 

erg X 10 “'* 

erg/cm.* 

erg/cm.* 

He 

62t 

68 

4*3 

0*24 

0*35 

or>9 

H, 

47t 

63 

20*6 

1*67 

2*7 

6*4 

H,0 

SO 

48 

373 

67 

140 

118 

A 


63 

88 

11*3 

18 

35*3 

CH 4 

1 64 

78 

112 

16*3 

I 21 

. . 

CAs 

266 

200 

398 

66 

28 

60*7 

C*H„HO 

260 

198 

467 

82 

41*6 

60*7 


If it is assumed that the energy of a molecule immersed in a liquid 
consisting of molecules of the same sort is equal to zero, then an isolated 
molecule in the gas phase, for instance, must possess a surface energy 
wq. If, on the other hand (which is, in principle, more correct), the 
energy of an isolated molecule is taken for zero, then to a molecule 
situated inside the liquid must be ascribed a surface energy wq. Inas^ 
much as we are interested only in the change of the energy connected 
with a change in the aggregation state of a substance, the two treat- 
ments are wholly equivalent. The former is, however, practically more 
convenient and we shall adopt it, following Langmuir, in the sequel. 

The energy 2Aw which is required to break up a liquid over an area 
A is made up of two parts: the work 2Aa which must be done for this 
purpose if the temperature is to remain constant (and wliich is equal 
to the increase of the free energy), and the quantity of heat which must 
be communicated to the region of rupture in order to ensure the 
maintenance of a constant temperature (latent heat of disruption). 
Since to effect a rupture it is sufficient to increase the gap between the 
corresponding surface layers by an amount of the order of r, the mini- 
mum Value of the work of rupture (at T = const.) per unit area 2(j 
must be equal to the product of r with the corresponding value of the 
breaking str^gth, i.e. the maximum value of the negative pressure Pmax^ 
which the liquid can bear without splitting up. We thus get the 
following expression for this pressure: 

( 18 ) 

t It should be mentioned that the gae-kinetio radius of a He atom is equal to 1*9 A. 
and of a hydiqgen molecule to 2*4 A, which corresponds to a volume 3*6 A. in the 
fimner oase and 7*2 A. in the latter. The fact that these vokunes are much smaller 
than those actually occupied by the correi^nding particles is explained by the smallness 
of their mutual cohesion. 
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Putting here r 7^ 2 xlO~® we obtain in the ease of water (a 7!:i 100 
dyne/om.) ^ dyne/cm.^ = 10^ kg,/cm.®, i.e. about 10,000 
atmospheres. For mercury the corresponding figure is found to be 
five times as high. This calculation shows that the breaking strength 
of liquid mercury found in Meyer’s experiments (Ch. IV, § 1) is equal 
to 1 per cent, only of the theoretical value. 

The force of adhesion of a liquid to the surface of a solid body can 
in principle be either smaller or larger than its internal cohesion as 
measured by the breaking strength iR ordinary circumstances, 
when the walls of the vessel are contaminated by adsorbed layers, 
especially by oil films, the surface tension and, consequently, the force 
of adhesion can fall far below the normal value. 

The minimum work required to detach at a constant temperature a 
liquid (1) from another body (2) to which it adheres is equal per unit 
area to where is the free energy of a boundary surface 

between the bodies i and k (the index 0 referring to air). 

If the separated surfaces are clean, i.e. not covered by a thin film of 
some other liquid, can be identified with the value of the surface 
tension iR isothermal work of separation per 

unit area can be defined as 

‘^ 1,2 ~ 

The quantity ^ thus represents the minimum work necessary for 
an isothermal and reversible separation of the two bodies over 1 cm.® 
of their contact surface (in the case of two identical bodies ^ ^ 

and 1/12 = 2a in agreement with the preceding results). The quantity 
(18) which specifies the adhesion between the two bodies should be 
distinguished jfrom the quantity a^ = <72,o“-ori,o+^i,2> (^)> which charac- 
terizes the wetting of the body 1 by the liquid 2, i.e. the tendency of 
the latter to spread over the surface of the former. Unlike adhesion, 
wetting is not a reciprocal property.f 

Replacing in (18) a by We obtain the quantity 

^ 1,2 = 

representing the total or adiabatic work of separation of the corre- 
sponding bodies per unit area of the boundary surface. 

This quantity, just as in the special case of a homogeneous liquid, 

t It diould be noted that the adheeion can be written in the form +oo8S), 
(of. Fig, 40), 80 that it can be deteimined by measuring the contact angle 6 and the* 
surface tension ag o of the liquid i^infit air. 
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ciBLn be applied to single molecules of the respective substances. Thus, 
for example, in the case of a diluted solution of 2 in 1 the product 
ill 2^2 equal to energy which is required for the extraction of a 
molecule of the second kind from the solution under the condition that 
the hole, left by it, is not closed. If it is closed by the coalescence of the 
liquid 1 (as is actually the case) the energy is gained, so that the 
energy required for the removal of the molecule under consideration 
is reduced to ^1^® ©uergy can obviously 

be defined as the latent heat of evaporation of a molecule of the second 
substance from a diluted solution of this substance in the first liquid. A 
similar meaning can be attributed to the product 

(‘^i.2~“^2.o)9'i = ^ 1,2)9'! 

in the case of a diluted solution of 1 in 2. 

Noting that u^2,o9'2 1® ^qual to the latent heat of evaporation per 
molecule of the second liquid, we see that the quantities 

can be defined as the molecular latent heats of solution of the second 
liquid in the first or of the first in the second respectively at high 
dUution; these heats being reckoned positive if the process of solution 
is accompanied by the abaorption of heat. 

The preceding definition does not take into account the change of 
witropy accompanying the process of solution (outside the irreversible 
portion due to the mixing); the corresponding contribution can be 
neglected so long as the energy Wj 2 1® small. 

The values of the latent heat of solution calculated by Langmuir 
with the help of the expressions (19 a) are in satisfactory agreement 
with those foimd experimentally i£ the surface areas of the molecules 
qi and q^ are determined as has been indicated above (using the formula 
TIJ = fiiq^w^ Q for the latent heat of evaporation). 

The preceding formulae can easily be generalized in the case of 
concentrated solutions, i.e. binary liquid mixtures. 

Let the molecular concentrations of the two components (i.e. numbers 
of molecules of the first and second kinds per unit volume) be denoted by 
fii and ^ 2 . If the molecules of both kinds are distributed irregularly, then 
the molecules 1 must be in contact with the molecules 2, not over their 
whole surface but only over a fraction of it, 2 » equal, on the average, 
to qinjiui+n^), whereas the remaining fraction^ gii = S'r^i/(%+^ 2 ) 
remains in contact with the molecules of the same kind 1. 
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The total energy of the mixture, in so far as it depends on the contact 
between the molecules of the two kinds, is thus equal to 


or 


where 


Qi,2 = «^1.2(2'i. 2%+5^2.1^2) = *^1.2 tel + 9'2)> 

Qi.» = «M»i,2CiCa{gi+?,), 

7^9 


(20) 
(20 a) 


Cl = 


Co — 


^ 1 +^ 2 ’ ^1+^2 

are the molecular concentration of the two liquids and w = Wi+n 2 
total number of molecules per unit volume. Since in the pure liquids 
the corresponding quantities (Q^ and Q 22 ) equal to zero, Q 12 ca-R 
be defined as the latent heat of mixing the two liquids in the corre- 
sponding proportion. 

It follows from (20) that the quantities 

i^) = ^ 1 / 91 + 92)4 ' 

\ /na=coii8t. 


\ ^2 / 


ni=con8t. 


^ 1 . 2 ( 91 + 92)4 


(21) 


can be defined as the increase of energy connected with a transfer of 
a single molecule of a pure liquid (1 or 2) into the mixture of the given 
composition. 

In the derivation of the preceding formulae we have ignored the 
possibility of the existence of a certain degree of order in the relative 
arrangement of the molecules of different kinds in the mixture. If the 
cohesion between unlike molecules is stronger than that between like 
ones, i.e. if ^ ^ 0, 

a molecule of each kind will tend to be surrounded by molecules of the 
other kind; their proportion will, accordingly, exceed the average value 
of the ratio 

Tift Tl'o 

-I or — . 

712 

If, on the other hand, the cohesion between like molecules is larger 
than between unlike ones, i.e. if 


then the molecules of the same kind will tend to segregate from those 
of the other kind. It should be mentioned that this case corresponds 
to the majority of liquid solutions and is characterized by an increase 
of the solubility with rise of the temperature. In the case of solutions 



348 SURFACE AND ALLIED PHENOJ||iNA VI. 

of gases in liquids the opposite, as a rule, occurs {Wi 2 < 0); and this 
is characterized by a decrease of the solubility with rise of the tem- 
perature. 

The fraction of the surface of the molecules of the first kind, which is 
in contact with the surface of the molecules of the second kind, is 
increased (or decreased) according to the value g = ^jCg, given above, 
by a factor proportional to the Boltzmann expression W 0 

thus get qi,Jqi,i = 

or, since 1 = 0 and qj^i+qi^i — qv 


a = ?L. . 

and in the same way 


( 22 ) 
(22 a) 


If Wi^^qlkT, where q is of the order of q^ or has a large negative value, 
the ^uations (22) and (22 a) yield = gi and g^i = q^ respectively, 
which corresponds to a practically complete alternation between unlike 
molecules when the concentrations and Cg are comparable with each 
other (as in the case of binary solid solutions with alternation order). 
In the opposite case > 1, gj^g and gg j practically vanish, 

which means that the two liquids are immiscible at the corresponding 
temperature. 

At sufficiently high temperatures any pair of liquids must, in prin- 
ciple, become miscible with each other in arbitrary proportions. This 
temperature may, however, in the case of liquids with complex mole- 
cules, lie above the limit of their chemical stability. 

Let us consider the dependence of the miscibility on the temperature 
somewhat more closely (neglecting, for the sake of simplicity, the 
complications connected with a variation of g and gg ^ with a change 
of the temperature). Let us assume to begin with that the liquid I is 
completely insoluble in II, but is itself capable of dissolving a small 
ainount of II. If, in such conditions, the two liquids are brought in con- 
tact with each other, the first liquid is converted into a diluted solution 
of n in I which will be denoted as Ig or simply as I. The concentration 
of 2 in this solution (I) can be calculated approximately ^cording to 
the formula »i., = (23) 

where mn,, is the number of molecules per unit volume in the pure 
liquid n/and tf, = tc„g, 

according to (19a). 
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If the finite solubility of the first liquid in the second one is also 
taken into account, then its concentration in the solution II (2^ can 
be calculated with the help of a similar formula 

(23 a) 

with 

The expressions (23) and (23 a) remain valid in the case of higher 
concentrations if the energies of solution and are determined with 
regard to the presence in I (Ig) and II (2^) of molecules of both kinds. 
The energy can be represented in this case as the difference between 
the change of energy involved in the transfer of a molecule of the first 
kind from the pure liquid into the solution II with the relative concen- 
trations Cji 2 » a»nd the solutions I with the relative concentrations 
Cl 1 , Cj g. We thus get 

Ui = «’i,a(?i+g2)(cfi_j-cf j) (24) 

and Ut = Wi. 2 (gi+?a)(cf.i-cfi.i). {24 a) 

Substituting these expressions into the equations (23), (23 a), and 
putting 

^1,1 = ^1,2 = %I.l = ^n.2 = ^II^II,2» 

where nj and Ui denote the total numbers of molecules in unit volume 
of the two liquids (which can be considered as known and approxi- 
mately constant), we obtain two equations for the relative concentra- 
tions which, along with the equations 

define these concentrations as functions of the temperature T, 

To every given value of the temperature two pairs of values of the 
relative concentrations Ci i, Cj g and Cu i, Cu g for the solutions I and II in 
equilibrium with each other generally correspond. If the temperature 
is raised, the ratios Cjg and Cn gradually increase until, at a certain 
temperature they become equal. These relations are represented 
graphically in Fig. 46 (solubility diagram), where the concentrations 
Cg and Cl are plott^ on the abscissa, the former in the positive and the 
latter in the negative directions. The highest value of the temperature 
represents the critical temperature of the molecular miscibility of the 
two liquids (Fig. 46). 

The preceding calculations are, of course, not exact. In particular, 
they do not take into account the fact, discussed above, that the 
relative arrangement of like and unlike molecules, i.e. the fractions of 
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their surfaces qi, in contact with the molecules of the same or of a 

different kind, are functions, of the temperature, determined by (22) 

and (22 a). This involves the replace- 
ment of the solution energies (24), 
(24 a) by more complicated expressions, 
which can be defined as the free ener- 
gies of dissolving a molecule 2 in 1 and 
a molecule 1 in 2. We shall not investi- 
gate this question in greater detail, and 
shall now turn to a discussion of the 
somewhat unexpected fact, discovered 
in recent years, that a large number of 
binary mixtures which at the tempera- 
ture of the experiment appear to be 
perfectly homogeneous consist in reality 
of more or less extended groups of molecules of the same kind. This 
fact can be ascertained by an X-ray examination of such mixtures; 
their X-ray diagrams display broad diffraction maxima characteristic 
of each of the two components taken separately. This method has been 
applied to a variety of organic mixtures at a temperature above what 
was believed to be their critical miscibility temperature, to mixtures 
of ‘fused 'metals, t and to complex glasses (mixtures of silicate and 
borate glasses).:): 

It has not yet been possible, however, to determine in this way the 
average size of the homogeneous groups, to check their homogeneity 
(they can in reality represent solutions of the type Ig and 2^ with a 
relatively small concentration of 2 or 1), and to ascertain their topo- 
logical relationship, i.e. mutual arrangement in space. It seems natural 
to expect that this arrangement is of the type found in the' case of 
ordinary emulsions, one of the components II, for instance (with a 
small admixture of 1), being distributed^in the form of drops (with an 
eventually irregular shape) within a continuous medium formed by I 
(with a small admixture of 2). 

By investigating the scattering of polarized light in a number of 
transparent liquid mixtures (water and phenol, hexane and CSg, nitro- 
benzene and methyl alcohol), Kri8hnan§ was able to show in 1934 that. 
Up to temperatures lying about 26® C. higher than the conventional 

t Daiulow and Radtschenko, Sow, Phys, 12, 766 (1937). 

% E. Porai-Koahita, Diasertation, Karan, 1943. 

{ Kriahnan, Ind. Ina. of Sc, i. 211 (1934), 732 (1936), 916 (1936); ii. 221 (1936); 
iii. 120 (1936). 
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value of the critical miscibility temperature 2 q, these mixtures remain 
markedly unhomogeneous from the molecular point of view, and consist 
of homogeneous regions of different composition (I or 11 ) with a linear 
extension of the order of the wave-length of visible light. 

These phenomena of molecularly incomplete or ‘macro* miscibiUty 
can be explained in a formal way by considering the surface tension aj g 
between two liquids I and II — pure, or containing a relatively small 
admixture of the other component in a concentration corresponding to 
their mutual saturation — as a function of the concentration, taking into 
account the increase of the surface tension of thin layers with a decrease 
of their thickness. 

In considering the boundary surface between two immiscible or 
partially miscible molecularly homogeneous liquids it is usually assumed, 
without sufficient justification, that this surface is stable, i.e. that the 
surface tension oti g = ^1,2“" ^^1,2 ^ positive value, which is gradu- 

ally lowered with a rise of the temperature as a result of the decrease 
of the difference in the compositions of the two liquids, and vanishes 
when these compositions become identical, i.e. at the critical miscibility 
temperature both the surface energy wjj g the surface entropy 

2 vanishing simultaneously. 

Now, the surface tension between two liquids must decrease with 
rise of the temperature even when these liquids remain practically 
immiscible, as a result of the increase of the entropy term g in the 
expression (Tj 2 = ^1,2“ ^^1,2* 

It is thus perfectly natural to expect that in certain cases, which 
may be of very frequent occurrence, the surface tension between two 
liquids can vanish at (and above) a certain temperature %> lying much 
below the critical miscibility temperature and defined by the equation 


T = /OKX 

while 2 ^1,2 different from zero (and positive). Here g is 

determined by the formula of the same type 

.„ = falogH 

as in the case of the free surface of a liquid (against air), being due to 


surface waves of a similar kind,t while ^ calculated with the 

help of equation ( 11 ), and must, as a rule, be much smaller than both 


t Capillary waves on the boundary surface between two liquids are well known; 
Rayleigh waves travelling along the surface between two different solids firmly adhering 
to each other have not been studied hitherto either experimentally or theoretically. 
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Q and In this case the temperature SJ can be much lower than 
the critical temperature of the two liquids, taken separately, and than 
their critical miscibility temperature. 

If this is the case, the plane boundary surface between the two 
liquids will become unstable at T > Tq, and they will mix with each 
other not molecularly but in such a way as to form an emulsion of one 
of them in the other (the roles can be interchanged between the two 
in different parts of the volume occupied by them). This ‘macro- 
mixing* cannot, however, go on indefinitely, for it would lead to a true 
molecular mixing, which is inconsistent with the assumption that 
Tq <%• It is thus seen that the process of macro-mixing must stop 
when the size of the homogeneous regions formed by the two com- 
- ponents of the mixture, i.e. the linear dimensions of the liquid drops 
of I (or n) and the thickness of the liquid films of II (or I), separating 
them from each other, reaches a certain equilibrium value h, depending 
on the temperature (so long as the latter lies between and ^). The 
existence of an equilibrium degree of dispersion, measured by a finite 
value of h, is a natural consequence of the fact, discussed in the pre- 
ceding section, that the surface entropy of a thin film (or a small drop) 
must decrease with a decrease of its thickness (or radius); this decrease 
must lead to the stabilization of the resulting emulsoidal system. The 
equilibrium value of h can be estimated with the help of the expression 
(13 a) for the surface entropy of a film with a thickness h. Putting 


aceordingly 



and neglecting the variation of condition 

~ = 0, in conjunction with ^ 12 — ^o^i, 2 (^) = ^ 




(26) 


This formula cannot be appUed to those cases in which the mutual 
action between the molecules of the two kinds is described by attraction 
forces with a potential energy inversely proportional to the sixth power 
of the distance, for in such cases the energy varies with %, according 
to (1 1) in a way similar to ^ parameters ^ 2,2 appearing 

in (11) are identical with 8, the factor 1— (8*/A*) isiancelled out. If it 
is assumed, however (which seems to correspond to the actual facts). 
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that they are smaller than 8, we get, putting for the sake of simplicity 
M’l.sW = Wu(oo)|l — 

and consequently _|!j 

instead of ( 26 ), which if Sj ^ < 8 A gives 


6. Orientation of Molecules in the Surface Layer of Liquids and 

Surface Electric Double Layers 

In the preceding sections the molecules were treated as small solid 
bodies of a spherical or some other shape, with a perfectly homogeneous 
surface, characterized by a constant value of the specific surface energy 
w. This treatment can be applied to the simplest molecules only. In 
the case of molecules with a more complicated chemical constitution 
(of organic substances in particular) the surface of a molecule q can, 
according to Langmuir, be subdivided into a number of regions 
which correspond to different constituent parts of the molecules, i.e. 
to different radicals, from which it is built up, with different values of 
the specific surface energies with respect to air etc., or with 

respect to some other homogeneous medium a, etc. 

Thus, for example, a molecule of an organic acid 

CH3(CH2)„C00H 

can be divided into two parts: the active end COOH with a surface 
and an inactive paraffin-like ‘tail’ CH3(CH2),^ with a surface gg* Let the 
specific surface energy of the former and the latter, with respect to 
water, be denoted by ^ and ^2,0 respectively. The energy required 
for bringing such a molecule from the gas phase (i.e. practically from 
a vacuum) into water is equal to 

. Ka- 

The two terms of this expression can be determined experimentally, . 
since the second term, referring to the paraffin tail of the molecule, is 
proportional to the number of links (n-f-1). It has been found in this 
way that the surface of each link has an area g'2/(^+l) ~ 25 A.^, if the 
specific energies ^2, a identified with the values corresponding 

to macroscopic conditions^ The large positive value of the quantity 
(^8 ,o“~^2,o)^ 2 corresponds to the practical insolubility of paraffin in 
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water. It is but partially compensated by the negative value of the 
quantity which characterizes the strong affinity of the 

carboxyl radical with respect to water. 

As a result of this incomplete compensation of the ‘hydrophobic’ 
character of the ‘tails’ of the molecules CH 3 (CH 2 )COOH by the ‘hydro- 
phil’ character of their active ends, the ordinary volume solubility of 
these molecules is extremely small; they possess, however, with respect 
to water a very large surface solubility. This means that they are 
strongly adsorbed by the surface of water, their active ends being 
dipped in the latter while the inactive tails remain outside it. Under 
such conditions an energy gain is obtained for each 

1 adsorbed molecule, obviously equal to the latent heat of adsorption 
"^i5pom the gas phase. The adsorption energy from the (volume) solution 
is equal to the much larger value {w 2 ,a“”^ 2 .o)? 2 * 

The adsorption of such ‘surface active’ molecules is accompanied, 
as has already been indicated in § 3, by a considerable lowering of the 
surface tension from the value 70 dyne/cm. for clean water down to 
20-16 dyne/cm. for condensed layers. Langmuir’s investigations have 
shown that in such layers the adsorbed molecules are perfectly orien- 
tated, like trees, with their active ends playing the role of roots, and 
the inactive group that of trunks, and pressed against each other to 
the limit corresponding to their cross-section (about 4 A.*). The surface 
energy of water covered by such an orientated compact monolayer is 
equal to the sum of the quantity referring to the outer surface of 
paraffin, and the quantity referring to the active ends dipping 

in water; n denotes the number of adsorbed molecules per unit area, 
so that q^n ^ 1. The calculation of the surface tension is complicated 
by the fact that the character of the (capillary or Rayleigh) surface 
waves is altered by the presence of an adsorbed monomolecular film. 

The surfruse layer of any pure liquid can be considered as a mono- 
molecular film adsorbed on the surface of that same liquid. There 
ni^turally arises the question whether^ under such conditions, the mole- 
cules of a homogeneous liquid can be partially orientated on its surface. 
^ In the case of molecules with a complex structure and asymmetrical 
shApe such a ‘self-orientation’ must be of frequent occurrence. Let us 
assume, for example, that the molecule consists of tWo parts with 
, partial surfaces and q^^ Let the specific ener^ of two molecules 
which axe in contact with each other along unlike parts of their surfaces 
be denoted by (per unit aiea of contact;^u;i^x ~ 

> 0 the molecules tend to be arranged inside the liquid in such a 



§6 MOLECULES IN THE SURFACE LAYER OF LIQUIDS 366 

way as to be in contact with each other along like parts of their surface. 
In the contrary case each part of one molecule tends to be in contact 
with the unlike part of the other molecules. 

Let the fraction of the surface of a molecule which is in contact 
with the like and unlike parts of the surface of the surrounding mole- 
cules be denoted by ^ and ^ respectively. If ^ = 0, these fractions 
must be proportional to the total areas of the corresponding regions of 
the surface of a molecule, i.e. 

^1,2 _ ^ 

If ^ 0, it is necessary to introduce into the right-hand part the 
Boltzmann factor We thus get 

^ 1.1 

whence, in conjunction with the condition gii+gi 2 = q, there follows 
^ ^ _ gi 

In a similar way the fractions of the area of the second surface region, 
which are in contact with like and unlike regions of the neighbouring 
molecules, are found to be 

^ q^ ^2 

These formulae are quite similar to the formulae (22) and (22 a) of 
the preceding section for binary mixtures of simple molecules, the partial 
areas of the surface q^, q^ replacing the concentrations and 
With the help of these formulae the volume energy of the liquid can 
be calculated as a function of the temperature. Subttacting it from the 
surface energy of isolated molecules w(w?i,o?i+^ 2 ,o 9 ^ 2 ) we obtain the 
latent heat of evaporation. 

Leaving this question aside, we shall return to the question of the 
‘self-orientation* of the molecules on the free surface of a homogeneous 
liquid. 

Let the area of the surface of a molecule which projects from the 
surface of the liquid in contact with air be go* make a certain 

fraction y of the total area of the surface of a molecule g; in the simplest 
case one can put y = i. Further, let go^i and go g denote those parts of 
the area go which correspond to the superficial regions of the first and 
second kind. If the mutual action between the ‘immersed* parts of the 
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superficial molecules is neglected, the ratio between go.i ^ can be 
determined by the equation 

gM 

go,i yifi-”’-*®--'**” 

which, in conjunction with g'o.i+9'o.2 = ^o> gives 

Qo,i — ’ 

9o,2 — * 

The degree of orientation of the molecules of the surface layer could 
..be defined by the ratio 

^ = ?2!l = I 

which tends to 1 ^f w^ q < w^jn when the temperature is lowered. 

The situation is complicated by the fact that a variation of the 
ratio ^'o.i/^^o is accompanied by a variation of the interaction energy 
between the ‘immersed’ halves of the molecules and the surrounding 
molecules. 

In the case of relatively simple molecules with a pronounced asym- 
metry it is more expedient to treat them as points or spheres of a small 
radius, capable of being orientated on the surface of various liquids 
(which must be treated as continuous media), and in particular of the 
liquid constituted by themselves, owing to the presence of permanent 
• electric moments — dipole, quadripole, or of a still higher order. 

If the dipole moment only is considered, the surface molecules can 
take two equally advantageous orientations corresponding to an out- 
ward and inward direction of the moment. If, however, the quadripole 
moment is also taken into account, one of these orientations must, 
generally speaking, be more advantageous than the other. As a result 
of its predominance the surface of the liquid will be covered by an 
electric double layer which will give rise to a certain potential difference 
between the interior of the liquid and the external space. The existence 
of such electric double layers on the surface of polar liquids is revealed 
by a preferential ‘affinity’ displayed by them with respect to negative 
or positive ions. This affinity leads to the absorption of ions of a given 
sign by small drops of a liquid, which arise in a condensing super- 
saturated vapour, and become stabilized by these^ons as a result of a 
loweriug of the vapour pressure due to them. 
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In the presence of adsorbed molecules of some foreign substance with 
active dipole groups (such as the organic acids considered above), the 
orientation of these molecules leads to the formation of electric double 
layers with a much larger potential drop than that existing at the 
surface of homogeneous polar liquids. 

If the effective length of the dipoles is denoted by d (« 10"® cm.), 
their charges by and their number per unit area by n, then the 
magnitude of the potential drop is given by the expression 

<l> = 4t7Tedn — 4tTTpn^ 

where p = is the mean value of the dipole moment. Putting f = 10-^® 
and n « cm.-2, we get <t> = IO -2 c.g.s., i.e. 3 volts. The actual 

value of <f} which is observed experimentally, is usually smaller than 
this figure by an order of magnitude. 

As a result of partial dissociation of the active groups (e.g. the 
dissociation of the H+ or OH“ ions) one side of the double layer can 
become ‘diffuse’, the ions forming it being distributed in a layer of 
considerable thickness, decreasing as the concentration of the disso- 
ciated ions is increased, while the oppositely charged side remains 
attached to the surface. 

Such double layers are somewhat different from those which have 
been considered in Ch. I, § 6, in connexion with the distribution of 
positive and negative holes near the surface of an ionic crystal, since 
in the present case we have to do with ions of one sign only. The density 
of electric charge is thus equal to 

p =■-- en, 

where n is the number of ions with a charge e per unit volume at a 
given distance x from the surface. Putting n = we obtain the 

following equation for the potential: 

or («, 

where ^ = e^IkT, $ = kx, and k — -^/(iTre^Wo/e^ T); € denotes the dielec- 
tric constant of the liquid and the concentration of the ions at the 
point of zero potential, which may be identified with the surface of 
the liquid a; = 0. 

It follows from (27) that the potential at infinity {x — 00), where n 
must obviously vanish, becomes infinite, while in the case of diffuse 
electric double layers formed by ions of two opposite kinds it remains 
always finite. 
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Integrating (27) and noting that d^jd^ = 0 for f -> oo, we get 

Hi'-'-*’ 

and consequently, since 0 = 0 for ^ == 0, 




ttotk, ^-21ogfl+^V -(Kb) 

It follows from (27 a) that the maximum value of the electric field 
strength (at a; = 0) is equal to 

rp _ld4\ _ KkT m\ _ yl2KkT 
« Wo"' c U/o e ’ 



which must be identical with 4iny, where is the electric charge of the 
surface per unit area. 

In the case of a solution of an electrolyte where ions of two opposite 
si^ are present in equal numbers (n per unit volume) at a sufficiently 
large distance from the surface of a metallic electrode, or from the 
boundary surface of some other liquid, their concentrations are in 
general different in the neighbourhood of this surface, as a result of a 
prefrfrential adsorption of the ions of one particular sign on it, or — in 
the case of a metallic electrode — of a partial dissolution of the latter 
(in the fohn of positive ions) in the electrolyte. The surface charge 
arising in this way and formed by the ions or electrons adsorbed on 
the boundary surface is compensated by the charge of the ions present 
in excess in the adjacent layer of the solution. 

Their concentration is determined by the equations 

in connexion with Poisson’s equation for the potential 


da;*”’ 


47rc 

c 


(n+-n«). 


Putting ^ = KX, and k* = 47re*»/€i5P (with H standing in 

the place of no), as before, we get 

^ = ifl'-e-*. .. (28) 

If the boundary conditions are now chosen in such a way that 0 = 0 
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and = 0 for f-> oo (where the solution is neutral), the first 
integral of (28) is obtained in the form 

= e'^+e-^— 2 = (ei'I'—e-i'I’f, 


that is, 


^ = ±V2(c*i^— e-i'f). 

(Ig 


(28a) 


If tp is supposed to be positive (= iPq) for ^ = 0, the minus sign must 
be taken, which gives 

logtanh^ = -V2(f-fo), 


that is, 




== e-v2(|-^o)^ 


(28b) 


where the constant is determined by the value ipQ of ip for ^ = 0. If 
the charge rf adsorbed per unit area of the boundary surface is known, 
then from (28 a) we get 


^Trrj = Eq = 




that is, V2(e*^'~e“*^*) = 4:nr}elkT. (28 c) 


This equation can be used for the determination of tp^. 

In the limiting case ^ 1, considered in the approximate form of 

the Stem or Debye-Hiickel theory, the equation (28 b) reduces to the 
simple exponential formula 


where ip^ = This result is obtained directly if, in the equation (28), 
the right-hand side is replaced by 2ip. Putting /cV2 = 1/8, we get in 


this case 
and 




(29) 

(29a) 


The surface charge is determined by the formula 
rj = e(n+— nl), 

where n\ and nL denote the numbers of positive ions adsorbed per unit 
area of the boundary surface. If these surface concentrations of the 
ions are small, they must be connected with their volume concentrations 
near the surface by the relations 

n\ « ^ n»_ = 

5+ 0- 


(30) 
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where S'j. denotes the effective thickness of the adsorbed layer and 
the adsorption energy of the corresponding ions. The quantities 8^ are 
of the order of 10““® cm. and can be expressed through the coefficients 
of the quasi-elastic force holding the adsorbed ions near their equilibrium 
positions/^ by the formula 

(cf. Ch. I, § 1). 

Substituting in (30) the expressions «?. = 

mV = «8V n_ = w8V (31) 

The condition that the surface charge is compensated by the 

00 

'Volume charge (per unit area of the boundary surface) j pdx gives, 

0 

if the approximate formula (29) for is used, in connexion with 
e{n\-n^) = (31a) 


This equation can be regarded as the expression of the fact that the 
capacity of the double layer per unit area C is equal to €/47r8, i.e. to 
the specific capacity of a plane condenser filled by a homogeneous 
dielectric medium with an effective thickness 8 ~ -^(c^T/Sire^). So 
long as is assumed to be small compared with kTy the factors 
in (31) can be replaced by 1 =Fe<^Q/A;T, which gives, if 8'^ ^ 8'_ = 8', 




€kT e<^o 
47r8e kT' 


that is, 
or finaUy, 


^0 

kT 


^U^lkT _^U-lkT 

^m\i(U^-UJ)jkT 


^ 0 ^ 

kT (8/8')e-<^+'^-y*^+cosh{(a,- ClpT}* 


(31b) 


This expression is reduced to t&nh(U+—U^)lkT if the difference 
between the two adsorption enei^gies CL is large compared with kT. 

The preceding results are easily generalized to the case in which e<^o 
is not small compared with kT and the surface concentrations of the 
adsorbed ions are large, so that their mutual action cannot be neglected. 

We shall not engage, however, in a discussion of these details, and 
shall now turn to a consideration of the infiuence of surface electric 
double layers on the surface tension of the bouhdary between two 
liquids. This influence is revealed in the case of diffuse layers by the 
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fact that the surface tension between a liquid electrode (mercury) and 
a solution of an electrolyte depends on the external electric potential 
difference which is established between them (eleotrocapillary curve). 

It may seem, at first sight, that the presence of a surface electric 
double layer of any type and origin must increase the surface free 
energy and along with it the surface tension by an amount equal to the 
electric energy per unit area 

(32) 

0 

In reality, however, this relation is found to hold (approximately) in 
the case of monomolecular double layers, formed, for example, by 
adsorbed molecules with orientated electric moments (Helmholtz layers). 
In the case of double layers, considered above, i.e. with one diffuse side 
formed by dissolved ions, the surface tension is not increased but on 
the contrary decreased by the amount f^. 

This circumstance is explained as follows. A diffuse (or rather ‘half- 
diffuse’) double layer of the type under consideration is formed at the 
boundary surface between a metal and an electrolytic solution, for 
instance, spontaneously y as a result of the difference in the adsorption 
energies of the positive and negative ions. In this respect the adsorption 
forces are equivalent to an external electromotive force applied to 
a plane condenser with a capacity c ~ c/4778 per unit area. The work 
done by this force when the condenser is charged is equal to 
where r] is the magnitude of the electric charge per unit area, i.e. 
if yj reaches the equilibrium value other hand, when the 

condenser is charged, a work J d?/ = J must be done 

against the electrostatic forces arising in this process, the electric energy 
of the charged condenser being just equal to this work. The total 
change in the free energy of the boundary surface (per unit area) due 
to the redistribution of ions (between the surface of the electrode and 
the adjacent layer of the electrolyte), which leads to the formation of 
the half-diffuse electric double layer, is thus equal to the algebraic sum 
of — 00 ^ (work done by the electromotive force, representing the effect 
of adsorption) and of Jc0J (work done against the electrostatic forces). f 

t A similar situation is found when a molecule, deprived of a permanent electric 
moment, is polarized under the action of mi external electric field E, If the moment 
induced by the latter is equal to p «= oJP, then the potential energy of the molecule with 
respect to the source of the field is decreased by — pJS*, while its own potential energy 
increases by the amount ^pE, which gives a net decrease equal to \pE = — \olE\ 

SJWI.89 Q . 
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If, therefore, the change of the surface tension must be equal to the 
resulting change of the free energy per unit area it must be decreased 
and not increased by the amount 

A clearer insight into the nature and origin of this decrease of the 
surface tension is obtained from a consideration of the electrical tensions 
which are acting in the solution near its boundary with the metal 
electrode and which amount to a positive pressure in the lateral 
direction (y, 2 ) and to a negative pressure in the normal one (a;)., These 
electrical tensions are numerically equal (per unit area) to the volume 
density of the electrical energy The resulting change of the 

surface tension is expressed by the formula (cf. § 1) 

OO 

j{T^-T,^)dx, (33) 

0 

or, since = —Tyy~ eE^lSir, 

CO 

(34) 

47r J 
0 

Putting here E = — = ^/8, we get, according to (28 b), 

00 

* 0 

in agreement with the preceding argument. It should be noticed that, 
if we took into account the lateral pressure only (Tyy), we should obtain 
a value for Aa half as large. Another point of interest (indicated by 
A. Frumkin) is the coincidence of the effect of the lateral electrical 
pressure with that due to the additional osmotic pressure of the ions 
of both signs, corresponding to the excess An of their total concentra- 
tion, near the boundary between the metal and the electrolytic solution, 
over the mean value. In fact we have 
An = (n++n_— 2n) == 

or, if e^lhT <1, An = (36) 

which corresponds to an additional osmotic pressure at a depth x 

Anifer = ^e-**'», (37) 


and'consequently to a surface pressure 


, ^ ne*<f>lS ^ ^ 

^ 2kT 16»r8 


HJ- 


.(38) 
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Since, however, the osmotic pressure is isotropic, the influence on a 
produced by the additional osmotic pressure in the lateral direction is 
compensated by that due to the additional pressure in the normal 
direction, so that the excessive osmotic pressure of the solution near 
the boundary with the electrode does not alter the value of the surface 
tension. 

The fact that the quantity / = \c^l representing the free energy of 

the surface connected with its electrical charge Q — is twice as 

00 

large as its electrical energy w = j dx is in full harmony with the 

0 

thermodynamical relation w = /— T(a//aT)g^con8t. between the energy 
and the free energy, if account is taken of the dependence of the latter 
on the temperature (for a constant value of the surface charge Q), 
Noting that 8 ^ VT (according to (25 a)) and that c = €/ 47 rS ^ l/y/T, 
we see that for Q — const, the de]»endenee of / on T is reduced to a 
proportionality with ?'(/= - Q^I2c ^IT). We thus get, putting 

/— A^T: 

M. = ^ - UV3’ = i/. (39) 

If an external potential difference V is introduced between the metallic 
electrode and the solution of the electrolyte, the electric double layer 
is changed in exactly the same way as if the adsorption potential 
difference <^o was increased by V; the resulting change in the surface 
tension is thus given by the equation 

( 40 ) 

If V has a sign opposite to that of the surface tension a must 
increase with V until it reaches the maximum value ctq, when V ~ 
the surface double layer vanishing at the instant. With a further 
increase of V in the same direction, a must fall off again owing to the 
formation of a double layer with the opposite sign of the electric charge. 
This dependence of a on F is in full agreement with the experimental 
facts. 

In 1917 the present writer proposed a theory of the surface tension 
and contact potential drop of metals based on the conception that the 
surface of a metallic body is covered by an electric double layer of 
atomic thickness, with an outer side formed by the electrons (because 
of their external position in the atoms with respect to the positive 
nuclei), and an inner side by the uncompensated charge of the positive 
nuclei of the superficial atomic layer.f 

t J. Frenkel, Phil. Mag.t April 1917. 
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The electric charge of this natural ‘surface condenser* per unit area 
is equal to zen' « jjc/r*, where c is the charge of an electron, z the 
valency of an atom (i.e. the number of outer electrons per atom), and 
n' ^ 1/f* the number of atoms per unit area (r = distance between 
neighbouring atoms). 

The electrical field within this condenser is ^ Hence in a 
transition through the surface layer of the metal the electric potential 
is changed by the amount <l>^ Er — 4mrir, i.e. 


ze 

r * 


(41) 


The capacity of the double layer per unit area is equal to l/47rr and 


where n » 1/r^ is the number of atoms per unit volume of the metal. 

The ‘contact potential’ defined by (41) is of the order of a few volts, 
while the energy w is of the order of a few hundred ergs/cm.* The 
potential difference, arising between two metals when they are brought 
into contact with each other, can be identified with the difference of 
their ‘contact’ (or ‘intrinsic’) potentials surface electric 

energy of a metal (41 a) with its surface tension (at T = 0). The values 
of w obtained in this way are of the correct order of magnitude. 

This theory stands in contradiction with the theory of electrocapillary 
phenomena previously discussed, for it identifies the surface tension of 
a metal (at T = 0) with its surface electric energy, while the presence 
of a surface electric double layer on the boundary surface metal solution 
decreases the surface tension by the same amount. This contradiction 
is due to the fact f^at in the above treatment of the surface energy of 
a metal the conditions of dynamical equilibrium for the electrons of 
the superficial layer have been wholly disregarded. In reality the 
surface electric field produced by them (in conjunction with the positive 
ions) and pulling them inside the metal must affect their concentration 
and their kinetic energy so that the electric force should be balanced 
by the resulting normal pressure. The situation is here similar to that 
discussed in the case of electrocapillary phenomena with the difference 
that Boltzmann’s statistics must be replaced by that of Fermi. This 
question has recently been discussed in detail by A. Samoylovioh.t 
Starting with an expression for the surface tensi|>n a, which contains 
the eleotrio (potential) energy of the surface layer J dx and the 
t DiMertatkm, Qorky, 1944. 
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associated change of the kinetic energy A J \mThb dx, and taking into 
account the equilibrium condition for the forces in the direction of the 
normal to the surface, he obtains a final expression for a, to which the 
electric field contributes a negative term, corresponding to a surface 
pressure, of exactly the same form as in the case of electrocapillary 
phenomena, namely — J dx\ this term is outweighed, however, 
by a positive one, electric in origin, but non-electric in its external 
form, the resulting value of a being of approximately the same magni- 
tude as in my original approximate theory where it is defined as 
j dx. 



vn 

KINETICS OP PHASE TRANSITIONS 


1. Thermodynamical Theory of the Equilibrium between a 

Supersaturated Vapour and a Drop of Liquid 

Surface phenomena play an important role in processes connected with 
phase changes, i.e. with transitions from one aggregation state to 
another. These include, in the first place, transitions from the gaseous 
state to the liquid one (condensation of a vapour) and vice versa 
(evaporation or rather boiling of a liquid); further, transitions from the 
liquid to the solid state (crystallization) and from the solid to the 
liquid (fusion); the dissolution of some substance — solid or liquid — in 
a liquid medium and its ‘precipitation* from the solution in the form 
of crystals or liquid drops, which can subsequently coalesce into a 
continuous mass, and so on. 

The usual thermodynamical theory of phase transitions deals not 
with the c(mrae of these transitions, i.e. the velocity with which they 
progress under given conditions, but with the conditions under which 
this velocity is exactly equal to zero — which means that the two phases 
can remain in stable equilibrium with each other for any length of time. 

It is clear that the growth of a new phase B after it has made its 
appearance can proceed with a finite velocity at the cost of the initial 
phase A only if they are mi in equilibrium with each other. This 
deviation from equilibrium can be very minute when the new phase is 
sufficiently developed. Much larger deviations are, however, necessary 
at the initial stages of the development of the new phase, in the form 
of an embryonic ‘nucleus’ (6), i.e. a very small element of volume that 
has suffered the transition. 

The initial phase A, when it is being transformed into B, is in a 
condition not envisaged by the, ordinary thermodynamical theory, 
which deals with equilibrium states only. 

This condition can be described as unstable or rather ‘metastable’, 
which means that it can be preserved for a certain time (very short or, 
on the contrary, indefinitely long, as the case may be), because the 
velocity of the generation and growth of the new phase is sufficiently 
small. 

Examples of such metastable states are found in a supersaturated 
(i.e. overcooled or overcompressed) vapour; in ah overheated liquid, 
which does not start to boil although its temperature is raised above 
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the thermodynamical boiling-point (corresponding to the equality be- 
tween the pressure of the saturated vapour and the external pressure); 
in an overcooled liquid, which can eventually behave as a practically 
stable amorphous solid body (glass); in a superheated solution, and so on. 

The new phase B is generated amidst the ‘metastable' phase A in 
the form of ‘nuclei’ which are usually considered as very small vapour 
bubbles, liquid droplets, or crystalline bodies, that is, generally speak- 
ing, as .complexes of particles, which differ from ordinary macroscopic 
bodies in an aggregation state, corresponding to the phase B, by their 
small size only. This point of view, as will be shown in detail below, 
cannot be regarded as correct, for it does not provide us with a solution 
of the question of the mechanism of the generation of a new phase, but 
simply shifts the problem from macroscopic to microscopic (i.e. very 
small) elements of volume. 

If we leave aside, for a moment, the question of the origin of a nucleus 
of the B phase and consider the conditions which determine the rate 
of its further growth, we must take into account, in the first place, the 
fact that its smallness implies an abnormally large ratio of its surface 
to its volume, compared with the case of ordinary macroscopic bodies. 
Its surface energy and free energy (or surface tension) must accordingly 
constitute an important part of the total change of energy or the free 
energy of the whole system involved in the process of the formation 
of a nucleus. 

If the surface energy (or free energy) of the nuclei of the B phase 
with respect to the metastable A phase, in which they are ‘suspended’ 
as particles of a colloidal solution, is taken into account, the notion of 
thermodynamical equilibrium between A and B can be extended in 
such a way that the nucleus of B, with a given size and shape, should 
remain in equilibrium with the ‘medium’ A, in spite of the fact that 
the latter is not in equilibrium with respect to a fully developed B 
phase, separated from it by a plane boundary surface. 

This extension of the notion of equilibrium between two phases has 
been applied by J. J. Thomson to the problem of the condensation of 
a supersaturated vapour. It can be shown that the pressure of a vapour 
(A) in equilibrium with a small drop of the liquid (B) at a given tem- 
perature T is larger the smaller the radius r of this drop. A vapour 
which is supersaturated in the usual sense, i.e. with respect to a ‘drop’ 
of liquid with an infinitely large radius (i.e. with a plane boundary 
surface), can be ‘non-saturated’ with respect to a drop with a suffi- 
ciently small radius. 
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K the latter is not too small (see below), the surface free energy of the 
drop can be represented as the product of its surface 47rr^ with the 
ordinaiy surface tension a corresponding to r = oo (and to a given 
vapour pressure). 

The thermodynamical potential of the whole system, consisting of 
the vapour A and of the liquid drop B, is expressed, under such con- 
ditions, by the formula 

^ ( 1 ) 
where and denote the number of particles constituting A and B, 
while and are the ‘chemicar potentials, referred to one particle 
of the corresponding phase, at the given temperature T and external 
pressure p, equal to the pressure of the vapour (it should be noted that 
the pressure inside the liquid drop p' must be larger than p by the 
amount 2a/r). 

The thermodynamic equilibrium of the system under consideration 
is determined by the condition 80 = 0, which, in connexion with 
= const., leads to the equation 

Denoting the volume occupied by one particle in the liquid phase by 

Vg, we have JV'g = consequently 

3 % 

^B“"^A + ~Vb = (1®') 


In tho' limiting case r -> oo this equation is reduced to the ordinary 
equilibrium condition ^a = ^b- temperature T the latter is 

satisfied for a certain value Poo of the pressure, the equation (1 a) will 
be satisfied for a somewhat different value p, depending on the radius 
of the drop r. Differentiating the equation (1 a) for a fixed value of T 
and noting that in this case d(f>^ = dp and cJ^g = Vg dp (where is 
the volume per molecule in the gas phase), we get 

= 2at)Brf/h. 


If Vg is neglected compared with and if the vapour is treated as 
an ideal gas, for which = ifeT/p, this equation can be rewritten in 
the form 

^Td(logp) = 2orVgd|ij, 


log^ = 

Poo 


'2<Wb 

rkT‘ 


whence 


( 2 ) 
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It is interesting to note that the same result is obtained if^ the surface 
free energy is not introduced in the expression O for the potential of 
the system (A, B), while it is taken into account that the pressure 
within the drop Pj, is equal to p-\-2alr and this pressure is treated as 
the external pressure for the liquid phase. In fact, putting 

^ = NA<l>A{T.p)+NMT,Pr) 

we find from the equilibrium condition 80 = 0 in conjunction with 
= const., that 

i.e. <f>^(p) = 

The increase of the vapour pressure about a liquid drop can be 
considered, from the molecular-kinetic point of view, as a direct conse- 
quence of the decrease of the evaporation energy in connexion with the 
increasing contribution of the surface energy of the drop with a decrease 
of its size. 

If this surface energy could be left out of account, the evaporation 
energy of the drop would be equal to [7 oo-^b> where is the evaporation 
energy of a large mass of liquid referred to one molecule and equal, 
according to Langmuir, to q^. Since, however, a liquid drop possesses 
a surface energy the total energy required for its evaporation 

is diminished by this amount, being thus equal to 

A'u U^—w^irr^, 

The energy U^, required for the evaporation of one molecule from 
a drop consisting oi N^ — N molecules, is obtained by differentiating 
this expression with respect to A"; we thus have 

Vf, == 

or, since ^ = VbN, U^^U„-—Vb. (3) 

r 

According to Boltzmann’s law the vapour pressure about a drop 
consisting of N molecules must be proportional to Hence 

'Pn _ ^AUjf-UJkT ^ ^2wVjJrkT^ (3 a) 

Po, 

This formula differs from that of Thomson by the substitution of the 
surface energy w for the surface tension a. For small values of the 

8696.29 « „ 
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radius this substitution is fully justified, from the point of view of the 
general theory developed in § 4 of the preceding chapter; for large 
values of r it is practically irrelevant, for the corresponding corrections 
become insignificant. 

It must be borne in mind that r cannot be smaller than the average 
distance between neighbouring molecules (in the liquid phase). This 
limiting value Tq of r corresponds to an embryonic drop consisting of 
a small number (2-8) of molecules. It is clear that the preceding ipacro- 
scopic theory cannot be strictly applied to such small ‘drops*. Its 
application enables one, however, to estimate the limiting degree of 
supersaturation, i.e. the maximum value of p^/Paa corresponding to the 
smallest possible values of N. Putting iV 8 and w 4r^ we get 

^ - kT 

This gives, if we take w = 100 erg/cm.^, r = 4.10“® cm., and T = 300, 
iogPmax/Poo = 4, i.e. Pinai « 100p«,. 

For such high degrees of supersaturation embryonic droplets, con- 
sisting of but a few molecules and arising accidentally as a result of 
density fiuctuations in the vapour, are capable not only of existing in 
the presence of the vapour (which is saturated with respect to them) 
but* to develop rapidly and thus cause its condensation. 

It should be noted that, for any degree of supersaturation, the 
equilibrium of the drops, having a radius connected with the pressure 
by the formula (2) or (3 a), with the vapour is an unstable one. In fact, 
the vapour, being saturated with respect to such drops, is unsaturated 
with respect to smaller and supersaturated with respect to larger ones. 
Hence the former must have a tendency to evaporate and the latter to 
grow up more and more (until the pressure of the remaining vapour 
decreases to the normal value jpoo)* 

The preceding considerations can be applied with a few minor modi- 
fications to the converse process of the boiling up of a superheated 
liquid, that is of a liquid subject to a pressure which is smaller than 
the equilibrium pressure of the saturated vapour at a given temperature 
T with respect to a plane surface Of special interest is the case of 
a negative pressure p <0, tending to ‘break up* the liquid. With 
respect to such a pressure the latter is unstable, or rather metastable, 
at any temperature. 

It may be imagined (which, as will be seen below, is not actually the 
fact), that the breakdown of the liquid takes place in the form of an 
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embryonic gas bubble which rapidly grows to macroscopic dimensions. 
It thus becomes necessary to investigate the relation between the radius 
of the bubble and the vapour pressure in it, which corresponds to 
an equilibrium with respect to the surrounding liquid phase, if the 
latter is subjected to an external pressure p. 

The condition of mechanical equilibrium between the bubble and 
the liquid is expressed by the same equation 


as in the case of the equilibrium between a liquid drop and a vapour. 
The condition of thermodynamic equilibrium between the two phases 
is likewise given by the equation (la), if the index A is understood to 
refer to the liquid and B to the gaseous phase (and not vice versa, as 
before). 

If the difference |p— Pool is small, we can put 

Poo) ^ %(p-~Poo), 

since whence 

2a 

P^-P = (4) 

The same result is obtained from the exact equation 

<^a{P) = + 

Differentiating both sides of this equation with respect to p we get 

Vj^dp — Vj^^p-\-2ad^, 

where Vg is the value of % for a pressure p+Str/r, that is, since Vg ^ 
dp+2(Td(l/r) = 0, which is equivalent to (4). 

A comparison of this equation with the equation of mechanical 
equilibrium shows thatp^ = p^. The vapour pressure inside the bubble, 
in a state of thermodynamic equilibrium with the liquid, is thus 
independent of its size, that is, equal to the pressure exerted at the 
same temperature against a plane surface. 

Since, however, according to (4) it is larger than the pressure of the 
surrounding liquid in inverse proportion to the radius of the bubble, 
this equilibrium proves to be unstable with respect to a v^-riation of 
the radius. In fact, so long as p^ remains constant, this inner pressure 
must become larger than the outer (mechanical-capillary) pressure 
Pr == p+(2cy/r) when r is increased above the valuodefined by (4), which 



372 


KINETICS OF PHASE TRANSITIONS 


vn. 


we shall denote by fp, and smaller than when r < r^. In the former 
case the bubble must expand and in the latter collapse. 

The expansion of a bubble means a breakdown of the liquid, that is, 
in other words, its ‘cavitation’ or ‘boiling up’. We thus see that the 
condition for the breakdown is the existence at a given temperature, 
corresponding to a (normal) vapour pressure Pooj of embryonic 
bubble or cavity with a critical radius defined by (4), that is 


2(7 


* (4a) 


The usual condition which serves to determine the boiling-point of 
a liquid is given by = p. We see that in reality Poo must be larger 
“—than p for the boiling process to start, the maximum possible value of 
the difference Pa,—p being of the order 2(7/8, where 8 is the mean dis- 
tance between neighbouring molecules, i.e. a length of the order of 10“®. 
Putting a ^ 100, we get (Poo~-p)max ^ dyne/cm.® = 10^ kg./cm.^ 
This means that at moderate temperatures for which p^o is relatively 
small the liquid can be broken apart or, in other words, forced to boil 
up, by the application of a negative pressure of the order of 10,000 
atmospheres. This result has already been obtained before (see Ch. VI, 

§ 5 ). 

The process of boiling (or cavitation) is usually considered not for a 
given value of the temperature (i.e. of Poo)> hut of the external pressure 
p. Under such conditions the preceding results can be stated in a 
somewhat different form, namely, that the temperature at which the 
process of boiling can start must be higher than the standard tempera- 
ture of the boiling-point determined by the condition p^ = p. In 
the presence of an embryonic bubble with a radius r this ‘starting’ 
temperature T must exceed Tq by an amount corresponding to an 
excei^ of the value p^ with respect to p by the capillary pressure 2alr. 
If the latter is small, the difference T— 7}, can be calculated with the 
help of the thermodynamical equation of Clausiu 8 -Clape 3 Ton 
dp _ A 
dT-^T(v^^v^y 

where A is the latent heat of evaporation referred to one molecule; we 
need only replace in this equation dp by 2ajr and dT by T— 2o* 

^ rp T{vj,-v^)2a _T,V^2o 

A f = A 7’ 

or, smce ^ kTJp, T—Tq = 


( 6 ) 
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This equation connects the initial radius of the gas bubble with the 
‘overheating’ of the liquid with respect to the normal point, T—T^. 

In the case of large overheatings the relation 
p = const, 

which is obtained by integrating the Clausius-Clapeyron equation, 
under the assumption v^—v^ ^ Vb ~ can be used. We then get 
^p+2(a/r) _ , A/J. _ n 

Tr 


log?±fW 


(5 a) 


that is, T-% = ^logjl 

This expression reduces to (5) if 2(7/r <^p. For a given degree of 
overheating T—Tq (or TjT^) this equation determines the minimum 
size of a gas bubble whose pre-existence is a necessary condition for 
the boiling process to start. 

It should be noted that a similar transition, from the variable pressure 
as determining the state of the system A+B for a given temperature 
Tfl, to a variable temperature as determining its state at a given pressure 
Po, can be performed in the case of a supersaturated vapour previously 
considered. If, at a given temperature, the supersaturation of the 
vapour is due to its overcompression as measured by the ratio p/poo> 
then at a given pressure Pq it can be due to its undercooling, as measured 
by the difference T^—T (or the ratio T^jT), The relation between the 
two is obtained, just as in the case of a superheated or undercompressed 
(extended) liquid, with the help of the Clausius-Clapeyron equation, or 
the equation p = const. Using the latter equation and replacing in 
(2) logpjp^ by A/^’{( IjT) — ( I/Tq)} we get 


T,-T = 


Ar 


where Vg is the molecular volume of the liquid phase, and r the radius 
of a drop which is in a state of (unstable) equilibrium with the vapour 
cooled by degrees below the conventional condensation point. 

It should be mentioned that both in the case of an overcooled vapour 
and of an overheated liquid r tends to infinity when T tends to Tq or 
V to 

We shall illustrate the preceding results by a few figures, referring 
to water. Putting in (6) To = 373 and p = 1 atm. = 10« dynes/cm.* 
(conventional boiling-point), we get with a = 70 and A = 7 . 10“^® erg 
(600 cal./gm,). _ rp 4.10“® 


10 - 


T-To"- T-To 


cm., 
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i.e. f = 4. 10~® cm. for an overheating by 1® C. Under the same con- 
ditions equation (5 b) gives 


f = 6xl0-», 


2xl0-» 


-cm., 


T^To^ T-^To 

that is, r ^ 2 X 10"® cm. for a water drop in equilibrium with a vapour 
with a pressure of 1 atm., undercooled by 1® C. 


2. Embryos of the Liquid Phase in a Vapour near the Satqration 

Point 

The instability of the equilibrium between a supersaturated vapour 
and a liquid drop, or between an overheated (extended) liquid and a 
gas bubble of the corresponding radius r* with respect to a variation 
of the latter is expressed, in a formal way, by the fact that the thermo- 
d 3 mamical potential O of the system formed by them has for r = r* 
(= r^) not a minimum value, as in the case of ordinary stable equili- 
brium, but, on the contrary, a maximum value. In fact, denoting the 
value of O corresponding to the absence of the drop (or bubble) by 
d>Q, we have, according to (1): 

AO = O— Oq = 
i.e. AO = 

or* AO = — — — — — r®-l-47r(7r2. (6) 

Vfi 3 

Putting here, according to (la), (^a'“^b)/% = 2alr*y we get 
AO = 47ror| — 

When r is increased (starting from zero), this expression increases 
until, for r — r*, it reaches a maximum value 

= ^ar« (6 b) 

decreasing monotonically with a further increase of r, as shown by the 
full line in Fig. 46. If the initial phase (A) is in a thermodynamically 
stable condition, i.e. if ^a < ^b> AO is a monotonically rising function 
of r represented by the dotted curve in Fig. 46 (for small values of r 
it must practically coincide with the full line, corresponding to 
because of the prevalence of the surface term, which is quadratic in r). 

Now, even in a thermodynamically stable system fiuctmtionSy i.e* 
local and transient deviations from the normal sta\e, must take place, 
which bring it into a state of higher potential and smaller probability. 
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In the usual statistical theory of a homogeneous molecular system, 
in particular of a gas or liquid, fluctuations of the density are considered 
which lie within the limits compatible with the preservation of a given 
aggregation state of the system. These ordinary density fluctuations 
may be denoted as ‘homophase’. Along with them it is, however, 
necessary to take into account density fluctuations transcending the 



above limit and giving rise to small embryos of another phase of the 
same substance (e.g. liquid droplets in a gas, or vapour bubbles in a 
liquid). Such fluctuations will be denoted in the sequel as ‘heterophase’. 
They must become especially important in the neighbourhood of the 
equilibrium curve (f>x(jpy T) == T) between the main phase A 
(corresponding to the given aggregation state) and some other phase 
B of the same substance. So long as the main phase is thermo- 
dynamically stable in the sense that enibryos of the new phase 

will remain abortive, i.e. they will arise, reach a relatively small size, 
and decay again, without a pronounced tendency for further growth. 
If, however, the initial phase is thermodynamically unstable or rather 
metastable > ^b)> ^ tendency will become prevalent in the 

case of those embryos of the new phase which have been able to reach 
the critical size, corresponding to the maximum of the potential AO. 
Such embryos, which may be likened to new-born babies, capable of 
further growth and development, are often denoted as the ‘nuclei’ of 
the new phase. We thus see that as soon as becomes larger than 
a transformation A B must begin, its rate being, however, limited 
by the necessity of passing through the ‘potential barrier’ AO, which 
plays a role similar to that of the activation energy in the process of 
diffusion or in chemical reactions. In the case embryos 
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of the B phase must form a population characterized by a steady 
distribution with respect to their size. This distribution is determined 
by Boltzmann’s (or rather Gibbs’s) formula 

N, = ( 7 ) 

where G is a proportionality constant which, so long as the number of 
embryos remains relatively small, is of the order of the total number 
of molecules constituting the system under consideration. 

The thermodynamical stability of the latter, contrary to the usually 
accepted conception, is specified not by the absence of any traces of 
the B phase, but by the steady character of the distribution of its 
embryonic elements. This stability is lost when becomes larger than 
^ 0 . If the distribution law (7) is applied to this case, it is found that 
the number of embryos rapidly decreases with increase of their size so 
long as the latter is smaller than the critical one, and after reaching a 
minimum value 2 ^ 1 ,. = (7 a) 

corresponding to the critical size, according to (6 b), begins to increase 
again, at an extremely rapid rate, as soon as r > r*. If this were so, 
the main mass of the system would be found not in the initial state A 
but in the final one B. Although this agrees in a formal way with the 
OTdinary view of the transition A B, yet the picture obtained of a 
disperse system, constituted by isolated B elements (small and large) 
suspended in a continuous medium formed by the remains of A, is 
just the reverse of what would actually be found in a stahh equilibrium 
of the system A+B when the phase B playing the role of 

the continuous medium and the phase A being represented by separate 
embryos, distributed according to the law (7). 

Thus, for example, if A denotes the gas phase and B the liquid phase, 
we should find, according to (7), in the ctise > ^g, that the major 
part of all the molecules are combined into drops of macroscopic size, 
which do not coalesce into a continuous liquid phase. This paradoxical 
result is explained by the fact that the distribution law (7) does not 
take into account the mutual action between the elements of the new 
phase, which are treated as if they were wholly isolated from each other. 

We shall come back to this question in the next section, dealing with 
the kinetics of the condensation process and other processes of the same 
sort (e.g. kinetics of the phase transition A B), and shall examine 
here in more detail and from a somewhat diffefent point of view the 
question of the distribution of B embryos amidst the A phase, when 
the latter is assumed to be thermodynamically stable, i.e. when ^x<*I>b- 
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We shall consider first the special case of ‘heterophase fluctuations’, 
consisting of the combination of the molecules of a gas or vapour near 
the saturation point into complexes, which, when they are large enough, 
can be described as liquid drops. The combination of gas molecules 
into smaller complexes, consisting of two, three, or more units, can be 
described more adequately as their chemical combination or ‘associa- 
tion’ under the influence of van der Waals’s cohesive forces. The 
fundamental distinction of these forces from genuine chemical forces 
consists not so much in their relative weakness as in the absence of 
saturation and in the resulting absence in the degree of association. 
This character of the molecular forces leads to an increase of the 
association energy with the increase of the degree of association from 
a relatively low value in the case of two molecules to a certain limit 
(reached practically for a complex of a few hundreds or thousands of 
molecules), equal to the macroscopic latent heat of condensation (per 
molecule). So long as the degree of association is high, the decrease of 
the association energy with a decrease of the size of the associated 
complex, treated as a small drop, can be referred to the surface energy 
of the latter. This notion is, however, inapplicable to low degrees of 
association; in this case the notion of ‘drops’ must be replaced by that 
of associated molecular complexes. 

If the energy set free in the formation of a double molecule is equal 
to f7, then the energy released in the formation of a condensed (solid 
or liquid) body, where each molecule is surrounded by twelve neighbours 
(tight-packed arrangement, which is found in the case of condensed 
argon, for example), is equal to 6 C/, on the assumption that the distance 
between the nearest neighbours is practically independent of their 
number and that the interaction with more distant molecules can be 
neglected. It is clear that, under such conditions, the number of com-, 
plexes of a low degree of association in a vapour — both under- and 
oversaturated — must be relatively small, i.e. much smaller than it 
would have been if the association energy were independent of the 
degree of association. 

Turning to a quantitative formulation of the theory, let us denote 
by Ng the number of complexes, consisting of g simple molecules having 
a similar structure, corresponding to the lestst possible value of the 
potential energy Ug compatible with the given value of g. If the 
associated complexes are treated as complex molecules, our assumption 
reduces to a neglect of the phenomenon of isomerism (out of all possible 
isomers with a given value of g^ only that isomer is considered for 
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which Ug = min.). It can easily be shown that an allowance for 
‘isomerism’, i.e. for a possible variation of the shape and size of the 
complexes consisting of the same number of molecules, is practically 
irrelevant so far as the results are concerned. 

In order to determine the relative number of complexes with different 
degrees of association, we shall treat the system constituted by them 
(including the single molecules) as an ideal gas mixture and shall make 
use of the equations of statistical mechanism serving to describe the 
chemical equilibrium in such a mixture. 

Let us consider an elementary chemical reaction, consisting of the 
combination of a single molecule with a complex consisting of 
-gr— 1 molecules and thus giving rise to a complex kg. The condition of 
equilibrium between this reaction and the reciprocal reaction of the 
dissociation of kg into kg^^ and A^ is expressed, as is well known, by 
the equation: N N Z Z 

N„ - Z, ’ . < ^ 

where Zg denotes the partition function ^ the summation being 

extended over all possible states of the corresponding complex. In the 
case of high temperatures this sum can be replaced by the integral 




(8a) 


where a is the number of atjoms in a single molecule A^, iffg the free 
energy of the complex kg, and the corresponding extension in phase. 
Beplacing in (8) g by 1, etc., and multiplying the resulting equations, 
we get 

( 9 ) 


N' 




This equation can be regarded as the condition of the equilibrium with 
respect to the reaction. 

If the volume occupied by the whole system is equal to V, then 


z, = (0 a) 

where Z^ is the partition function corresponding to the rotation and 
vibration motion of the molecule A^, and U its potential energy in the 
absence of this motion, i.e. at 2^ = 0. In the caee of complexes con- 
sisting of a large number of molecules Aj (say, 1,000), i.e. representing 
minute drops (or crystals), the free energy tffg can be assumed to be 
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proportional to g and practically independent of the volume V of the 
whole system. Putting 0^ = we get, according to (8 a), 

■ Zg — 

and further, according to (8), 


Ng = 


where 


i- 


z, — 


VZ’j\2imkT) 




( 10 ) 

(10a) 


\2TmkT} 

If i < 1, the values Ng form a decreasing geometrical series, which 
corresponds to a stable state of the vapour, i.e. to lack of saturation. 
If f > 1 the vapour tends to condense, the number of complexes 
increasing with g. The case f = 1 must obviously correspond to a 
saturated vapour. Its density, or rather the concentration of the non- 
associated fraction of its molecules, is thus given by the formula 

Ni l27TmM 

y (“F 






( 11 ) 


This result exactly agrees with that which is obtained in the usual 
way, i.e. from a consideration of the condition of equilibrium between 
a saturated vapour and a liquid on the assumption that any inter- 
mediate degrees of association between gr = 1 and gr = (X) are absent. 

For the sake of illustration we shall consider the case of a substance 
which in the gaseous state is, or rather is assumed to be, monatomiii, 
for instance argon, or some metallic vapour. We have in this case 
Zi == 1 and ym 

^o=£/o~3A:Tlog^, (11a) 


where JJ^ is the energy of one particle (atom) in the condensed ph^, 
and V the average vibration frequency. Substituting this expression 
in (11) we get /o^-\a 


\kT} 


(11b) 


in agreement with the usual method, which does not take into account 
the association phenomenon. 

We have limited ourselves thus far to a consideration of complexes 
of such a large size that their free energy could be treated as strictly 
proportional to the number of single particles constituting them. We 
shall now take into account smaller complexes, for which the deviation 
from this proportionality can be reduced to the influence of the surface 
energy. This method can be applied to complexes with g > 30, for 
example. Assuming the area of the surface to be proportional to g^ 
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(which corresponds to tho independence of the density of a complex on 
its size), we can represent its free energy in the form 

’ ( 12 ) 

where is given by (11a) and fi is a constant proportional to the 
surface tension or rather to the surface energy. Substituting this 
expression in (8 a) and (9) we get 

(12 a) 

Iff < 1 (unsaturated vapour) the series Ng decreases monotonically 
with increase ofgr, as before. If, however, ^ > 1 (supersaturated vapour), 
we obtain at first a decrease of Ng due to the prevailing influence of the 
second factor and thereafter an increase. The value g = g* correspond- 
ing to the minimum of Ng is determined by the equation d log NJdg = 0, 

(12b) 

Since for a given temperature the quantity according to (10 a), is 
proportional to the concentration, and, consequently, to the pressure p 
of the unsaturated vapour, and since for p == pa> (saturation) f = 1 , 
f can be replaced in this equation by the ratio p/p*- If» further, the 
complexes are treated as droplets with a radius defined by |7rr® = g 
(t?j = Vg the volume occupied by a single molecule in the liquid phase), 
then putting pg^ = we have 


r ~ v^gi' 

Hence in the case of drop-like complexes the preceding formula can be 
written in the form 


p _ 2(tv 
kTr 


which coincides with Thomson’s formula (2). 

Substituting from (12b) in (12a) we get Ng* = i.e. 

^ ^ ^-Anr*'ol3k2\ 

This expression differs from (7) by the factor G which in our ca^ 
turns out to be equal to 1. Owing to this circumstance the values of Ng 
obtained by us prove to be smaller than 1. This result is, of course, 
devoid of physical meaning. It is due to the fact that in the calculation of 
Zg we did not take into account the translation and rotation degrees of 
fireedom of the complex. We have thereby simplified the statement 
of our results, without essentially altering the dependence of Ng on g 
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and the other parameters, but have induced the correspon din g expres- 
sions to a form which cannot be applied for the calculation of the 
absolute number of complexes of various compositions. 

In reality, in calculating Zg, just as in the special case g ~ I (formula 
(9 a)), we must put 

2 ,- 

where Zg the partition function corresponding to the rotation and 
vibration motion of the complex and Ug denotes its potential energy, 
which can be taken as equal to zero. 

In calculating the partition function Zg we must separate a factor 
corresponding to the rotation motion of the complex as a whole; the 
remaining part only can be represented in the form corresponding to 
the expression (12) for the free energy with the factor g replaced by 
gr— 2, as a consequence of the elimination of the six translational and 
rotational degrees of freedom. 

Neglecting the latter circumstance and noting that the rotational 
factor of Zg is equal to 

ISTT^gml 

\ I ^ 

where Jg is the moment of inertia of the complex with respect to one 
of its axes, we have approximately, since Jg ^ mg(v^gf 

and consequently Ng = 

where = din’-Vvyl^^J . 

The quantity hl^{mkT) is equal to the de Broglie wave-length corre- 
sponding to the average value of the thermal velocity of a single 
molecule; in the case of particles with a molecular weight 10-100 at 
T = 300, A is of the order of 10-®-10** cm., i.e. of the same order as 
v\. The coefficient ^ 

is thus of the order of Wg^V’/Vu where F/vj is the number of molecules 
which would fill the volume V in the liquid state of the substance. 
This is a very high figure; the absolute number of complexes, consisting 
of ^ (^ 1) molecules, can therefore be very large, while remaining small 
compared with the total number of molecules. 
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3. General Theory of Heterophase Fluctuations an4 Pre-transi- 
tion Phenomena 

We shall now turn to a generalization of the preceding theory to 
the case of heterophase fluctuations of any kind.f 

We shall assume, in contradistinction from the rough thermodynamic 
treatment, that even in the range of thermod)niamic stability of the 
phase A, the latter is not strictly homogeneous, but contains emlnyos 
of a second phase B (in the form of liquid drops, gas bubbles, small 
crystals, etc.) which become especially numerous in the ‘pre-transition' 
state of A. 

Our problem consists in the determination of the statistical distribu- 
tion of the B embryos in the phase A at a given temperature T and 
pressure p (other parameters which may influence the equilibrium 
condition of the system will be left out of account). 

Under such conditions the B embryos can be characterized by their 
volume V or by the number of simple molecules g constituting them, 
while their statistical distribution is described by the function equal 
to the number of embryos of a given size. 

This description is, of course, incomplete, for embryos of the same 
size can have different shapes, etc. We shall, however, limit ourselves 
Jo . a definite shape corresponding to the minimum of the free energy 
of the surface for a given volume. (In the case of liquid embryos in a 
gas or embryonic gas bubbles in a liquid this most advantageous shape 
is of course a spherical one.) The results of the simple theory are not 
substantially altered by the introduction of other shapes, or densities, 
besides the most advantageous one. 

Under such simplifying conditions the problem of the determination 
of the distribution function can be solved as follows: 

Let and denote the thermodynamical potentials 

referred to a single molecule of the corresponding phases. The trans- 
formation point, or rather curve (p, T), is determined by the condition 
assume that the pressure has a given value Po, 
corresponding to a definite transition temperature r.: we' shall assume, 
further, that the actual temperature T is different from T^, so that 

The transition of g molecules of the A phase into an efnbryo of the 
B phase is accompanied by a change of the pot<|;iiM of the whole 
system by an amount equal to the sum of ^)] 

t 8«e J. Frenkel, J. 0 / Phyt. 1, 315 (1939). A sitnilar j^ry wm prepoeed nmul- 
tttiMniily by Bijl, Disiertatioii, Leiden, 1939. 
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of the surface free energy between A and B, which can be represented 
as 

The tbtal increase of the thermod3niamio potential 0 is thus equal to 

This formula is a generalization of formula (12) referring to the 
association of gas molecules, standing for 

The embryos can be treated, in the general case, as particles of a 
diluted ^solution of a number of different substances constituted by 
embfyos of the same size, the phase A playing the role of the solvent. 
The thermodynamic potential of such a solution is given by the formula 

•I* = ■^A^A + 2-^»(^B9'+“9'')+*y|iyilog^ + 2-^ffIog^|. (13) 

where = ■^a+ 2 (13a) 

denotes the total number of ‘molecules* in the generalized sense, the 
nuclei of different size being treated as molecules of different kinds. 

The last term in (13 a) corresponds to the entropy increase associated 
with the process of mixing. If this term were dropped, the equilibrium 
condition 8® = 0 along with the accessory condition 

' -^a+2 0^0 = ^ = const. (13 b) 

{N total number of simple molecules) would lead to a system of equa- 
tions ^b“~^a = which are incompatible with each other for dif- 
ferent values of g. 

Coming back to the formula (13) we must complete the condition 
(13 b) by a set of equations of the type 

(14) 

which describe a ‘chemical reaction* consisting of the transition of one 
simple molecule from an embryo Ag (which is thereby transformed into 
Ag^j) to the ‘solvent* A. 

Taking the variation of 0 corresponding to the ‘reaction* (14), we get 

^A-(^B 9+ti{f^)+y>Bi9- 1)+M(g- 0, 

i.e. Ji- — ~ (15) 

F - F ' ' 

If S' is replaced here by 1, g—2 and the resulting expressions 

are multiplied by each other, the following expression for Ng is obtained; 

Ngr= (16 a) 
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Here denotes the smallest value of g for which the notion of B embryos 
preserves a physical meaning. In the case of liquid drops in a gas one 
can put == 2; in the case of drops in crystals, or crystalline nuclei and 
gas bubbles in liquids, g^ must be much larger. The condition (14) must 
be altered in the case g = g^y since an embryo of the smallest size can 
be destroyed, according to the definition, by a simultaneous transition 
of all the ^0 molecules constituting it, into the phase A. This process 
is characterized by the relation 


which gives 


that is, (15b) 


Combining this with (15 a) we find 




F) 

(16) 

or 


— p^gg-imtlkT^ 

(16a) 

with 


F 

(16b) 


This result is essentially similar to the expression (7) obtained by 
the method of fluctuations for the special case of the condensation of 
a vapour. The constant C which was left undetermined there is re- 
placed by the factor Fy determined by the expression (13 a), and the 
definition of the parameter f is modified by the introduction of the 

factor NJF, So long N^, this factor can be dropped since 

a>0* 

it does not practically differ from 1 and F can be replaced by N. 

If the temperature T lies sufficiently close to the ‘equilibrium' tem- 
perature Tq which corre£q)onds to the equilibrium pressure Po between 
the phases A and B, i.e. ^o)» potential difference 

reduced approximately to 


where and 8^ are the entropies of the corresponding phases, referred to 

one molecule, for the equilibrium point T = 3q. !^utting 

where A is the latent heat of the transition A B (per molecule), we find 
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In the pre-transition state of A, must be larger than that is, 
T < X > 0 {ov T > Tq if X < 0)j while in the 'metastable’ (super- 
cooled or superheated) state of A, must be smaller than that 
is, iP > Tq if A > 0 (or if A < 0). Substituting (17) in (16 b) 


we get 


^ F 


. ^MT-T,)lkTl 


If the temperature has a fixed value, while the pressure is supposed to 
deviate*from the corresponding equilibrium value Pq (= Poo)> we can put 

hip. n)-Up. '^o) = l^--^\iP-Po). 

that is, h-h = 

where and v% are the molecular volumes of the two phases in a state 
of equilibrium ^o- 
We thus get, instead of (17 a), 

^ F 

If A denotes the vapour and B the liquid phase, and if p is supposed 
to be smaller than the equilibrium (saturation) value Po, we have 
~ consequently 

The same result is obtained in the opposite case, in which A represents 
the liquid and B the gaseous phase. In the case of a supersaturated 
vapour the relation between p and g*, the critical value of g, corre- 
sponding to a minimum of N, is found to be, according to (16 a), 

P-Po p 

Po 3kTg*^' 

This relation is nothing but the approximate form of Thomson’s 
formula (2) withpQ standing for p„ and log(p/poo) replaced by (p/Poo)— 1, 
while corresponds to 2<jv^jr*, The latter relation follows from 

the definition of the surface energy = pgr* in conjunction with 
47rr® = gv^. In order to obtain Thomson’s formula in its exact form, 
the above equation for be replaced by 

h-h = / ( pb -^ a ) ^ 

p% 

In a similar way the approximate formula (17), which is valid for small 

T 

values of (JT— IJ^) only, must be replaced by J 

3n 


8695.20 
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The existence of heterophase fluctuations in a thermodynamically 
stable system in the vicinity of the corresponding transition point 
A“>B has not yet been studied experimentally. The experimental 
proof of the fact that such a system (A) is not fully homogeneous, but 
rather *quasi-homogeneous’, is a difficult task, for the relative amount 
of the new phase (B), existing in it in an embryonic form, remains 
very small. The liquid embryos which are present in a nearly saturated 
vapour can be detected in the simplest way by a study of the Raman 
effect, the liquid phase being distinguished from the gaseous one by 
its Raman spectrum. An experiment of this kind with a vapour under 
very high pressure — and at a temperature near the critical point (which 
is necessary to secure a high density without macroscopic condensation) 
— has actually been performed, with results which fully support the 
theory of heterophase fluctuations, in a qualitative way at least. | The 
gaseous embryos in a liquid near the boiling-point can be detected by 
a study of the extinction of sound or rather ultrasonic waves, which, 
owing to the relatively high compressibility of such bubbles (compared 
with the liquid phase), must suffer an abnormally large scattering. 
This fact has been verified by several authors in the case of liquids 
containing absorbed foreign gases, while it has not been observed in 
carefully purified liquids. As will be shown later (§ 5), this circumstance 
is due to the sharp increase in the number and size of embryonic gas 
bubbles when they are filled not only with the vapour of the main 
substance but with other gases contained in it in an occluded form. 

In the case of liquids near the crystallization point or crystals near 
the melting-point the presence of the crystalline or liquid embryos has 
not been detected, hitherto, in a direct way. Their existence, or rather 
the increase of their number and average size, with an approach to the 
conventional transition point A->B, seems to be manifested in an 
indirect way by an abnormal increase of the specific heat and of the 
thermal expansion coefficient, both of the liquid just above the crystal- 
lization point — and of the solid (crystal) just below the melting-point. 
In the latter case these phenomena have been denoted by UbbelohdeJ 
as phenomena of ‘pre-melting*. Generalizing this notion we shall denote 
the analogous phenomena, which must be observed in other cases near 
the transition point A B, as pre-tranaitim phenomena. 

It should be noted that such pre-transition phenomena can be due, 
partly at least, to other causes. 

t J. Laadsberg, BiM. Ac. Ski. U.8.8.R. aer. phys., %1Z (1938); Landaberg and 
Uhholmin, C.R. Ac. 8ci, U.8.8.R. 16, 399 (1937) (KuBsian). 

I Ubbelohde, Trans. Farad. 8oc. 34, 292 (1938). 
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Even if the system A (gas, liquid, or crystal) is treated as strictly, 
homogeneous, i.e. if heterophase fluctuations are wholly left out of 
account, an abnormal increase of the speciflc heat G must be expected 
to take place with approach to the conventional transition point A -> B 
(deflned by the condition of thermodynamical equilibrium == 

In fact, if the discontinuous character of this transition is due to the 
thermodynamical instability of the intermediate states, as is certainly 
the case for transitions between the gaseous and the liquid states (in 
both directions) and as must be expected to be true with respect to 
transitions between the liquid and solid (crystalline) states, according 
to the theory of the virtual continuity between the two states which 
has been set forth in Ch, III (§ 6), then the isotherms (p, v) and the 
isobars must display within the range of the corresponding 

virtually continuous transition the characteristic wave-like shape shown 
in Figs. 25 and 26. Now, such a course of p as a function of v for 
T = const, or of /S' as a function of T iov p — const, means that the 
isothermal compressibility modulus —(^pldv)j, must decrease to zero 
(and even become negative in a certain range of v values, see Fig. 26), 
causing thus an abnormal increase (up to infinity) of the thermal 
expansion coefficient, f and that the specific heat = T(d8ldT)p must 
rise up to infinity (and even jump to negative values). These conclu- 
sions are qualitatively verified in the case of a vapour near the con- 
densation point (and especially beyond it) and of a liquid near the 
boiling-point; in this case they can be regarded as a direct consequence 
of van der Waals’s theory. A more exact quantitative study is, however, 
required for the separation of the ‘homophase’ part of the total effects, 
as described by this theory, from the contribution due to the hetero- 
phase fluctuations.! 

Similar considerations apply to the transitions between the solid and 
liquid states. 

An abnormal rise of and a within a range of a few (3-5) degrees 
from the conventional melting-point has been observed in the case of 
a number of crystalline bodies by several authors, the two quantities 
reaching sometimes values exceeding their normal values outside this 


t The thermal expansion coefficient a is inversely proportional to the compressibility 

modulus, as follows from the relation j = — 1. 

X It should be mentioned that both the homophase and the heterophase contribu- 
tions are due to the same cause, namely, to the action of the intermolecular forces 
leading ibo an extra compression of the gas in the former case and to the formation of 
liquid embryos in the latter. 
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range by a factor of 10, 20, and even more. Fig. 47 shows the variation 
of the thermal expansion coefficient a of various metals near the melting- 

point, according to the experiments of 
Strelkov and 6atchkovsky;t a similar 
curve has been obtained by Ubbelohde J 
for the specific heat of paraffin (the 
latter shows an abnormal rise of on 
both sides of the conventional melting- 
point). 

These ‘pre-melting phenomena ’ were 
explained, prior to Ubbelohde *s experi- 
ments, by the infiuence of impurities, 
which are practically always present 
j in any body, on the assumption that 
300 310 320 they are non-uniformly distributed 

over its volume (as a result of spon- 
taneous fluctuations) and that, accordingly, they produce a lowering 
of the fusion temperature of variable magnitude in different places. 
Ubbelohde has shown, however, that by adding to paraffin foreign sub- 
stances in amounts certainly greatly exceeding the amount of impurities 
present in it under ordinary conditions, no appreciable lowering of the 
melting-point nor any change in the course of the curve Cp(T) could be 
produced. Thus the impurity hypothesis must be rejected. 

The magnitude of the ‘homophase* contribution to the and a 
anomaly cannot be established theoretically so long as we have no 
reliable equation of state of a condensed ‘solid-liquid* body which 
could describe its behaviour near and beyond the thermodynamical 
stability limits. I do not think, however, that the sharp increase of 
and <x near the melting-point could be explained in this way. It is 
possible, however, to give a satisfactory quantitative account of the 
pre-melting phenomena on the basis of the general theory of heterophase 
fluctuations, developed at the beginning of this section. 

The formation in a crystal of a liquid embryo consisting of g atoms 
requires a quantity of heat equal to g\ (if surface effects are neglected). 

The additional value of the specific heat, due to the increase of the 
number and size of these embryos with approach to the melting-point 
(Tq), can be defined by the formula 

0 

t Strelkov, Sow. Phyt. 13 , 68 (1937). i Ubbelohde, Trout. Farad. Soe. 34 . 292 (1638). 
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1 -V 1 . ^ 

where 2 dg. (18a) 

o>at Ot 

Here ^ = (^b~^a)/^^i that is, since T lies sufficiently close to Jj,, 

P^MTq-T) 

fcTl 

(cf. (17)), while y = p/kT. In carrying out the integration in (18a) 
the latter quantity can be replaced by its value at T = T„, i.e. treated 
as independent of the temperature. We thus get 

S = ~IT J ^ = e-fi^-yoy dg. (18b) 

Oo 

If in ( 1 8 b) A is replaced by Vq — we obtain after dividing by g^dgvj^N 
the additional value of the thermal expansion coefficient 



A comparison of this expression with (18) gives 

Aa __ (i^bK)-! 

Ac ~ L ^ 

where L = XN is the latent heat of melting of the whole crystal. 

The absolute magnitude of Ac (or Aa) depends in an essential way 
on the value of i.e. the smallest number of molecules which are 
necessary to make a drop of liquid in a crystalline medium. It is clear 
that this number must be very large compared with 1. It is necessary, 
however, in an approximate calculation of (18 b) to ascertain whethei 
this number is small or large compared with the value g ^ g, which 
corresponds to the maximum of the integrand. This value is determined 
by the equation o 

9 

which is reduced to gf = (3/y)* if j8 = 0, i.e. if T = Tq. Since /igr* = 47r(Tr2, 
where a is the surface tension between the liquid and the solid phase of 
the same substance, we have /x = 47r(7(rJ/gr)* ^ arv^, where is the 
area occupied by one molecule on the surface of the liquid phase. If 
this surface were free, av^ would be of the same order of magnitude as 
the evaporatim heat of the liquid, referred to one molecule, which is 
about 10->30 times larger than the latent heat of fusion A, and hence 
about 2(>-60 times larger than ifclo, according to Trouton’s rule. 

In reality, however, the surface tension between a liquid and the 
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solid j)hase of the same substance must be much smaller than in the 
casc^of a fre^ liquid surface. We thus see that in our case fi = (ti;| 
mustJbe of the same order of magnitude as JcT^, or perhaps still smaller. 
^I'or /A = 1, ^ is of the order of a few units. Putting ~ we get 
g =z 160, which is probably of the same order of magnitude as Qq, The 
value of Qq and of /x (i.e. a) can be determined from a comparison of 
theory with the experimental data, referring to the maximum value 
of Ac, and of the rate of its increase with T (for T = Tq). 

It is known that Ac becomes markedly different from zero at a 
distance of but a few degrees from the melting-point Tq, its maximum 
value for simple substances being of the order of 100 cal./mole and 
more. Hence it is seen that the factor in the integrand of (18 b) 
must reduce Ac with respect to its maximum value about 100 times if the 
difference Tq— T is equal to, say, 5. Putting Tq = 500, we get j8 ^ 3 . 10“^. 
Hence Qq must be of the order of 150. Assuming that at T = TqQ does 
not exceed this value, we can calculate (Ac)njax with the help of the 
approximate formula 

oo 

(Ac)m„ = ^ i^o I e"'”'* 

which is obtained from (18) and (18 b) if the factor gr* is replaced by its 
maximum value in the range of integration. We thus get 

The product NX in cal./mole is equal to 2, while (XlkTo)^ is approxi- 
mately equal to 6 according to Trouton’s rule. Hence it follows that 
the factor (gyy)e“y^J must be of the order of 10. In conjunction with 
Qq = 150 this gives y = which corresponds to a surface tension of 
the order of 1 dyne/cm. 

This figure is probably of a correct order of magnitude. It can be 
checked by a quite independent method, based on the consideration 
of the velocity of crystallization of an overcooled liquid. Unfortunately, 
the surface tension between a crystal and its melt has never yet been 
measured directly. 

4. The Kinetics of Condensation and Other Phase Transitions 

in Metastable Systems 

The application of thermod 3 mamical or statistical methods to a 
system A-f B in a metastable pre-transition state (^^l > ^b) 3^®^^ 

results which are valid for a limited lapse of time only, and for a 



§4 


CONDENSATION AND OTHER PHASE TRANSITIONS 391 


limited range of admissible configurations of the molecules, with the 
exclusion of those configurations which correspond to tl^e macroscopi- 
cally most probable, i.e. stable state (cf» Ch. IV, § 7). Tdking into 
account these limitations, we can apply the general results df the 
preceding section, and in particular the formula (16) for the number of 
embryos of the B phase, to the metastable state of the quasi-homo- 
geneous system A+B, striking out, however, all those embryos which 
markedly exceed the critical size g — g*^ defined by the maximum of 
thoeire«io„ A« - 


i.e. 



(19) 


The number of such ‘critical’ embryos, or nuclei of the B phase, is 
given by 




or, approximately. 






(19a) 


The formula (16) can be applied approximately even to values of g 
somewhat larger than g* \ starting, however, from a certain value g = 0 
we must put = 0. 

These considerations have been used by Volmer in the special case 
of a supersaturated vapour, as a basis for the determination of the 
velocity of its condensation. f 

Since all the drops which arise in such a vapour must, in the process 
of their gradual growth (partially neutralized by the reverse process of 
re-evaporation), pass through the critical size, which forms, as it were, 
a narrow gate to the process of a rapid macroscopic condensation, the 
velocity of this process must be proportional to the number of drops 
oi Wve en\j\ea\ me m t\ve viipoxxr, at any ^iven instant, in a 

state of unstable equWibrium, and given by (,19 a). If it is assumed that 
these drops do not evaporate, but continue to grow and are eliminated 
from the system, being replaced by an equivalent number of single 
molecules, so that the vapour remains in a stationary state, the velocity 
of its condensation can be obtained by multiplying the number of such 
drops Ng^ by the number of single molecules of the vapour striking 
their surface in unit time. Referred to unit area this number is equal to 


^ 27m ^(27mkTy 


t 0. Volmer, Z«./. phya. Chem. 119, 277 (1926). 


(20) 
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where = l/v^ is the concentration of the molecules in the gas phase 
(cf. Ch. I, § 1), 

The velocity of condensation, defined above as the product iTrr*^p, 

is thus represented by the formula 




where r and fi are connected with g and a by the relations pg* = aiTrr^ 
and g = 

Volmer’s theory has been subsequently improved by Farkas,f 
Kaishew and Stranski,{ and especially by Becker and During, § who 
have rejected the thermodynamical considerations on which it is based 
and have derived the velocity of condensation by a purely kinetic 
argument, taking into account not only the condensation of the vapour 
on the surface of the drops but also the reverse process of their re- 
evaporation. 

The description of the resulting process is greatly simplified if it is 
assumed, as has already been done above, that all the drops of a certain 
size (?, slightly exceeding the critical one, are eliminated from the 
system and replaced by an equivalent number (ONq) of single molecules. 
Under such conditions the number of drops of any size, including the 
individual molecules (which in a purely formal way can be treated as 
drops of the smallest possible size), must remain constant. 

Let oLg denote the number of molecules which are evaporated from 
the surface of the drops, consisting of g molecules (gr ^ 2) per unit 
time and area. In other words Sg (Xg dt denotes the probability that such 
a drop, with a surfaxje Sg = 47rrJ, will lose one molecule by evaporation 
during the time dt In a similar way the product Sg^dt denotes the 
probability that it will gain one more molecule, during the same time, 
owing to the condensation of the surrounding vapour. 

If the system A+B is in a stable state > ^g), the following 


relation must hold: 


( 21 ) 


according to the principle of detailed balance. Substituting here the 
expression (15) for the ratio between Ng and Ng^i, corresponding to the 
equilibrium distribution, we get 



Na Sg 


(21a) 


t Farkas, Z«./. phy9, Ohem, 125, 236 (1027). > 

X Kaiehew and Stranaki, ibid. B, 26, 317 (1934). 

§ Becker and During, Ann. d, Phys. 24, 719 (1935). 
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which is applicable, in principle, down to = 1, since in this case 
8g^i = 0. If ^ 1 the ratio 8g^j8g can be replaced by 1 ; the same 
refers to the ratio F/N^ so long as the total number of drops is relatively 
small. Writing 2av^lrg for we can thus put 

<Xg = (21 b) 

This expression for although derived from thermodynamical con- 
siderations referring to the state of stable equilibrium, can be used 
just as 'well for the metastable states, characterized by a negative 
value of should be noticed that in the latter case the co- 

efficient (Xg turns out to be equal to ^ for drops of the critical size 

V = (21c) 

as follows, for example, from Thomson’s formula (2). This result can 
be considered as a direct coroUaiy from the condition (21), in conjunc- 
tion with the fact that in the neighbourhood of Ng = min., Ng ^ 

The preceding expression for otg is valid independently of the existence 
or non-existence of an equilibrium in the distribution of the B embryos 
with respect to their size, so long as the velocities (and coordinates) of 
the molecules — both in these embryos and in the gas phase — ^preserve 
an equilibrium distribution characterized by Maxwell’s law. Now, the 
relaxation time required for the establishment of this distribution is 
always very short, much shorter than the time necessary for the 
establishment of an equilibrium distribution of the embryos with respect 
to their size (under the condition or in general for a marked 

change of this distribution. 

The rate of this change can therefore be calculated with the help of 
the expressions for jS and Ug given by the preceding formulae, with 
modified values of the numbers Ng, To avoid confusion we shall denote 
these modified values, corresponding, in general, to a non-equilibrium 
distribution, by fg. Replacing Ng by fg, we must no longer expect the 
equation (21) to be satisfied. 

The diflference T, 

is equal to the excess of the number of drops which, owing to con- 
densation of the vapour on their surface, pass per unit time from the 
class g—l to the classy over the number, which, owing to evaporation, 
pass from the class g to the class y— 1. 

Taking into account the equations (21) we can rewrite (22) as follows; 


3b 
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The rate of change 6f the number of drops of a given class is obviously 
determined by the equation 

| = ia-W ' (2ab) 

This is the fundamental kinetic equation of our problem. It has been 
introduced and solved by Becker and DOringf on the assumption of a 
steady distribution with the boundary condition = 0. 

If small values of g of the order of a few units are left adde, the 
quantities appearing in this equation must be only slightly varied if g 
is changed by 1. We can treat them, accordingly, for g go (where 
^0 « 10, say) as functions of a continuous variable g — which will be 
indicated by writing f(g) instead of fg etc. — and replace the finite 
differences in (22 a) and (22 b) by differential coefficients of the corre- 
sponding quantities with respect to this variable. Writing, for the 
sake of brevity, 



«{g-l)P^8{g)^ = D{g), 

(23) 

we thus get 


(23 a) 

that is, 



or, finally, since N(g) 



' 

df D dmg) 
kT dg ’ 

(23 b) 

where 

A® = 



The expression (23 b) is formally identical with the usual expression 
for the flow of particles distributed over the axis g with a density /(gr), 
owing to diffusion and to the action of an external force F, corre- 
sponding to a potential energy A(p(g), the mobility of the particles q 
being connected with their diffusion coefficient by Einstein’s relation 
g = DIkT, while the diffusion coefficient is itself a function of g given 


by (23) or 


D = (47r)*3*i;^ gr*j8. 


Substituting the expression (23 b) in (22 b) and replacing Ig^i—Ig by 
--dlldg we obtain the following kinetic equation r 


^=1 
dt'^ dg 



+±l 

^kTdg 



(24) 


t Loc. cit. 
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which differs from the equation of this type previously used for the 
motion in ordinary space only by the dependence of D on g. 

It should be noticed that this dependence is very weak compared 
with that which characterizes the distribution function f(g). It can 
accordingly be neglected in the approximate treatment of the problem 
— especially if we are interested in the variation of / within a relatively 
narrow range of /-value, near its maximum g 7^ g*i for instance. 

The preceding equations have been obtained in a practically equiva- 
lent form by Zeldovich.f They enable one to find an approximate 
solution of Becker-DOring’s problem which is just as accurate as that 
obtained by these authors (after a number of approximations, con- 
sisting in replacing summations with respect to gr by integrations), but 
in a much simpler and more straightforward way. 

A steady distribution considered by Becker and During {dfjdt = 0) 
is equivalent to the condition / = const. If, following Zeldovich, we 
write / in the form (23 a), the distribution function / is immediately 
found by a simple integration, namely 

a 

the integration constant being determined by the boundary condition 
/ = 0 for gr = (?, where g lies near to the value gf*, which corresponds 
to the minimum of N(g), Replacing the latter by we get 

o 

= (25 a) 

0 


Since the function has a very sharp maximum near g = gr*, 
we can replace here D(g) by its value for g = g*, and AO by its expan- 
sion with respect to the difference g = gr*, viz. 


A<D = 

.hm, 

Substituting this in (25 a) we get 


where | = g—g*. 


2 ’ 

(26) 


(26 a) 

Q-a* 

r J df , 

(27) 


t J. Zeldovich, J. Exp. Theor. Phya. (Russ.), 12, 626 (1942). 
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The quantity ^(hTjy) is a measure of the width of the maximum of 
the function l/JV(gr) near g = g*. If 0—g* and g^’-g are both large 
compared with ^(hTly) the integration limits can be extended to ±oo, 
which gives, if jg replaced by N(g)jC, 

^ /^ = const. (27a) 

N(g) CD(g*) V y 

This relation holds of course for g < g*—^J(kTly) only. Nqw, it is 
clear that for g <^g* the actual distribution function f(g) must be 



Fio. 48 


practically identical with N{g). Hence it follows that it must be prac- 
tically identical with it in the whole range from ^ « 1 to gr ^ gr* — 
while above this value the ratio f/N must rapidly fall off down to zero 
for g = Oy as shown in Kg. 48 (where / is represented by the full line 
and N by the dotted line). It should be mentioned that for g = g* 
f=iN. 

Noting that the constant in (27 a) is equal to 1, we obtain the 
fpllowing expression for I: 

(2,b) 

The coefficient C can be identified with the total number pf molecules 
N in the supersaturated vapour. 

The expression (27 b) has a very simple physical meaning. 

Near the critical value of g the second term of (23 b) vanishes, since 
by the definition of g*y (d^<bldg)g^g* = 0, so that the expression for / 
reduces to —D{g*){dfldg)g^g.. Now —{dfldg)g^g, c|n be replaced by the 
ratio where Agr is the effective width of the critical region, 

' the width of the Gaussian curve by which it is possible to replace the 
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actual curve l/fig) = llN{g) = This width is measured by 

the factor ^{2nkTly) in (27 a). We thus get 

I = D{g*)f(g*)IJ^, 

which is identic^ with (27 b). 

Using the expression — for AO, we get 



or, since ^a— 

y = i(^A-<^B)r. (28) 

Substituting this in (27 b) and replacing AO(gf*) by f^rar*^ we obtain 
the following final expression for the relative rate of condensation of a 
supersaturated vapour: 

This expression is practically identical with that obtained by Becker 
and Boring, but somewhat different ifrom the roughly approximate 
expression (20 a) given by Volmer. 

The critical radius is given, as a function of ^a“”^b> formula 


while the potential difference can be expressed in the form 

Poo 

if the vapour is ‘overcompressed* at a given temperature T, or 

7i 

T 

if it is overcooled with respect to the condensation point JJj, corre- 
sponding to a given pressure. 

We shall illustrate these results by a few figures, referring to water 
vapour at room temperature (T = 300). Taking a degree of super- 
saturation p/poo equal to e = 2*7,..., we get ^a~”^b = conse- 

quently, since a == 70 dyne/cm.*, and = 18/6.10*® = 3.10~®®, 

f* ^ 10”’ cm. 

The corresponding value of g* is found to be equal to 100. 
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We get further = 160, i.e. ^ jQ-ea 

I = 

where n^oo = pJkT is the concentration of the saturated vapour. 

It thus turns out that for the degree of supersaturation we are 
considering the velocity of condensation is negligibly small. Let us 
now take a degree of supersaturation equal to 7, i.e. to the square of 
the preceding one (logp/poo = 2). The critical radius r* is in this case 
only one-half that in the preceding one; this leads, however, to an 
enormous increase of the exponential factor which is now 

equal to instead of 10“®^. The corresponding value of QjN is 
now of the order of A somewhat more accurate calculation 

yields a much larger figure which shows that a superposition of the 
above degree (and even of a somewhat smaller degree — of the order 
of 6) is sufficient for the condensation process to proceed with a marked 
velocity. For still higher degrees of supersaturation the latter becomes 
so large that the condensation must take place practically instantly. 
These results are in satisfactory agreement with the experiments 
of Volmer and Flood on the condensation of carefully purified water 
vajwur. 

It should be mentioned that in view of the smallness of the critical 
radius which is obtained on the basis of the above theoiy, the latter 
must be considered as a rather crude approximation and must be 
modified to accoimt for the discontinuous character of the variable g. 
Moreover, the surface tension a in the expressions of r* and AO* must 
be replaced by a larger value, lying close to the surface energy w. 

We shall not stop- to discuss these refinements more closely and shall 
now consider how the preceding theory should be modified when applied 
to the converse process of the cavitation (rupture) or boiling up of a 
liquid, which is in a metastable state owing to a negative (or, in general, 
algebraically too small) pressure, or to overheating. 

The notation will now be used for the number of gas bubbles, 
containing g molecules of the vapour at the equilibrium pressure Poo 
and Ng for the value of/^, in the corresponding equilibrium distribution. 

Since in this case the increase of gr is due to the evaporation of the 
liquid, and its decrease to the condensation of the vapour, the co- 
efficients P and (Xg in the equation (21) and in the expression (22) for 
the ‘flow* of bubbles in the direction of increasing size between 1 
and must be interchanged. 
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We thus get, instead of (22 a), 

T — N ft /V fA 

and so on. This brings us to exactly the same equations as before, 
with an altered definition of the diffusion coefficient, namely, 

m = ( 29 ) 

Now Uccording to the modified equation (21) (with and j8 inter- 
changed) and the general relation (16) we have 

a = Q ... ^ 


where the index A refers to the liquid and B to the gas phase, or with 
a sufficient degree of accuracy 




(29 a) 


p being given, as before, by (20). 

Noting that we can rewrite this expression in 

the form 

Oig = (29 b) 


The decrease of ag with decrease of g is explained in the same way 
as its increase in the converse case of the evaporation of small drops, 
the evaporation energy being decreased by 2(7Vnq/r in the latter case, 
and increased by 2(TVnq/r in the former, owing to the negative curvature 
of the surface. It should be mentioned that for bubbles of the critical 
size ag must according to (29 b) have the same value as for drops of the 
critical size, both being equal to 

The velocity of cavitation or of the boiling up of a liquid can be 
calculated in exactly the same way as the velocity of condensation of 
a supersaturated vapour. If the process is again imagined to be ren- 
dered steady by a removal of all the bubbles with g G and their 
replacement by an equivalent amount of the liquid phase, the formulae 
(26), etc., can be applied to the present case with practically no modi- 
fications. The dependence of D{g) on g can be taken into account by 
replacing the product D{g)N{g) = s{g)a(g)N(g) in the integrand of (26) 
with 8{g+l)pN{g+l)y which, if gf* > 1, is practically irrelevant. We 
thus arrive at the same formula (27 b) for I with a different value for 
th^ coefficient y, however, given as before by (28), with A and B 
interchanged. 
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For the purpose of illustration we shall again consider the case of 
water. If the latter is under normal pressure, but superheated by 1 
degree, say, over the standard boiling-point = 373, the critical radius 
of the bubbles is equal to 4 xlO”* cm. (cf. § 1). 

This gives 4^or*^likT = 8.10^®, which corresponds to a vanishingly 
small value of It is thus seen that boiling could 

be started with much larger superheatings only, corresponding to 
values of r* of the order of 10~’ cm. as before; since r* is inversely 
proportional to this means that the superheating required 

should be of the order of 1,000 degrees. .It is clear that under such 
conditions the approximate expression (6 b) for r* as a function of T 
is no longer applicable. Beplacing it by the more exact formula (5 a), 
we get with p = 10®, 2alrp = 1*5 xlO®, and consequently, 

(since fc/A 2 . lO"®), which leads to a negative value of T. This means 
that the formula (6 a) is not sufficiently exact to be applied to the case 
under consideration. We shall not attempt to derive here a more 
exact formula, and shall be satisfied with the remark that water under 
normal pressure in the absence of some factors facilitating the beginning 
of ^cavitation cannot be brought to boiling by any reasonable over- 
heating. The fact that in reality a very small overheating is usually 
sufficient to start the boiling process in any liquid shows that factors 
of the above type (corresponding to nuclei in the condensation of a 
supersaturated vapour) are actually always present (see next section). 
If such factors were not operative, then boiling — or cavitation — could 
be started only by. application of a large negative pressure. Formula 
(4 a) shows that in order to lower the critical radius of the bubbles 
d^Dwn to 10“^ cm. at the temperature of the normal boiling-point 
(corresponding <to p «5 = 10®) it is necessary to apply to the liquid water 
a negative pressure of the order of 10® dyne/cm.® ^ 10® atmospheres, 
which is about one-tenth of the maximum negative pressure which it 
can withstand without breaking up. Similar figures are obtained for 
all the other liquids. 

We ihus see that the kinetic theoiy of the process of condensation 
of a supersaturated vapour and especially of the boiling up of an over- 
heated liquid possesses only a very limited practic^ significance, unless 
the fietotors facilitating it, and actually always present, are duly taken 
into account. 
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5. Role of Solid Surfaces and of Foreign Colloidal Particles in 
the Cavitation and Condensation Processes 

We shall inquire first into the causes of the lowering of the tensile 
strength of a liquid, as revealed by the impossibility of obtaining large 
degrees of overheating under normal (positive) pressures, contrary to 
the results of the schematic theory of the preceding section. 

It is well known that in the case of a boiling liquid the vapour bubbles 
arise, as a rule, not in the interior of the liquid, but on the bottom and 
walls of the vessel containing it. 

This is obviously explained by the fact that the surface free energy 
(Ti^o liquid with respect to the vapour is much larger than its 

surface energy with respect to the substance of the walls, or more 
exactly that the quantity 

Ao- = ^ 1 , 2 * 

equal to the work which must be done per unit area in detaching the 
liquid from the wall to which it adheres, is much smaller than q 
— the work required to separate one part of the liquid from the other 
over the same area. 

This interpretation is supported by the fact, which has already been 
mentioned in Ch. Ill, § 1, that when liquid mercury filling a glass vessel 
is extended by cooling (owing to its adherence to the walls of the vessel 
in connexion with a larger value of the thermal expansion coefficient),* 
it never suffers an internal rupture, but is finally detached from the 
walls at some place where its adherence is especially weak. The adher- 
ence of a liquid to a solid surface, as measured by the quantity Acr, can 
be lowered by a monolayer of some surface active substance or by a 
thin oil film by which this surface is contaminated. Such contamina- 
tions must be carefully removed in order to obtain a more or less marked 
degree of superheating. 

If these contaminations are not distributed uniformly over the whole 
surface, but are concentrated over certain isolated portions of the 
latter, the cavitation of the liquid, on extension or heating, must start 
on these portions, spreading beyond them in the same way as a crack 
on the surface of a solid body. The process of rupture of a solid body, 
as is well known, is greatly facilitated by the presence, on its surface 
or inside it, of embryonic cracks; according to Griffith’s well-known 
theory, a tensile stress directed normally to the plane of the crack is 
Gonbentrated near its edge, where it can reach the theoretical value of 
the tensile strength, while its mean value over a large area may be 

86M.S9 Q p 
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much smaller. According to Griffith’s view, supported in particular by 
the experiments of Joff4 on rock-salt, these ‘over-tensions’ due to small 
local cracks lead to a rupture of a solid body under the action of tensile 
stresses which are, on the average, much smaller than would be expected 
from the theory (the theoretical strength per unit area being of the 
order of 2ai Q/S, where S is of the order of 10“® cm.; see Ch. VI, § 5). . 

These considerations can be equally applied to the rupture of the 
contact between a liquid and a solid surface, under a relatively small 
tensile stress due to a negative pressure, or to a tendency of the liquid 
to evaporate, if 20 ^ ^ is replaced by Aor and if small particles of the wall, 
contaminated by substances, causing a marked lowering of Aa, give 
rise to initial ‘embryonic’ cracks. 

The latter are often found to be pre-existing in the form of minute 
bubbles of some gas absorbed in the liquid or in the walls of the vessel 
containing it; such bubbles can be seen on the surface of a glass of 
water after standing for some time under normal conditions (atmo- 
spheric pressure and room temperature). 

The role of the surface of the vessel can be played by the surface of 
dust particles atid any other solid colloidal particles which are usually 
contained in the liquid, and which can be removed only after a very 
careful purification. It is sometimes believed that such particles can 
serve as ‘nuclei’ for the ebullition process in tke same way as for the 
* condensation of a supersaturated vapour (see below), and that their 
capacity of acting as such nuclei depends mainly on their size. In our 
view the latter is practically irrelevant, the action of the nuclei being 
due to their surface properties; as specified by a small value of the 
adhesion Aa. In other words, the surface of the nuclei must be not 
wetted or rather imperfectly wetted by the liquid. The saftie refers to 
the surface of the walls, or those patches of this surface where the 
embryonic bubbles are most easily formed. The degree of wetting can 
be ascertained from a measurement of the contact angle 6 in the case 
of a bubble or Of a liquid drop. If this angle is reckoned irom the 
surface of the solid to the boundary surface between the liquid and gas 
ihrmghout the liquid •phase, then the wetting is more complete the 
smaller 6, Complete wetting corresponds to 0 ~ 0, complete non- 
wetting to ^ == 180®. Using Neumann’s formula 

i 

we see that if = 180®, ei,t =* Ae = 0, whioh meMU that 

the liquid does not adhere at all to the solid (of course Aor can have even 



§6 CAVITATION AND CONDENSATION PROCESSES 403 

a negative value). If ^ < 90®, the surface of the solid remains covered 
by a thin film of the liquid, forming the bottom of the gas bubble 
adhering to it. For the latter to be detached it is necessary that this 
thin film should be converted into a thick one by a discontinuous 
process, the converse of the process of the adhesion of a bubble to a 
solid surface, which has been examined in § 4 of the preceding chapter. 

The modification of the kinetics of the ebullition process which follows 
from the preceding considerations may be reduced to a replacement of 
the surface tension a (= o-i q) between the liquid and the vapour, which 
determines the critical size of the embryonic bubbles, by the adhesion 
A(7 to the surface of the walls or of dust particles present in the liquid, 
those portions of this surface being active in furthering the cavitation 
or ebullition process which are imperfectly wetted by the liquid, i.e. 
for which Aa « 0 or even < 0. 

It may seem at first sight that in the latter case the contact between 
the liquid and the solid surface must be broken spontaneously irrespec- 
tive of the thermal motion, since this involves a decrease of the free 
energy by the amount ~ |Aa|i4, where A is one-half of the area of the 
arising gas bubble or rather ‘lens’. In reality, however, so long as the 
latter is limited by a certain boundary line it is necessary to take into 
account the linear free energy of this boundary aL, which must always 
have a positive value (a being the linear tension along L), i.e. the free 
energy per unit length. 

Now, it is clear that for small values of A and L the linear term must 
be more important than the surface one, since C is of the second order 
of smallness compared with L. Thus, for example, if the arising cavity 
is a disk with a radius r, we have L = 2,nr and A = the resulting 
change of the free energy (or thermodynamic potential) 

AO = A(7.7rr24-a27rr 

must therefore be positive for sufficiently small values of r even in the 
case when Aor < 0. 

The situation is here quite similar to that which is met with in the 
case of ordinary (volume) cavitation in a superheated liquid, the volume - 
of the embryonic gas bubble being replaced by the area of the embryonic 
lens A^ and its surface cavitation in the case Act < 0 requires an activa- 
tion (free) energy equal to the maximum value of the preceding expres- 
sion for AO, naihely AO = Ja 27 rr* = omr* = 7ra®/|A(7|, where r* = a/|Aa| 
is the corresponding critical value of the radius. The probability that 
such a cavitation will actually take place referred to unit time must 
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thus be proportional to g. tend to zero as the temperature 

is lowered). 

In reality the situation is complicated by the fact that the arising 
cavity is filled up by some gas — ^partially by the vapour of the liquid, 
but mainly, as a rule, by foreign gases dissolved in the latter. If this 
solution is supersaturated (as is usually the case when the temperature , 
is sufficiently raised), the formation of this gas phase is accompanied 
by a decrease of the free (thermodynamic potential) by an amount 
proportional to the volume of the cavity, which is an additional factor 
furthering its formation. The total change of the free energy, including 
the volume term, is thus equal to 

A<I> == F4- Aff + aL, 

where A^ = difference between the thermodynamic 

potential of unit Volume of the gas phase and the equivalent quantity 
of the dissolved phase. In the case of a supersaturated solution ^(j) < 0. 
Putting V = Ahy where h is the mean width of the cavity, which at 
the instant of its origin must be of the order of 10~® cm., we can treat 
the volume term as a simple addition to the surface one, corresponding 
to a change of the effective value of Aa by the product A^fe. 

^The secretion of foreign gases dissolved in a liquid through the 
volume of the latter or on the surface of the vessel containing it is a 
process quite similar to the process of the boiling of the liquid, and 
well known to be a factor helping, or even starting, this boiling. Its 
connexion with pre^iling phenomena is illustrated by the rapid in- 
crease of the absorptioh (damping) of ultrasonic waves propagated 
through a liquid containing large amounts of dissolved gases when its 
temperature is approaching the boiling-point, this damping being due 
.to the scattering of the waves by the embryonic gas bubbles originating 
in tiie volume of the liquid on the surface of dust particles and other 
colloidal contaminations. 

It should be mentioned that the cavitation, and especially surface 
cavitation, must be greatly facilitated by strong ultrasonie vibrations 
since they are associated with negative pressures (alternating with 
positive ones) of a very large magnitude. 

Since the contact surface between a liquid and a solid is, as a rule, 
the seat of an electric double layer, surface cavitation, which means a 
rapid separation between the positive and neg^ive halves of such a 
layeri must involve the appearance of high potential differences corre- 
sponding to electric fields of the same magnitude (10^ volt/cm.) as 



§« 


CAVITATION AND CONDENSATION PROCESSES 


405 


those initially confined to the contact surface. When the thickness of 
the gas lens becomes a few times larger than the mean free path of 
electrons in the gas filling it, an electric discharge, due to cumulative 
ionization by collision of the electrons, must take place (unless it is 
growing so slowly that the opposite charges have a chance of getting 
neutralized by an electric current fiowing in the solid-liquid ‘container’ 
of the gas lens). The fact that such micro-electric discharges actually 
take place in a liquid as a result of cavitations due to powerful ultra- 
sonic vibrations has not yet been ascertained by direct experiment. 
The latter shows, however, in a conclusive way that the propagation 
of strong ultrasonic vibrations in a liquid gives rise to chemical action 
(formation of atomic oxygen, hydrogen peroxide, etc.), which on the 
preceding theory can be treated as a direct result of electric discharges 
in the gas bubbles or as a photochemical action, due to ultra-violet 
light, emitted as a result of such discharges.! 

We shall now turn to a discussion of the factors which facilitate the 
converse process of the condensation of a supersaturated vapour. It is 
usually assumed that this condensation is facilitated (in the sense of a 
lowering of the degree of supersaturation which is required for a siifii- 
ciently rapid rate of this process) by the presence of dust particles, 
which serve as condensation nuclei owing to the fact that they set a 
lower limit, different from zero, to the size (radius) of the embryonic 
liquid drops. In fact, if a solid sphere of radius Vq is covered by a thin 
film of the liquid with a thickness h < Tq, this film must behave in the 
same way as a liquid drop with a radius r^+hy if the influence of the 
solid is assumed to be immaterial (which in reality is not true, see belpw). 
Hence, in order to ensure the rapid condensation of the vapour it is 
sufficient to overcompress or overcool it in such a way that Tq+A « Tq 
should be equal to the critical radius r* of the simple theory developed 
in the preceding sections; for a given temperature T the minimum 
pressure necessary for a rapid condensation is thus given by equation 
(2), that is, 


log- 


2(jVn 


or the miiiimum degree of overcooling by (6 b), i.e. 

Ato ■ 

As a matter of fact the degree of supersaturation can be even somewhat 

t This theory was initially proposed by the writer in a somewhat different form, based 
on the consideration of the volumo-oavitation only. See J . Frenkel, Acto Phyaicochimica. 
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smaller, i.e. the critical radius r* somewhat larger than fo, by an amount 
corresponding, according to (27) and (28), to a range 


l27rkT 11 ^kT A 

J y ~ I 


of g values in the vicinity of critical one g*. Noting that firr® = v^g, 
we have 




/2 


or, if r* is here approximately identified with Tq, ^a~“0b replaced by 
^av^jkTr^, and g* by fTTr^/v^, 


Ar 


1 jkT 

2 V CT ’ 


which is of the order of 10~® cm. 


The preceding argument, in spite of its apparent simplicity and 
conclusiveness, is in reality only partially correct. In fact, if the size 
of the dust particles were the sole factor determining their capacity to 
act as condensation nuclei, then it would be utterly incomprehensible 
why the condensation process should not begin, in the absence of any 
such nuclei, on the walls of the vessel containing the vapour, since 
these walls are practically flat (r = oo), so that from the purely geo- 
metrical point of view no supersaturation should be required at all. 

If this geometrical approach to the problem were fully correct, it 
would be impossible to obtain even the smallest supersaturation of a 
vapour in a closed space, which is obviously wrong. The fallacy of the 
preceding argument consists in neglecting the physico-chemical factors 
which determine the adsorption of the vapour on the solid surface (of 
the walls, or of the dust particles) in the form of a monomolecular layer 
or a polymolecular film and its equilibrium with thicker films and with 
the gas phase. Now these factors are of decisive importance for the 
effectiveness or non-effectiveness of the geometrical factor represented 
by the curvature of the solid surface. Generally speaking, if the latter 
is not wetted by the liquid (Aa < 0), condensation will not take place 
without a sufficient degree of supersaturation, even upon a flat 
surface (r = oo); in the best case a monomolecular adsorbed layer will 
be formed which, however, wUl not be able to develop into a thicker 
film. But even in the case of strong wetting (Act > 0 , contact angle 
0 < 90"^) a certain degree of supersaturation of the yapour is, in general, 
required for the condensation process to start with a measurable 
velocity. 
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This result is a consequence of the fact that the range of molecular 
forces is in reality larger than the distance between the nearest neigh- 
bours in the liquid (or solid) phase, and that, consequently, the evapora- 
tion energy per molecule in the case of a thin liquid film is smaller than 
in that of a thicker one, the thickness of the film h thus playing a role 
similar to that of the radius in the case of small drops. 

A quantitative estimate of the influence of h on the evaporation 
energy can be obtained as follows. 

The potential energy of a molecule in the external (superficial) layer 
of a thin film U(h) is equal to its energy with respect to a liquid extend- 
ing practically to infinity ?7(oo) decreased by the energy U{co,h) with 
respect to the same liquid, when the particle is removed from the surface 
of the latter at a distance h. Now, Uao is obviously equal to the normal 
value of the evaporation energy, while U{oOyh) can be represented 
according to § 4, Ch. VI, by the formula 

if the potential energy of two molecules is assumed to be inversely 
proportional to the (/i+ 3 )th power of their distance apart. This expres- 
sion does not take into account the molecular forces due to the presence 
of the solid surface; they can be neglected if the latter is not wetted 
by the liquid. 


We thus get 




This formula is similar to the expression (3) for the evaporation 
energy per molecule of a drop with a radius r 


Tj 2aVB 


which can be written in the form 

since 20^3 is practically equal to 

Hence it is clear that in the case of a liquid which does not wet, or 
wets only imperfectly, the walls of the vessel, or the surface of the 
dust particles present in the vapour, the condensation of the latter 
requires a certain degree of supersaturation, just as in the case of the 
Thomson-Volmer theory, with 8 /r replaced by ( 8 /r)^, where in the case 
of the London forces ft == 3. 

Since the vapour pressure in a state of statistical equilibrium can be 
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represented as a function of the evaporation energy U and the tem- 
perature by the formula p = const. we see that in the case 

of a thin film the vapour pressure is increased with respect to the value 
Poo» corresponding to a thick layer, according to the formula 

= (31) 

which can be rewritten in the form 


logf* 

Pco 


kTh^' 


(31a) 


similar to Thomson’s formula (2). 

Just as in the latter case the equilibrium between the vapour and 
^ the film turns out to be unstable with respect to a variation of the 
thickness, a film with a thickness smaller than that which corresponds 
to the vapour pressure p — Pj^ according to (31a) tending to get still 
thinner (its evaporation rate olj^ being larger than the rate of condensa- 
tion j3), while a thicker film tends to increase in thickness (a^^ < j8). 

In order to account for the mutual action between the molecules of 
^ the Uquid (or the gas) and those of the solid body when the surface of 
the latter is wetted, it is necessary to replace by the difference 
where the second term represents the potential energy of 
the forces due to the solid body at a distance h from its surface. 

The expression (30) for the evaporation energy is replaced in this 


ease by 



(31b) 


where e is a numerical coefficient, equal to the ratio between the 
adsorption energy of a molecule of the liquid (or gaseous) phase on the 
surface of the sdid and the evaporation energy If fi' = /i, the 
introduction of the additional term accounting for the mutual action 
of the molecules with the solid body is equivalent to a diminution of 
the constant 8 referring to the liquid alone. If, moreover, € > 1, which 
means that the solid surface is wetted fairly well by the liquid, a super- 
saturation of the vapour must either be impossible at all or be reduced 
to the degree corresponding, in the sense of Thomson’s formula, to the 
size of liquid drops having a critical radius equal to the radius of the 
dust particles acting as condensation nuclei. 

It should be mentioned that in the latter case, just as in the case of 
the absence of any nuclei and of surface effect ^ue to the walls, it is 
necessary to introduce a correction in Thomson’s formula in order to 
account more accurately for the dependence of the evaporation energy 
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on the radius of the drop. This can be done if the surface tension a in 
Thomson’s formula is treated not as a constant, but as a (decreasing) 
function of the radius of the drop. This function can be identified 
approximately with the surface tension of a film, having a thickness 
h = 2r, and can be written in the form 


a 



according to (11) and (13a) Ch. VI. 

In the case of a liquid which is wetting the surface of a solid body, 
the condensation of the vapour into a thin liquid film must take place 
at a pressure which is lower than that corresponding to a thermo- 
dynamical equilibrium betVeen the vapour and the liquid phase (in 
bulk). The thickness of the resulting film h is an increasing function 
of the vapour pressure p which can be determined from an equation 
of the type (31 a) if pJ^ is identified with p, and is replaced by 

( gfi gfi'\ 

€p;|, on the assumption that the latter expression has a 


negative value, 
we get 


Putting, for example, ^ = jic' — 3 (London forces). 


km 



(!P < 2)„). 


(32) 


As p approaches Poo the thickness of the film h tends to infinity. 

The above considerations explain the phenomenon of multilayer 
adsorption, observed in the case of such substances which in the liquid 
state wet the surface of the adsorbent. This type of adsorption is 
often denoted as ‘capillary condensation’. It is especially pronounced 
in that case when the surface of the adsorbent contains small 
cracks and fissures. The preceding theory can easily be extended to 
this case. 

The equilibrium between a liquid film wetting the surface of the 
adsorbent and the vapour phase is stable, while in the case of a non- 
wetting film it is unstable, as has already been indicated above in 
connexion with equation (31a). The latter circumstance is of decisive 
importance for the kinetic theory of the condensation of a saturated — 
or rather supersaturated — ^vapour on the walls of the container or on 
the surface of solid particles suspended in it. The stability or instability 
of the equilibrium between a liquid film and the vapour of the same 
substance can be inferred from the fact that the thermodynamic 
potential 0 of the system constituted by them, considered as a function 
of the thickness of the film A, for a fixed value of the total number ^f 
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molecules in the two phases has a minimum in the former case and 
a maximum in the latter (just as in the case of the equilibrium between 
a liquid drop and its supersaturated vapour, according to Thomson’s 
theory). 

The potential O can be calculated as follows. According to the 
definition otthe quantity U (h) in (31 b) we see that the complete value 
of the evaporation energy of a film with a thickness h is equal to the 

h 

C dx 

one molecule of the liquid, is the number of molecules in a layer of 
thickness dx (per unit area). The difference, between this integral and 
the product V^hjv^ is the correction to the normal value of the 
evaporation energy due to the small thickness of the film, so that the 

quantity iF(A) = J JJ | can be 

defined as the corresponding correction to the potential energy of the 
film. Neglecting entropy effects we thus obtain the following expression 
for 0 as a fimction of h : 


^ (^B — ^ (^)“I“‘^A'^ > 

where and denote the potentials of a single molecule of the 
vapour and liquid phase respectively — for the limiting case of a very 
thick film {h = oo), while N is the total number of molecules. 

Putting, for the sake of simplicity, fjL = fi' = 3 we get 

<l»=(^B-^AWt-B + ^-^=^- + conflt. (33) 

If € > 1, which means that the surface of the adsorbent is wetted by 
the liquid, then $ has a minimum when > <f>^ (unsaturated vapour) 
decreasing monotonically in the contrary case. If c < 1 (poorly wetting 
liquid), then <I> increases monotonically in, the latter case and has a 
maximum when <f>^ < (supersaturated vapour). The value of h 
corresponding to the minimum or maximum value of 0 is determined 
by the equation ^3 
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pressure for a given temperature T, If on the contrary they are con- 
sidered as functions of the temperature for a given pressure p, we get, 


since |^b-^aI = 

-*0 




|c-l| 


S3 

^ 3 ’ 


(33 a) 


where is the temperature of the boiling-point for the pressure p. 

The preceding results have an important bearing on the kinetics 
of the condensation process on the surface of a body which is not 
wetted or is poorly wetted by the liquid under consideration. With- 
out going into the mathematical details we can describe this process as 
follows. 

The surface is covered by patches of the liquid in the form of thin 
films which are growing in some places and getting thinner in others, 
until they reach a critical thickness h = A*, determined by (33 a), 
whereafter their growth proceeds in a practically monotonic way and 
at an accelerated rate. The number of ‘patches ^ or rather the fraction 
of the total area which is covered with a film whose thickness lies 
between h and h+dh, is proportional to where is given 

by (33). This factor determines, in the main features, the rate of the 
condensation process in its initial stages. The situation may be com- 
plicated, as has already been mentioned by the instability of films in 
a certain range of thicknesses. In the case of small dust particles it is 
further complicated by their curvature 1/r, which is a factor acting in 
'the same direction as the ‘thickness’ l/h. If the dust particle contain 
a substance which can be partially dissolved in the liquid, the vapour 
pressure of the latter is decreased, according to Raoult’s law, and the 
rate of supersaturation which is necessary for a sufficiently rapid con- 
densation is decreased. It can even sometimes become negative in the 
sense that the vapour becomes condensed into a fog, while it is appar- 
ently non-saturated. 

This condition is met with sometimes in the condensation of water 
vapour in the atmosphere, when the latter contains nuclei of salt-like 
substances (supposed to originate from the sea) or with dust particles 
containing large amounts of such soluble substances. 

It is well known that the role of condensation nuclei can be played 
by ions/ It seems, however, that the ions do not form the starting- 
points in the formation of the embryos of the liquid phase, but become 
attached to such embryos when they have already reached a certain size, 
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thus converting them from subcritical (r < r ♦) into supercritical (r > rj), 
and so stabilizing the embryos at a rather early period of their 
development. 

According to J. J. Thomson’s old theory, the electrical stabilization 
of liquid drops in a supersaturated vapour was explained on the 
assumption that the electric charge e was distributed uniformly over 
their surface. Under such conditions the surface (free) energy of the 
drop 47rr*(7 is increased by its electric energy c*/2r, so that the thermo- 
dynamic potential of the system vapour (A) + liquid drop (B) turns out 

® ( 34 ) 


It reaches a maximum, corresponding to an unstable equilibrium 
between the vapour and the liquid drop, for a value of the radius 
determined by the equation 


^B-^A I _ Q 

r SttH “ ’ 


(34 a) 


which is a generalization of the equation (1 a). It should be mentioned 
that the quantity is equal to the negative pressure due 

to the electric charge of the drop, so that the difference 2<T/r— e^/Sirr^ 
& equal to the resulting positive pressure. 

It is seen from (34 a) that the presence of an electric charge leads tc 
a decrease of the critical radius of the drop for a given degree of super- 
saturation of the vapour (i.e. for a given value of the difference 
This explains in a qualitative way the fact that the condensation of 
the vapour is facilitated by the presence of ions. 

Thomson’s theory would be exact if the charge of the drop e was 
constituted by a large number of ions of the same sign, distributed 
more or less uniformly over its surface. In reality, however, as has been 
shown by Thomson himself in his classical experiments on the con- 
densation of a supersaturated vapour on ions, each drop contains, as 
a rule, but a single ion. Under such conditions the assumption of a 
uniform distribution of this charge over the surface of the drop is 
devoid of physical meaning. If it is assumed, on the other hand, that 
the ion is situated at the centre of the drop, the electric energy of the 
latter due to its presence is given by the formula 




i)*4Trr* df, 
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where D = e/r® is the electric induction of the ion and a the effective 
radius of the ion. Substituting the latter expression we get 



The first term represents the energy of the absorption of the ion by 
a liquid drop of a very large size (r = oo), while the second term 



is a correction for the finite value of the radius. It must be substituted 
in the expression (34) for Thomson’s additional term e2/2r, and thus 
proves to differ from the latter by the factor 1 — l/c only. For water 
this factor is practically identical with 1. 

The fact that supersaturated water-vapour is more readily condensed 
on negative ions than on positive ions could be explained, at first sight, 
by assuming that the water molecules in the surface layer of the drop 
are self-orientated in such a way that their negative ends point out- 
wards and the positive inwards, forming a double layer with an electric 
potential which is larger inside the drop than outside it. If, however, 
the degree of orientation is independent of the radius of the drop a, 
the additional energy due to the adsorption of a negative ion by the 
drop would be independent of its radius, and would not, accordingly, 
influence the value of the critical radius. In order to explain why, 
in the case of the negative ions, it is reduced to a greater extent than 
in the case of positive ions, we must assume, either that the degree 
of orientation increases with increase of the radius (which is quite 
plausible), or take into account, besides the dipole moments of the 
molecules, their electrical quadrupole moments, supposed to be rigidly 
attached to the dipole ones, 

6. Kinetics of the Crystallization Process 

The crystallization process can take place directly from the gas 
phase, from a supersaturated liquid solution, or finally from the liquid 
phase of the pure substance. Apart from certain special features, 
connected with the regular polyhedral shape of the crystals, the kinetics 
of the first process does not differ, in principle, from the kinetics of the 
condensation process considered above. It should be mentioned that, 
according to Ostwald, the molecules of a supersaturated vapour first 
condense into drbps of a supercooled liquid which are thereafter crystal- 
lized, It is certain, however, that in many cases the transition from the 
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gas phase into the crystalline one takes place directly, and not via the 
liquid phase. 

A liquid solution differs from a gas by the presence of the molecules 
of the solvent. In so far as the latter do not participate in the crystal- 
lization of the dissolved substance, their influence consists in preventing 
their free transition from the solution to the crystalline phase. This 
influence can be described by decreasing the rate of crystallization jS 
(number of dissolved molecules which pass from the solution to the 
crystal per unit time and area) with respect to its value pQ for a gas 
by a factor y, representing the probability that a molecule of the 
dissolved substance is in a ‘gas-like’ state, i.e. capable of moving from 
- its initial site among the molecules of the solvent near the surface of 
the crystal to its final site, on this surface. 

As has been shown in Ch. IV, the transition of a molecule of a liquid 
into such a gas-like state is a pre-requisite for its diffusion, or self- 
diffusion, and requires a certain activation energy A£/, which deter- 
mines the temperature dependence of the diffusion coefficient D accord- 
ing to the formula D = or the viscosity of the solvent (in 

the case of diluted solutions) according to the formula r) = 

Since the fraction of the molecules which must be found in such an 
‘activated’ or ‘movable’ state at any instant of time is equal to 
we must put ^ (341,) 

where = n^(kTl 27 rm)y n being the concentration of the dissolved 
substance (number of molecules per unit volume). Equating jS to a, 
the rate of dissolution of the crystal per unit time and area we must 
obtain for n a value 

which must be independent of A 17 , and be determined by the energy 
of solution U alone. Hence it follows that the rate of disintegration of 
a crystal in a solution must be smaller than in the case of evaporation, 
if the evaporation energy is equal to that of dissolution, by the same 
factor which gives the ratio between p and Pq, In reality, 

however, the energy of solution is, as a rule, much smaller than the 
evaporation energy, which explains the possibility of obtaining very 
high values of the concentration, and corresponds to relatively very 
large values of a. 

Similar considerations apply to the process of crystallization 
the liquid phase. The growth of the crystalline embryos in an over- 
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cooled liquid implies a preliminary release of the molecules settling 
down on their surface from the neighbouring molecules of the surround- 
ing liquid. If the latter were not in contact with the crystal, then the 
activation energy which is necessary for this release would coincide 
with the evaporation energy of the liquid. In the presence of such a 
contact it must reduce to the same value A?7 which corresponds to the 
self-diffusion in the liquid or to the viscosity of the latter. Hence it 
follows that, other things being equal, the crystallization velocity of 
an overcooled liquid must decrease with increase of the degree of 
overcooling inversely as its viscosity.f 
Assuming that the velocity of crystallization, just as that of any 
other transition process associated with the existence and growth of 
the embryos of the new phase B amidst the initial one (A), is propor- 
tional to the relative abundance of the embryos with a critical size 
Z^., and treating them as small spheres, we obtain the following ex- 
pression for the velocity of crystallization from a melt or a solution: 

/ = const. (35) 


or if r* is expressed as a function of the degree of overcooling, according 
to equation (6 b), 


I = const, exp 




Since increases with the degree of overcooling while l/rj ^-t^uikT 
decreases as the temperature is lowered, this expression must reach a 
maximum value for a certain degree of overcooling. The ‘optimum* 
temperature = TqJx, corresponding to this maximum, is determined 
by the equation ^ ^ 


(36) 


the maximum value of I being given by 

= const. (36 a) 

If X lies sufficiently close to 1, the preceding equation reduces to 


a;— 1 = 


Tq-T, _ 



{36 b) 


and (36 a) to = const, 

Putting <t/A« 2x10-*, as follows from the theory of pre-melting, 
developed in § 3, we get x— 1 » 10"*, i.e. Tq—T = 3° if IJ, = 300° K. 
This figure seems to be of the correct order of magmtude in the case 

t These consideratioiis were developed by the present author in 1932 {Sow, Phya, 1, 
498 (1932)). 
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of relatively simple substances, like metals or salts. In the case of such 
liquids as tend to solidify without crystallization (glasses, glycerine, 
etc.), the optimum overcooling must be much larger, of the order of 
100 degrees and even more, and the .corresponding maximum crystal- 
lization velocity must accordingly be very low. This explains the fact 
that when cooled down sufficiently rapidly such liquids do not crystal- 



lize. The decisive role, according to equation (36 a), is played by 
the large viscosity of these' liquids, especially in the overcooled state, 
^r more exactly, by the large value of the activation energy of self- 
diffusion A17, whereas the surface tension between the crystalline and 
the liquid phase is probably only of secondary importance. 

The fact that the velocity of crystallization, or, more exactly, of the 
formation of crystallization nuclei (i.e. of embryos, exceeding the critical 
size), displays a maximum, as a function of the degree of overcooling, 
as shown by the full curve in Fig. 49, was established experimentally 
long ago, especially by Tammann and his school. The correctness of 
our interpretation of the experimental results, as represented by the 
curve /(<), given above, has been recently checked by Michnevitch,t 
who has shown, using such liquids as salol, betol, and piperine, which 
are liable to strong overcooling (by 60® and even more), that the 
product of I and the viscosity of the liquid (at the corresponding 
temperature) rises monotonically as the temperature is lowered below 
the standard crystallization point as shown by the dotted line in Fig. 49. 

t G. L. Michnevitoh, Diasertation, Odessa, 1941. In hS experiments Miohneyitch 
kept the liquid for a certain length of time t at the temperature under investigation T 
and thereafter heated it for a relatively very short time ^ to a temperf^ture slightly 
beloir Tf ; the submicroscopioal nuclei, which had arisen during the first period, developed 
rapidly during the second one to a large size, when they could easily be seen through 
the mioroeoope (heat ‘development* of nuclei). 
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According to Tammann the velocity of crystallization is usually 
characterized by two different quantities, namely the rate of birth of 
crystallization centres which has been considered above (/), and the 
‘linear crystallization velocity’, i.e. the vdocity with which the boun- 
dary surface between the melt and the crystallized mass of the substance 
moves forward under macroscopic conditions (in a cooled tube, for 
example). 

The latter velocity is devoid of a direct physical meaning, for the 
temperature near the boundary surface between the liquid and the 
crystal is raised owing to the evolution of the latent heat of crystalliza- 
tion, being determined by the rate of flow of heat away from this 
surface. In the case of the growth of crystal embryos the temperature 
at their surface, owing to their small size, can remain much lower than 
Tq, and practically identical with the average temperature T of the 
whole body. 

The experimental investigation of the crystallization of overcooled 
liquids shows that the velocity of this process is influenced by a number 
of factors which are left out of account by the preceding theory. In 
the first place we must cite the influence of the walls of the vessel 
containing the liquid, and of various colloidal particles serving as 
crystallization nuclei, just as in the case of the condensation of a 
supersaturated vapour. A good wetting of the solid surface by the 
liquid (melt) seems to be in both cases a necessary condition for the 
effectiveness of the corresponding bodies in furthering the crystalliza- 
tion process. 

It has been found by a number of investigationsf that the crystalliza- 
tion of certain organic liquids (piperine and salol, in particular) is 
facilitated by electric fields (sometimes by magnetic ones too), especially 
in the neighbourhood of the walls of the vessel, and by various ionizing 
agents. It seems that in both cases we have to do with a stabilizatioh 
of the crystallization nuclei by the attachment of ions either formed 
in the liquid or penetrating into it from the solid surfaces (glass and 
others). 

These contact and electric effects can probably be explained on the 
same lines as in the case of the condensation process, with due regard 
to the modification of the properties of a liquid in the vicinity of the 
surface of a solid body under the influence of its molecular field, and 
of the resulting alteration of the surface entropy. 

The experimental investigation of the crystallization of overcooled 

t See, for example, Bliohnevitch, Acta Physicochimica U*R.S,8,, 12, 444 (1940). 

85»5.at 3 h 
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liquids shows that the degree of supercooling which can be reached 
|i.e. for which the crystallization begins with a marked velocity) depends 
on the previous heat treatment of the system. The longer the liquid 
has been kept, before being cooled down, at a temperature 
and the higher this temperature, the lower the temperature < IJ, 
it can withstand without crystallization. This influence of the *pre- 
heating’ of a liquid on its resistance to crystallization (as measured by 
the maximum attainable degree of overcooling) can be reduced, in 
principle, to a destruction (i.e. melting) of various foreign particles 
with a higher meltiUg-point « Tg), which, if they remained intact, 
could serve as crystallization nuclei for the main substance. After 
dissolving in the latter (at a temperature T^) they can of course be 
regenerated when the solution is cooled down. It is conceivable, how- 
ever, that the crj^stallization of such impurities requires a high degree of 
overcooling. If this is so, then their presence in a molecularly dispersed 
state will no longer facilitate the crystallization of the main substance 
when it ifi cooled down below the standard crystallization point Tq. 
This point of view is supported by the interesting phenomena of 
‘memory’ Which are observed under certain, not fully elucidated, con-^ 
ditions if the system is repeatedly fused and crystallized. The crystals 
^hich are formed during the latter portion of the cycle are found to 
prejlerve — ^at certain places at least, near the wafls of the container — 
an invariable orientation, as if they ‘remembered’ the orientation which 
they acquired in the course of the preceding crystallization. 

It is possible, however, that the role of such crystallization centres 
is played by small crystals of the main substance, which have not had 
enough time to get fully fused during the period of heating, especially 
if their melting-point is somewhat raised by the influence of the 
molecular field of the solid walls (or solid colloidal particles) on which 
they arise.f ^ 

A better understanding of the phenomenon of ‘crystallization memory ’ 
requires a deeper insight into the specific features of the kinetics of the 
crystallization process and the role played in this process by the surface 
of solid bodies which are in contact with the liquid. 

These specific features of the ci^tallization process, which distin- 
guish it rather sharply from the process of the condensation of a vapour 
into a liquid, are connected with , the fact that crystals, in contra- 
distinction to liquids, have a regular polyhedral jhape, being bounded, 
in stc^ of thermodynamical equilibrium, by planes which correspond 
t Cf. y. Danilov and Neumark, Sow. Phyo, 13, 818 (1987)« 
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to a minimum of the surface energy or, more exactly, of the surface 
tension. , 

If the shape of a crystal embryo is supposed to remain constant in 
the course of its growth, and if the energy of evaporation or melting 
is supposed to remain the same for a given crystal face irrespective of 
its extension, it becomes, at first sight, utterly unintelligible that a 
crystal embryo can be in a state of (unstable) equilibrium with an 
overcpoled liquid, if its size has a certain critical value corresponding 
to this temperature. It should be remembered that in the case of 
equilibrium between a supersaturated vapour and an embryonic liquid 
drop, the dependence of the equilibrium temperature (i.e. degree of 
overcooling) on the size of the drop can be reduced to a change of the 
latent heat of evaporation per molecule as a result of a change of the 
fraction of the molecules in the surface layer of the drop. If the transi- 
tion from the gaseous state, not into the liquid state, but into the 
crystalline one is considered, the variation of the equilibrium tempera- 
ture (for a given temperature) must likewise be reduced to a similar 
cause. So long, however, as the shape of the crystal can be treated as 
constant, and the faces bounding it as flat, the decrease of the evapora- 
tion energy with a decrease of the crystal size can be explained by the 
increase of the fraction of the molecules which occupy especially dis- 
advantageous sites, i.e. which require an abnormally small energy for 
their removal from the surface of the crystal. These are obviously 
those molecules which constitute the edges and the corners of the 
crystal. 

We shall consider, by way of illustration, a crystal of a cubical shape, 
constituted by cubical particles linked together by their faces. Let the 
energy required for separating two such particles from each other be 
denoted by V^, The energy required for removing a particle from the 
interior of the crystal, where it is surrounded by 6 neighbours, must 
in this case be equal to OJ/j. If all the N particles of the crystal could 
be treated in the same way, i.e. as if they were situated in its interior, 
the total energy of the crystal (with respect to the vapour) would be 
equal to == Hence it follows that the evaporation 

energy per molecule would be equal to a constant value 

This result is, however, correct in the limiting case only of an infinitely 
large crystal. In the case of a crystal of a cubical shape, constituted 
by a finite number iV = of cubic particles, we must take into account 
the existence of external^ particles, which have a smaller number of 
neighbours and, accordingly, an abnormally small evaporation energy* 
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The total number of these external particles is obviously equal to 
(since the surface layer formed by them limits a cube with 
an edge by two units smaller than that of the whole cube). Out of 
these, 6(6'— 2)2 particles form the 6 faces of the cube, without belong- 
ing either to its edges or to its corners, 12(6—2) constitute the edges 
without belonging to the corners, and 8 are situated at the 8 comers. 

The latter particles have only 3 neighbours each; those situated 
on the edges have 4, while the remaining particles, forming the bulk 
of the faces, have 6 neighbours each. 

The total energy of the crystal is thus equal to 

Wj, = -|6i(6-2)3-i6i6(6-2)2-|£7il2(6-2)-iC7i8. 

that is, = _-3(62-62)?7 i - -3(N-Ni)Ul 

If the shape of the crystal did not change in the process of its evapora- 
tion, the evaporation energy, referred to one particle, would be equal to 


U — — 2U —2 


v^~ 


2 ^ 

3 m' 


which would correspond to an increase of the vapour pressure in the 

ratio „ 

Pn _ ^\U<»lkTN\^ 

Poo 

In reality, however, the evaporation of the crystal must be accom- 
panied by at least a temporary deviation from the regular cubical shape 
considered above. The course of this process must be influenced by 
the fact that the actual evaporation energy, instead of being equal to 
the mean value computed above, must vary between the limits 5Ui 
for the most firmly bound particles on the faces of the crystal, before 
they begin to disintegrate, and for the last particle left on a given 
face, after the removal of the surface layer to which it originally 
belong^. 

These circumstonces were taken into account for the first timer by 
Kossel, who used them as a basis for the kinetic theory of the crystal- 
lization process and of the converse process of evaporation.! According 
to this theory these processes do not proceed smoothly, as usually 
assumed, but in a jerky way. Thus, for example, in the case of an ideal 
ctystal considered above, the evaporation must start on one of its 
comers and thereafter develop along -one of^the edges. After this 
preBminary stage it can assume a more or less steady character, being 

t W. KoBsel, Awi. d, Phy$. 21, 467 (1934). 
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propagated along subsequent rows of particles parallel to one of the 
edges and constituting a given face, until the whole outermost layer, 
corresponding to this face, is removed. After the close of such an 
evaporation cycle a new cycle of the same type must begin (several 
cycles can, of course, proceed simultaneously on different faces). 

From this point of view the process of 
evaporation of a crystal can be likened 
to an inversion of the process of writing 
a book, by a subsequent addition of new 
characters to each line, of new lines to 
each page, and a transition to a new blank 
page after the preceding one has been 
mied. 

This process of writing a book can 
serve, according to Kossel’s theory, as an 
illustration of the process of the growth 
of a crystal by a condensation of particles from the gas phase, a solu- 
tion, or a melt. 

KosseFs scheme is illustrated in Fig. 50, which represents a phase 
of the quasi-steady period of the process of crystallization or evapora- 
tion' (melting, dissolution). The particle which is just going to evaporate 
is denoted by a cross. Since it has three neighbours, its evaporation 
'energy is exactly equal to Sr/j, i.e. to the average evaporation energy 
in a crystal of unlimited size. The last particle of each row has an 
evaporation energy C/j. 

The mean life of an adsorbed particle is equal to t — tq where 
tq is the period of its free vibrations on the surface of the adsorbent, 
and If the adsorption energy, i.e. the work which must be done to 
remove the adsorbed particle. The reciprocal of t can be defined as the 
probability of the evaporation of the adsorbed particle, referred to unit 
time. The corresponding probability for one of the particles constituting 
the surface layer of a crystal can be expressed by a formula of the same 



. type 




where pq = l/r^. Hence it follows that this probability is much larger 
for the last atom of a face or of a rbw than for the initial one (even if 
the latter occupies a comer position). 

This circumstance must lead to an acceleration of the evaporation 
process towards the end of each subcycle (consisting of the evaporation 
of a row of particles) and'to a pause at the beginning of each new cycle. 
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It must, however, exert a much more pronounced influence on the 
converse process of crystallization. 

After the formation of a new layer of particles on one of the faces of 
the crystal has been completed, a certain, possibly long, pause must 
ensue, owing to the fact that the particles beginning the formation of 
the next layer prove to be in an unfavourable condition, being, as a 
rule, isolated, i.e. deprived of any side neighbours and but relatively 
weakly bound to the ‘base’ {W = Ui), As a result, most of them will 
re-evaporate without giving birth to a new layer. The latter can begin 
to arise in those — relatively rare — cases only in which, during the 
short lifetime Tj = of an isolated particle on the top of a 

complete layer, a second particle is deposited beside it from the gas 
(or liquid) phase, or comes to its aid, as it were, by way of surface 
diffusion. Each component of the doublet formed in this way has a 
lifetime of the order i.e. enormously larger, under ordi- 

nary conditions, than an isolated atom, and accordingly an immensely 
larger chance of developing into a new surface colony. We thus see 
that a new layer of particles can begin to grow on the top of the pre- 
ceding one only after an embryonic colony, consisting of two, three, 
or more particles, has arisen somewhere, as a result of a lucky fluctuation. 
The kinetics of this process is essentially similar to the kinetics of the 
adsorption of a monolayer of particles on the surface of a foreign body, 
which was considered by the author in 1924, in connexion with the 
experimental investigation of the phenomenon of ‘critical condensation 
temperature’ by the method of ‘doublets’.f This method consisted in 
calculating the number of doublets corresponding to a given total 
number of adsorbed particles, for a random distribution of the latter, 
on the assumption that these doublets can give rise to stable colonies 
of a larger size. 

Similar results can be obtained in a stricter form by the application 
to the problem under consideration of the method of heterophase 
fluctuations, the isolated particles adsorbed' on a completed layer being 
treated as a two-dimensional gas phase, while doublets, triplets, and 
larger groups of particles occupying neiglhbouring sites, i.e. forming a 
compact colony, are treated as embryos of the condensed phase (B). 

The concentration of the isolated particles, i.e. their number per unit 
area n', can be calculated as a function of their volume concentration 
in the vapour n, and of the temperature, according to the formula 

w' = (37) 

t J. Frenkel, Z,f, Phy», 26, 117 UMi). . 
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which has been derived in Ch. I, § 1, and where 8 = ^(ir/27r/) (effective 
thickness of the adsorbed layer). If all the two-dimensional colonies 
are assumed to have the same shape (circular or rectangular, for 
instance), corresponding to the smallest value of the potential energy 
for a given number g of particles constituting them, then the number 
of embryonic colonies of a given size can be determined by the general 


formula 




(37 a) 


where (37 b) 


is the increase of the thermodynamical potential of the system and 
adsorbed particles, connected with the formation of a compact colony 
of ^ particles; and are the chemical (molecular) potentials of the 
gas-like and the compact two-dimensional phase, and ii a coefficient 
which determines the ‘linear tension* a over the boundary of a plane 
embryo, referred to unit length of the boundary line. 

If the embryo is treated as a disk with a radius r, we must put 

fi'gh = 27rra', 

where g = — , 

^■b 

o^B being the area occupied by a particle in a compact layer (for a 
cubical crystal considered above ctb — 

In the case of a stable thermodynamic equilibrium between the 
crystal (with fully developed faces) and the surrounding three-dimen- 
sional phase C (vapour, solution, or melt) the potentials and 
must have the same value. If, however, this three-dimensional phase C 
is supersaturated, then ^b Ri^st be smaller than <f>c and also smaller 
than '^^ (since the ‘adsorption’ of an isolated particle is an approach 
to the crystalline phase). It can easily be found, in the same way as 
this has been done for three-dimensional embryos, that for a given 
value of ® two-dimensional gas phase formed by the 

pioneers of the new crystal layer is in unstable equilibrium with a 
‘colony’ of the critical size 



which corresponds to the maximum value of 

AO'* = W**. (38 a) 
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In the case of small deviations from a condition of stable eqi^ibrihm 
(forwhich g'* = 0) one can put approximately 

or ^A— = {<'A— <rB)(i>'— l^o) = (‘^A— ‘'B)(o’i— 

where !7J denotes the equilibrium temperature (the same for the two- 
surface and the two-volume phases), A' the heat of two-dimensional 
condensation (which in our case can be identified with since each 
cubic particle in a compact layer has 4 side-neighbours), and a' = — p' 
the linear tension (gq == —pi being its equilibrium value for T = %), 

The velocity of the formation of a compact monomolecular layer on 
the top of the preceding one can be obtained by multiplying the 
expression (37 a) for g = g*, i.e. the probable number of embryonic 
colonies of the critical size (per unit area), by the velocity of the growth 
of such a colony as a result of the condensation of the two-dimensional 
‘vapour’, both from the supersaturated volume phase and by way of 
surface diffusion, partially compensated by the converse processes. In 
both cases (unless the volume phase is gaseous) we must take into 
account a certain activation energy AI/', so that the resulting velocity 
of the surface condensation is expressed by the formula 

/' = const. 

i.e. r = const. (39) 

Just as in the case of a direct growth of three-dimensional embryos 
of a solid phase from a liquid solution or melt, which has been con- 
sidered at the beginning of this section, this expression attains a 
maximum value for a certain degree of overcooling, determined by the 
formula T — T /x' 

The preceding theory refers, strictly speaking, to the kinetics of the 
two-dimensional condensation of an adsorbed gas-like monolayer below 
the corresponding equilibrium temperature. In applying it to the 
growth of crystals from a vapour, solution, or melt, a number of further 
complications must be taken into account, which are connected with 
linear effects on the one hand and with volume effects on the other. 
The former reduce to the fact that the plane embryos on the surface 
of the growing crystal faces must have a regular polygonal contour, 
corresponding to the regular polyhedral shape of the crystal. The 
gtowth of such embryos must take place by a process of fonnation of 
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linear embryos on their contour line. The kinetics of this linear growth 
is quite similar to that of the surface and volume growth, and will not 
be considered here in more detail. 

Tte process of growth of a crystal becomes complicated in the way 
described above, i.e. by the formation of surface and linear embryos, 
after they have reached a sufficiently large size — ^in two dimensions, 
at least. In dealing with the embryos of the crystalline phase, arising 
in the interior of a liquid phase, the surface and linear effects need not 
be considered, so far as concerns the number of embryos exceeding the 
critical size, i.e. capable of further growth and development, which 
arise in unit time. 

Such effects can, however, influence the linear velocity of crystalliza- 
tion considered in Tammann’s experiments, and determining the shape 
acquired by freely growing crystals. This shape is usually quite different 
from that which is determined by the condition of thermodynamic 
equilibrium (minimum surface free energy for a given value), the rate 
of growth of each face in a direction normal to its surface being a 
function not of its surface free energy, but of the activation energy 
connected with the surface diffusion of the particles which serve 
as pioneers in the formation of a new layer on the top of the preceding 
one (and also to some extent of the linear tension a on the boundary 
line of compact pioneer settlements). 

Surface effects must also play an important role in the kinetics of 
crystallization when the latter starts, not in the interior of the liquid 
(or gaseous) phase, but on the walls of the vessel containing it or on 
the surface of foreign particles serving as crystallization nuclei, as is 
usually the case. The degree of overcooling (or supersaturation) which 
is necessary for a suflSciently rapid crystallization must essentially 
depend in this case on the difference between the surface free energy 
of the liquid and of the crystal with respect to the sohd surfaces with 
which they are in contact (provided that this contact is preserved on 
solidification). 

An interesting example of such surface effects is found in the converse 
case of the melting of a crystal. It is well known that under ordinary 
conditions an overheating of the latter, similar to the overheating of 
a liquid, is impossible. This peculiarity is connected with the fact that 
the melting of a crystal, which is kept at a homogeneous temperature, 
always begins on its /rcc surface. The role of the latter must, accord- 
consist in lowering the activation energy, which is necessary for 
the formation of a flat, embryo of the liquid phase, i.e. of a thin liquid 



426 KINETICS OF PHASE TRANSITIONS VII. 

film, down to zero. This result is a natural consequence of the fact 
that the free energy (surface tension) of a liquid is smaller than that 
of any face of the corresponding crystal and that the surface tension 
between the two phases is very small. 

If the crystal is cooled down from its surface so that the temperature 
of the latter lies below the melting-point, then its internal temperature 
can be raised (by concentrating radiant heat with the help of a lens) 
far above the melting-point without any trace of internal melting, 
this fact, which has been established experimentally by Khaikinf by 
passing for a short time an electric current of adequate strength 
through a thin metallic wire and which has been found by other 
authors with certain silicates, shows that in the absence of surface 
effects the liquid phase must arise within the crystal in exactly the 
same way as the crystalline phase arises within the liquid one, i.e. by 
way of the formation of three-dimensional embryos. It should be 
mentioned that in the case of melting these embryos must have the 
same polyhedral shape as in that of crystallization, with the difference 
that the liquid phase is contained within them and not outside. Such 
liquid regions could be conveniently denoted as ‘negative crystals \ 
Their existence has not hitherto been ascertained. 

t S. Khaikin, CM, Ac, Sei, U,R.8.8., 23 (1939). 



VIII 

PROPERTIES OF SOLUTIONS AND HIGH 
POLYMERIC SUBSTANCES 

1 . Antagonism between External and Internal Bonds 

The investigation of the mutual action between atoms, molecules, and 
other simple systems discloses the general principle that the establish- 
ment of bonds between such systems always entails a weakening 
the bonds between the simpler particles or systems which constitute 
them. This strengthening of the external bonds at the cost of the 
internal ones often leads to a complete dissociation of the units of 
higher order (molecules, atoms), constituting the system in the gaseous 
state, into units of lower order (atoms, or electrons and ions) when it 
is condensed into a liquid or solid body. 

Such extreme cases of the antagonism between outer and inner bonds 
can be illustrated by the condensation of a metallic vapour, or of the 
vapour of some ionic (heteropolar) substance, like NaCl. In the former 
case the binding between the metallic atoms is realized through the 
mutual action between the external electrons and the positive nuclei 
(or ions), and leads to a complete ionization of the atoms when the 
vapour is condensed into a liquid or solid metallic body. The spon- 
taneous ionization or 'self-ionization’ of the vapour in the process of 
its condensation is revealed by the appearance of electrical conductivity 
(which is wholly absent in the gaseous phase). The electrical conduc- 
tivity of liquid and solid metals is usually ascribed to ‘free’ electrons, 
capable of moving over the whole volume of the metal. This freedom 
is, however, quite different from that complete freedom which is 
possessed by the electrons released from the atoms in the gas phase 
by the action of some ionizing agents. In the latter case the free electrons 
could fly away if not prevented by the walls of the vessel containing 
the metallic vapour, whereas in the case of a liquid or solid metal they 
cannot escape into the surrounding space — unless the metal is heated 
to a high temperature, or acted on by ultra-violet or X-rays— being 
flrmly bound to the whole community which is formed by the metallic 
atoms. This condition can be described by sapng that the electrons 
are not wholly released but are ‘collectivized’, i.e. they are free to 
move from one atom or positive ion to another, belonging to all of them 
and, at the same time, acting as a bond between them. The usuai 
conception of the condensation process as a simple return to proxfinfky 
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of the separate atoms, resulting in an increase of their mutual attrac- 
tion, is entirely erroneous — at least in the case of a metallic body, 
whose atoms cease to exist as separate units when they come close to 
each other and are dissociated into a system of positive ions, swimming, 
as it were, in a negative fluid formed by the collectivized electrons. 
This collectivization process must be considered as the essence of the 
characteristic metallic bond, the different ions being bound together 
by the electrons which they share (in the same way as in the qase of 
the homopolar or valence bond). 

A quite similar situation is met with in the condensation of a NaCl 
vapour into a molten or rigid rock-salt. This process is accompanied 
by a loss of the segregation which characterizes the behaviour of the 
molecules in the gas phase, the molecules being mutually torn apart 
into positive and negative ions. As a result of this ‘self-dissociation* 
a compound system is formed where each positive ion is surrounded 
by negative ions and each negative ion by positive ones. 

When the condensation of a vapour does not lead to a self-ionization 
of its atoms or a self-dissociation of the molecules, it is always accom- 
panied by a loosening of the bond between the positive ions and the 
electrons (as measured by the difference between the ionization potential 
of the gas and the threshold of the inner photo-electric effect of the 
condensed substance), or between the ions of different signs, the atoms 
or radicals which form the sub-units of the molecular structure. 

Thus, for example, the crystallization of the vapour of sulphur, 
selenium, and of a number of metallic oxides and sulphides (CU2O, 
PbS, etc.) leads to the formation of electronic semi-conductors, which 
are characterized by a relatively low value of the ‘collectivization 
potential’, i.e. of the energy required to bring an electron into the 
conductivity band. In a similar way, the condensation of the alkali 
halides is accompanied by a weakening of the molecules, caused by 
their mutual action and, in its turn, causing a strengthening of the 
latter. Thus, for example, each molecule, being orientated (in the 
condensed phase) in the direction of the electric fleld F created by the 
surrounding molecules, must suffer a certain extension, connected with 
a decrease of its dissociation energy into and Ch ions (under the 
condition that these ions remain within the community and are not 
expelled from it). This extension must be associated with an increase 
of their dipole moment by a certain value where ql is the 

corMponding polarizability. It must be associated, further, with a 
decrease of the frequency of the intramolecular vibrations by a certain 



S 1 ANTAGONISM BETWEEN EXTERNAL AND INTERNAL BONDS 420 

value, which in the first approximation must likewise be prc^rtional 
to F. This decrease of v can be calculated, if the anharmonicity coeffi- 
cient g in the formula A27 = for the potential energy of a 

molecule is known as a function of its extension x. 

The coefficient / can serve for the definition of the polarizability 
according to the formula a = e*//, and is connected with the normal 
value of the vibration frequency (in an isolated molecule) by the 
relation vq = (l/2^r)-^(//w), where m is the reduced mass of the two 
ions. 

Under the influence of the extending force eF, due to the local 
electric field, the vibration frequency becomes 


V 
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where average value of the extension (cf. eq. (20), 

Ch. Ill), so that . _ 

' Av _ geF 

>'0 ~ ' 

The decrease of the frequency of the free vibrations of a molecule 
in the condensed state, compared with the gaseous one, can be deter- 
mined experimentally by the shift of the corresponding line (or lines) 
in the infra-red or in the Raman spectrum. Such shifts — to the long- 
wave side — are actually observed in the case of practically all dipole 
substances, for some of the Raman lines, at least. 

A few data referring to this question are collected in the following 
table :t 


Sub^ance 

v{gaa) 

V {liquid) 

V (solid) 

H,0 

3,650 

3,216; 3,435 

3,090; 3,135 

NH, 

3,334 

3,300 

3,203 

Ha 

2,886 i 

2,800 

•• 


Quite similar effects of a ‘mutual weakening* could doubtless be 
observed in the case of non-polar molecules, in a less pronounced form, 
inasmuch as the mutual action between the homopolar molecules, due 
to the van der Waals forces alone, is much weaker — ^in accordance with 
our general principle of the antagonism between inner and outer bonds. 

We have limited ourselves thus far to the discussion of the mutual 

t The frequeaoiee are giv^ in wave numbers. See Breit and Salant, Phyt, Z, 31 , 
871 (1930); Buohheim, ibid. 36 , 694 (1935), and especially Nielsen and Ward, Joum. 
Ohem, Phya, 10, 81 (1942). 
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weakening of like particles (molecules or atoms) in their combination 
into a condensed (liquid or solid) body. Perfectly similar results are 
obtained in the case of the mutual action between unlike particles, 
for example in the process of the solution of one substance in another 
(liquid or solid). The most common example of the weakening of the 
dissolved molecules as a result of their mutual action with the molecules 
of the solvent is the electrolytic dissociation of various ionic compounds 
in water or some other polar liquid with a high dielectric constant. The 
decrease of the dissociation energy due to this action is usually so large 
(owing partly to the hydration of the ions) that in the case of the 
so-called strong electrolytes a practically complete dissociation is found 
at room temperatures (and moderate concentrations). 

A similar effect of a sharp decrease of the ionization energy is 
observed in the solutions of alkali metals in liquid ammonia. 

Such solutions in the case of high concentrations of the dissolved 
metal are known to possess a metallic conductivity, rapidly increasing, 
according to a nearly exponential law, with increase of the concentra- 
tion. Analogous results, which are explained by the same cause — i.e. 
the formation of external bonds at the cost of the internal ones— are 
observed in the case of many solid solutions (electronic semi-conductors 
with a large content of impurities) and of solutions of the oxides of 
alkali metals in glasses (see below). 

The weakening of the atoms or molecules under their mutual action 
with other like, or unlike, particles is observed not only where they are 
fully surrounded by these particles, i.e. immersed in the liquid or solid 
body constituted by them, but also where they are adsorbed on the 
surface of such a body. The antagonism between the intramolecular 
and the adsorption bonds forms the basis of the phenomena of hetero- 
geneous or contact catalysis. It is quite obvious t^at good catalysts 
must strongly adsorb the corresponding molecules. Such a strong 
adsorption is usually accompanied by their dissociation into separate 
atoms or radicals, bound to the surface atoms by valence forces 
(‘chemisorption’). It should be mentioned that the catalytic action of 
the surface of the adsorbent is usually due not so much to a decrease 
of the dissociation energy of the adsorbed particles, as to the parallel 
effect of the lowering of the activation energy, which is required for a 
ration with the adsorbed molecules of a different kind. The very 
Ppt|on of activation energy or, more exactly, the fact that this energy 
upii^Bller than the dissociation energy of the corresponding molecules, 
can be regarded as a special case of our general princi]^e-~of the 
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antagonism between the external and the internal bonds. In fact, in 
the case of chemical reactions of the simplest type, 

AB -|“ -> A-j-BC, 

the activation energy E which is required to remove B from A proves 
to be lowered, with respect to the energy of the dissociation process 
AB->A+B, owing to the presence in the neighbourhood of AB of the 
atom C. In other words, the B atom begins to combine with C while 
the latter is still partially linked with A. This circumstance is described 
by the theory of Polanyi, Eyring, and others with the help of the 
conception of the ‘activated complex’ AB(^, formed by all the atoms 
which participate in the reaction, in a configuration, corresponding to 
an increase of the potential energy by the least possible amount 
compared with the initial configuration AB+C and by an amount 
compared with the final one A+BC. 

E 2 is the activation energy for the inverse reaction A+BC AB+C, 
while the difference E^—E^ is equal to the heat of the reaction. 

The displacement (self-diffusion) of atoms and molecules in liquid 
and solid bodies proceeds, as has been shown in Ch. IV, according to 
a similar activation scheme. 

2. Self -dissociation of Dissolved Substances 

We shall now consider in a somewhat more quantitative way the 
conceptions set forth in the preceding section for the simplest special 
case, namely the case of electrolytic dissociation as a function of the 
concentration of the dissolved substance AB (or A+B-); the molecules 
of the solvent will be denoted by C. 

As has already been mentioned, good solvents, capable of strongly 
lowering the dissociation energy, are formed by polar substances whose 
molecules (C) possess large electric moments, and which are charac- 
terized in the liquid state by high values of the dielectric constant. 

In this typical case the degree of dissociation decreases with increase 
of the concentration of the solute according to Ostwald’s law, which 
is a special case of the law of mass action expressed by equation (8) of 
the preceding chapter for g — 2, 

Putting iVg = xN, where x is the degree of dissociation and AT = Ai+i^Tj 
the total number of molecules, both undissociated and dissociated, #e 
get 
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i,e. 


A 

l~a? n 


(1) 


where the coeflScient A is practically a constant quantity,! independent 
both of the volume V or the concentration n = iV'/F and of the tem- 
perature, while U denotes the dissociation energy of the molecules AB 
in the liquid C. If the mutual action between the dissociated ions is 
taken into account, U must be increased by the free energy ^ of one 
of the ions with respect to the surrounding ionic atmosphere; in the 
case of small concentrations, according to the Debye-Hiickel theory 

-3 8’ 


y. 


€kT 


where 


is the effective radius of this atmosphere. 

Denoting by Uq that value of D which corresponds to the absence 
of any dissociation, we have 

U = U^-(x^(nx), (la) 

a = jes 

The decrease of the dissociation energy due to the Coulomb forces 
between the dissociated ions is usually characterized by the multiplica- 
tion of their concentration (or N^jN) by a corresponding activity 
coeffi^ent /. Thhr decrease can be considered as a special case of the 
antagonism between inner and outer bonds in a somewhat complicated 
form, for the loosening of the bond between non-dissociated molecules 
is due, in the present ca^, not to their mutual action but to the mutual 
action of their dissociation products. 

Substituting (la) in (1) we obtain the following equation for the 
dependence of the degree of dissociation on the total concentration at 
a given temperature; 


_ 

l—x 




(lb) 


The exponential factor, accounting for the influence of the mutual 
action between the ions on the degree of dissociation, for small con* 

, t X Is of the order of magnitude of 1/e, where e is tl^ volume occupied by one of 
tl^' ions (A*^) in its moUon with respect to the other (B~) in the molecules : 


> 4er* 
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centrations (n) or large n’s but small values of x, is easily seen to be of 
the order of 1 and cannot, accordingly, substantially alter the value 
of X which is obtained if this mutual action is left out of account. | 

A much more interesting and important influence of the concentra- 
tion upon the degree of dissociation must be expected in non-typical 
or ‘anomalous* cases, where the molecules of the solvent, as a conse- 
quence of their small electric moments, or large size, produce only a 
slight weakening of the molecules of the dissolved substance. In this 
case tke mutual action between these molecules can become a factor 
of prime importance. 

A direct calculation of U, taking into account this mutual action, 
as a function of the concentration, is a rather difficult problem. It can, 
however, be solved approximately in an elementary way starting from 
the consideration of the dielectric constant of the solution e (which 
should be distinguished from that of the pure solvent €q). 

According to Walden’s rule, the degree of dissociation of the same 
solute in different solvents is larger the larger the dielectric constant 
of the latter. A very crude explanation of this relationship is based on 
the application to the mutual action of the ions in the molecule A+B“ of 
Coulomb’s law in a macroscopic form, corresponding to a large distance 
between these ions. In this case the dissociation energy might be 
expressed by the simple formula: 

jj _ const, 
cr € 

i.e. it would be inversely proportional to the dielectric constant. 

If the dielectric constant of the pure solvent cq is large (as in the case 
of aqueous or alcoholic solutions of electrolytes), it can be identified, 
for moderate concentrations, with that of the solution €. 

In those cases, however, in which €q is small (say of the order of a 
few units), the difference between c and cq can become quite consider- 
able, especially in the case of those dissolved substances whose mole- 
cules possess large dipole moments. 

Putting U = (2) 

and noting that c can increase rather rapidly with increase of we 

t Putting 1 wo can rewrite (lb) in the form x = (cly*)eP^, where y = yj^nx). 
This equation leada to the existence of a certain maximum value x =* 4ce*/^* for y = 2Jp, 
€ /kT\* 

that is, n« j 10“ at room temperature. 

35M.M 


3R 
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see tha^ in such cases the degree of dissociation must increase with the 
concentration according to a law of an exponential type. 

The degree of dissociation of a solution can be ascertained experi- 
mentally by a measurement of its electrical conductivity or. It must be 
expected, therefore, that in the case of solvents with a relatively small 
dielectric constant €q the resulting dielectric constant € of the solution 
and its electrical conductivity must increase with the concentration, 
the former rather slowly, according to an approximately linear law, 
and the latter extremely rapidly, according to a nearly exponential law. 

These relationships between the quantities €, or, and n are actually 
^observed, for example, in the case of borate and silicate glasses, con- 
taining in a dissolved state large amounts of oxides of alkali metals. 

When their concentration reaches a value of the order of 30 mole 
per cent., the dielectric constant of the glass increases from about 4 
(= €o) to 12, while the electrical conductivity due to the dissociated 
alkali ions increases by a factor of lO^-lO"^. 

A quite similar (nearly exponential) dependence of the electric con- 
ductivity on the concentration of ‘impurities’ is found in a number of 
electric semi-conductors, both solid (like PbS with an excess of Pb 
or S) and liquid (solutions of Na and K in liquid ammonia). Unfor- 
tunately the existence of the correlation between e and a, indicated 
above, has not yet been checked experimentally in these two cases. 

Making use of the Clausius-Mossotti formula 


€~1 

€+2 


3 


(ooWo+an), 


where ocq and denote the polarizability and concentration of the mole- 
cules of the solvent, while a and n have the same meaning for these 
undissociated molecules of the solute, and assuming that olu > oL^n^y 
wC can represent the dependence of U on n, which follows from (2), 


by the formula 


V = Uoco 


1— fTran 
l + fTTOtn* 


(2 a) 


which along with (1) gives a qualitatively correct representation of the 
dependence of a on n, found experimentally. 

In order to obtain a more exact representation of this dependence, 
making use of the resulting dielectric constant of the solution as an 
accessory ^parameter, we must investigate more closely the influence 
of the dielectric medium both on the non-disiociated molecules and 
bn the ions. 

We shall assume the degree of dissociation to remain, small (as is 
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actually the case in solutions cii 8 pla 3 dng the anomalous increase of the 
electric conductivity with the concentration), and the molecules of the 
solvent as wholly undissociated. 

A molecule of the solute will be treated as an electric dipole with a 
moment p, situated at the centre of a spherical cavity with a radius a 
10“® cm.). The polarization of the medium constituted by the 
undissociated molecules of the solvent and the solute, due to the action 
of thig molecule, creates within the cavity filled by it, according to 
Onsager (Ch. V, § 3), an electric field 


2€+1 a ® 


(3) 


To this reactive field there corresponds a ‘solvation’ energy 


V = ^iEp - 


€— 1 
2€+1 


(3 a) 


When the two ions constituting the molecules are torn apart, each 
of them becomes solvated by the medium, the corresponding solvation 
energies being equal to 




(3 b) 


The decrease of the dissociation energy, due to the influence of the 


surrounding medium, is equal to the difference V—Vj^—V^, so that 


U= ir-(e-l) 




e^\l 1 p^ 


(4) 


where W is the value of for e = 1, i.e. in the gas phase. In order to 
account for the decrease of the dissociation energy, due to the mutual 
action between the (undissociated) dissolved molecules, we must com- 
pare this expression with that which corresponds to an infinite dilution. 
Introducing the index 0 for the corresponding values of U, c, and p, 
we get 

® 2 \a/ a jU €/ ^ 2€+ 1 2^0+ 1 a® 


(4 a) 


The electrical moments p and p^ are somewhat different from the 
true or unperturbed value p of the dipole moment of the molecules 
under consideration in the gas state, owing to the action produced by 
the reactive field JP. Denoting the polarizability of the molecule in the 
direction of its axis by we obtain the relation , 
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which, along with equation (3), yields 




2(€-l) i8‘ 
26+1 a® 


(4 b) 


If the dielectric constant of the solvent is not very large, can be 
identified with p. 

Turning to the calculation of c as a function of the concentration we 
must note that in the case of large concentrations, corresponding to a 
strong mutual orientation of the molecules of the solute (and also 
eventually to a large extension, measured by the difference p— ft), the 
equation of Clausius-Mossotti must be replaced by the more accurate 
equation of Onsager’s theory. 

For a practically non-polar solvent this equation can be written in 
the following approximate form: 

,= (r*+2)»^^. (5) 


where r is the refractive index of the dissolved substance in the con- 
densed state. 

Substituting (5) in (4 a) we can obtain an explicit expression of V as 
^a function of n. It has a rather complicated form and contains several 
parameters («,«!, a 2 )> ^be exact values of which are not known, and, 
strictly speaking, have no definite physical meaning. It can therefore 
hardly be used for the calculation of the electrical conductivity, which 
is pro^rtional to the product nx, as a function of n. 

In the limiting case of very large e values, the difference Uq— U is 
reduced to the form 


Uo-U^ 


c® , 1 
To 


(5 a) 

2 a® 

which is practically independent of c. Here g denotes the mean 


value of the atomic radii of the two ions, while p = 


rigs- 

aj^g = 2.10”®, p = 10”^®, and e® = 4, we obtain for Uq—U 1*6 volts, 
i.e. 30,000 caL/mole, which is larger than the values obtained experi- 
mentally in the case of concentrated alkali glasses. 

The value of V given by (6 a) may prove to be negative. In this case 
the dissolved molecules must be tbtally dissociated even at very low 
temperatures. This spontaneous dissociatiofi', or 'self-dissociation’, 
w]bioh is not produced by the thermal motion, but takes place because 
it corresponds not to an increase but to a decrease of the potential 
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energy, is actually observed both in the case of certain solutions and 
in general in the case of ionic substances in the liquid or solid state, 
as has been pointed out above. 

If the mutual action between ionic molecules AB leads only to the 
loosening of the intramolecular bond and not to self-dissociation, the 
magnitude of this loosening can be calculated more exactly, without 
recourse to the dielectric constant of the body constituted by such 
molecules. Especially simple results are obtained for low temperatures 
when the molecules can be treated as orientated in the direction of the 
local electric field F produced by the other molecules. Owing to the 
infiuence of this field the electric moment of each molecule is increased 
by the amount p— Po = Since, on the other hand, this field is 
itself proportional to the actual value of the electric moment, it can 
be represented in the form 



where Fq is its value for p = Po (Po moment of an isolated molecule). 
Substituting this expression in the preceding formula we get 

I ^0 

p = Po+-rP> 

Po 


which is 


_ Po 
l-(«/Po)^o 


The field Fq is of the order of where a is the distance between 
neighbouring molecules. Denoting their number per unit volume 1/a® 
by n, and taking into account that n can be varied by the application 
of an external pressure, we can rewrite p as a function of n in the 
following form: 

p = -P$-. ( 6 ) 


1— an 


If n approaches the limiting value 1/a, this expression tends to 
infinity, which obviously corresponds to a breaking up of the molecules, 
i.e. to their self-dissociation. It is clear that under such conditions the 
preceding equation can no longer be applied for quantitative calcula- 
tions; it gives, however, a satisfactory description of the tendency of 
the ionic molecules to become self-dissociated when the body constituted 
by them is compressed to a sufficient extent. 

Similar results must appear — and are actually observed — ^in the case ^ 
of non-polar substances, the molecules of which possess an electronic 
polarizability only — such as compressed metallic vapours, or concen- 
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trated solutions of alkali metals. Birchf has shown that the eleotrio 
conduotivity of mercury vapour, which under ordinary conditions is 
* practically equal to zerb, rises very rapidly in the supercritical region 
with increase of the pressure, approaching to the conductivity of 
•mercury in the liquid state. The temperature does not exert a marked 
influence on the degree of ionization, the increase of which is due 
mainly to a decrease of the ionization energy U, which becomes negative 
in the case of a condensed metal. This result is equivalent to the 
conception of the self-ionization of the atoms, according to the same 
scheme as has been developed above for ionic molecules. 

In fact each atom has an electric moment, which varies very rapidly 
with the time and polarizes the other atoms in the direction of the 
field created by it. To this mutual polarization are due, according to 
London’s theory, the van der Waals forces between the atoms. The 
potential energy of an atom of liquid or solid argon, for instance, with 
respect to the surrounding atoms, can thus be equated to the average 
value of the quantity — JApJ’, where Ap = olF and F « pjr^ is the 
local electric field, due to the spontaneous rapidly fluctuating dipole 
moments of the surrounding atoms. Putting p = Po+i^p and r® = 1/n, 
we again arrive at formula (6). The case an > 1 corresponds here to 
a spontaneous ionization of the atoms, i.e. to a transition of the electrons 
from the bound state to the free or, more exactly, the collectivized 
state. In other words, those simple substances, for which the product 
of the concentration of the atoms in the liquid or solid state and their 
polarizability (in the gaseous state) is equal to or larger than 1, must 
be defined as metallic substances, while all the other are dielectrics (or 
semi-conductors). This criterion of the metallic state was introduced 
long ago by Hertzfeld in a somewhat different form. Considering the 
polarization of a body in a macroscopic electric field with the mean 
value E and using Lorentz’s expression for the effective field, Hertzfeld 

^p = ccEM^ci(E+i,rP), 


or, replacing P by nAp, 


Ap ; 


(xE 


This expression becomes infinite for an =: 3/4#, which, according to 
Hertzfeld, is the criterion of the metallic state. 

It should be mentioned in conclusion that^ AgCl crystals, which 
under normal conditions behave as electronic semi-conductors, with a 
t Birch, Phy9, Rw. 40 , 1504 (1932). 
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low but positive ionization energy 17, are converted by a pressure of 
4,000 atmospheres (corresponding to a 25-per-cent, diminution of the 
specific volume) into genuine metals, with an electric conductivity 
which falls with a rise of temperature. This is explained by the fact 
that under such pressures the ionization of the atoms becomes spon- ' 
taneous and independent of the temperature, which affects the value 
of the conductivity only by decreasing the mean free path of the 
electrons. 

3. The Electric Conductivity and Viscosity of Molten Salts and 

of Binary Mixtures 

Although a NaCl crystal is completely dissociated into ions, yet its 
electrical conductivity at low temperatures is vanishingly small, in 
contradistinction to the electrical conductivity of metals which, on the 
contrary, becomes extremely large in this case. This difference is due 
to the fact that the free, or collectivized, electrons, which are respon- 
sible for the electrical conductivity of metals, are not bound to any 
equilibrium positions, and do not require for their motion through the 
metallic body an activation energy, either because of the absence of 
potential barriers, or thanks to their quantum mechanical readiness to 
leak through such barriers by the mechanism of the tunnel effect. 

In the case of ions with their relatively huge mass the tunnel effect 
is impossible; the motion through the crystal requires a large activation 
energy which is made up of two parts: the energy of dissociation 
(dislocation) or hole formation U, and the additional activation energy 
AJ7, which is necessary for the displacement of the holes or of the 
dislocated ions from one side to the next. Accordingly, in spite of its 
complete dissociation into ions even at I’ == 0 , a NaCl crystal acquires 
a considerable conductivity a at relatively high temperatures only, the 
temperature dependence of a being expressed by the formula 

ff = const. 

With approach to the melting-point Tq the energy U decreases; it 
must, however, remain different from zero even in the closest vicinity 
to ^ 0 , so long as* the ions remain arranged in a more or less regular way, 
characteristic of the crystal. It is natural to assume that above the 
melting-point U vanishes, since in the absence of regular crystal sites 
to spe^ of dislocated ions or holes is meaningless. Inasmuch as the 
*self-dissooiation* of the molecules is preserved in the liquid state, 



440 PROPERTIES OF SOLUTIONS VIII. 

mobility of the ions, just as in the case of dilute solutions of strong 
electrolytes, accor<^g to the formula a = const, (where AU 

may be somewhat different from its value in the solid state). 

It has been shown in § 6 of Ch. I that in the case of a binary crystal 
of the NaCl type, out of the four possible carriers of electricity (dis- 
located ions of both signs and the corresponding holes) one only need 
be taken into account, namely that for which the energy has 

the smallest value. Since in a molten salt the holes — in the strict sense 
of this term — are absent, two kinds of electricity carriers only come 
into play, namely the positive and negative ions, the electrical con- 
ductivity being determined practically by one of them, that for which 
the activation energy AU is the smaller. As a rule, a higher mobility 
(smaller At/) is displayed by the positive ions, which have a smaller 
radius than the negative ones, because they arise from neutral atoms 
by a loss of their external electrons, and not by the capture of new ones. 
This rule, however, admits of many exceptions. Thus, for example, 
in molten CsF the negative ion (F~) has probably a larger mobility 
than the positive one. Thia question can be solved experimentally with 
the help of the same methods as are used for the determination of the 
mobilities of ions in solutions. In the latter case, however, the ions of 
" both signs have a mobility of the same order of magnitude, which can 
be calculated approximately with the help of Stokes’s formula, and 
which depends on the temperature in the same way, being inversely 
proportional to the viscosity of the solvent. In the case of molten salts, 
on the other hand, the activation energies AC/ can be widely different 
for ions of the opposite sign, so that their mobilities can have a different 
order of magnitude, especially at the lower temperatures. 

Whereas the electrical conductivity of a molten salt must be due to 
the ions with the higher mobility (usually to the positive ions), their 
viscosity, on the contrary, must depend on the ions with the smaller 
mobility (negative). In fact, since ions of both signs must participate 
in the same way in the viscous flow of a molten salt, the rate of this 
flow, which from the molecular-kinetic point of view consists of a 
transition of the separate ions from the initial equilibrium positions to 
the neighbouring ones (preferentially in the direction of the flow)/ must 
be limited by the slower ions. 

This relationship can be illustrated by the example of molten metals, 
whose electrical conductivity , is due practically to the free electrons 
alone, while their viscosity depends upon the mobility of the positive 
ions. 



J3 CONDUCTIVITY AND VISCOSITY OF MOLTEN SALTS 441 


The electrical conductivity of a molten salt must be determined by 

the formula « yp»\ 

or = q^ne\ (7) 

where n is the number of ions (of a given sign) in unit volume, their 
charge, and the mobility of the more mobile (positive) ions. As 
regards the viscosity coefficient /i, it can be expressed as a function of 
the mobility q^ and radius of the slower (negative) ions with the 
help of Stokes’s formula 






{7 a) 


Taking account of the temperature dependence of q^ and q^y which is 
determined in the usual way by the activation energies and Ai/j, 
we get Be^^ujkT^ 


where A and B are practically constant coefficients. 

Hence it follows that a and (i must be connected with each other by 
the relation - 


where 


a^li = const., 

At4 


m = 


Af/i 


> 1 . 


w 

(8 a) 


This relation is in good agreement with the experimental data for 
fused salts and glasses. We give below a table of values of w, obtained 
experimentally by Evstopievif 


SvbHance 



m 

NaNO, 



. 1-23 

KNO, 



. 1-23 

AgBr . 



. 7-69 

Aga . 



. 6-20 

01088 0 24 . 



. 1-66 

Qla88N3 . 



. 717 


It should be mentio];ied that in the case of dilute solutions of strong 
eljiotrolytes the relationship between the electrical conductivity and 
the viscosity (for different temperatures and for different solvents) is 
expressed by the formula afi == const., which follows directly from the 
fact that the mobilities of the ions are in this case inversely proportional 
to .the viscosity of the solvent. In^ the case of more concentrated solu- 
tions deviations from this relation are observed, which can be explained ^ 
by an incomplete dissociation of the molecules. 

The activation energies depend on the mutual action of the ions of 
^h sign both on each otW ftnd on the ions of the opposite sign. This 

i BuU.4o. Sei. V^JSJS,, ■4m physique, 3, 319 (1937). 
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circumstance can be checked by an investigation of the electrical con- 
ductivity and of the viscosity of the mixtures of two molten salts Deith 
the same movable ion, which determines the electrical conductivity of 
the mixture, or with a comnoyon slowest ion, which determines its 
viscosity, for different concentrations of the two components and for 
different temperatures. 

Let us consider, for example, a molten mixture of AgCl and AgBr. 
Its electrical conductivity is due to the Ag+ ions and can be calculated 
with the help of the formula 

a = gc*(tif+n2), ^ 

where and are the molecular concentrations^ pf AgiQl and AgBr, 
while q denotes the mobility of the Xg+ ions in a mixture of its com- 
position. The activation energy A 17, which determines the dependence 
of q on the temperature, must be a certain fiinctibn of the relative 
concentration and It seems natural 

to choose a linear function, not only because it is the simplest one, 
but also because the energy of an ion (Ag+) with respect to the surround- 
ing ions (Br“ and Cl“) is equal to thqsum of its energies with respect 
to each of them. We can thus put 

^ = AC/jCi+Al/gCg. (9) 

^ce q^ tod contequently is proportional to and the sum 

n^-f n, has a practically constant value, it follows that the dependence 
of the electrical conductivity of the mixture of the two salts on their 
relative concentrations must be expressed by a formula of the loga- 
rithmic type: 

log<7 = const.— A[7 iCi—A 172^2 = const.'-f (Al/g— AI7i)Ci. (9a) 

This formula is in good agreement with the experimental results 
obtained by Barzakovsky.f 

A similar result would be expected for the dependence on the relative 
^hcentrations of the viscosity of a mixture of two salts with the same 
slowest ion. 

In the general case of a mixture of two salts with different anions 
tod cations the situation becomes greatly complicated. 

Somewhat simpler retolts are obtained in the case of a mixture of 
two non-ionic liquids whose molecules (or atonwl) preserve their integrity 
in the solution. It is found experimentally tl^t the dependence of 
,tiie viscority of the mixture on the relative concentration of one of the 
components (the second one, say) can be reprinted by curves of the 

t Ac, Sei, UJiJSJS,^ chimiqtie, 5, no. I, p. 47 (t94l}« 
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type shown in Fig. 61; the curves with a maximum, or with a tendency 
to a maximum (d^nfdcl < 0) correspond to the cases in which the 
mixing of the two liquids is accom- ^ 
pani^ by an evolution of heat, while • 
the curves with % minimum or a ten- 
dency to a minimum, oorrespond to 
the opposite case. In other words, a 
maximum on. the curves (/x, c) is found 
when the binding between iinlilr« I 
molecules if strofiger than between 
like ones, aqd a minimum when it is 
weaker. 

This result seems quite-hatural from ^ i 

the, point of view of the preceding ^2 

theory. If the concentration of the 

second liquid is small, the viscosity of the mixture must be determined 
by the mobility of the molecules of the first liquid, with due regard, 
however, to the fact that the activation energy A17j in the formula 
qi = const. is not constant, but is a linear function of the 

relative concentration of the second component 

* 

If the mutual action between like and unlike molecules were the same, 
that is, if the activation energy were independent of Cg, th.e viscosity 
of the mixture would vary with Cg according to a linear law (straight 
line in Fig. 61), incimsing with Cg if > fii. If the bonding energy 
between unlike molecules J/j g is larger than that between like moleculas, 
then the activation energy Ai/^g must also be larger than AUn, and 
consequently the mean value of the activation energy AUi in the 
solution must increase with increase of Cg. Under such conditions /x 
must increase more rapidly than according to a linear law, which can 
eventually lead to the appearance of a maximum on the (jtx, Cg) curve. 

In a similar way it can display a minimum if AUj g is smaller than 
AUi i (and 

In order to determine the dependence of /x on Cg, which would be 
valid in the whole range between Cg = 0 and Cg = b, we shafl come 
back to the theory of ‘holes* or ‘cavitation fluctuations* which has 
been developed in § 4 of Ch. IV. The mean value, of the activation 
energy which ia neoesi^iry for the formation of a hole (cavity) of a 
certain mixumtim size, ensuring an elementary displacement of the 
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moleoulcB of the mixtuie if these molecules are distributed at random, 
can obviously be represented by a quadratic function of the relative 
concentrations, i.e. 

iiU = (1^) 

Putting, just as in the case of a simple (one-componept) liquid, 

; ' = 

and neglecting the dependence of the coefficient A on the concentration, 
we obtain the following expression for /i: 

logfi = const.+(Ai7i^icf+AC^i^2<5iC2+At722c|)/ifcr. (10a) 

In the case C 2 < 1 this expression reduces to the linear formula 

log/Dt = const.+(At/i 2 — A?7i^i)c2/ir , 

which has been considered before. With a suitable choice of the ^mutual’ 
activation energy AI^i 2 , equation (10 a) gives a satisfactory representa- 
tion of the experimental data for the viscosity of binary mixtures. 

It should be mentioned that Arrhenius proposed long ago the empirical 

equation . ^ Cilogfi^+c^logfi^, 

where and viscosity coefficients of the two liquids, taken 

separately. This equation must be considered as only a rough approxi- 
mation to tlie theoretical equation 

log/i = const.+cf log^+cjlog^-f 2c,c,log^, (10b) 

which follows from (10 a), if it is taken into account that 

logfh ^ and log/o, = log^,+^*, 

and if, furthermore, an accessory coefficient of the ‘mutual viscosity’ 
of the two components is introduced, according to the formula 

The coefficient 4i4 cftn be chosen arbitrarily. If Ai and are approxi- 
mately- equal, then identifying A^^ with Iwth of them and the const, 
in (10b) with log.d, we get, since cf+c}+2c,c, = (c,+Cf)* — 

. log#* = c|log#tj+c 51 og/*,-}- 2 c,c,log/ti,,, , (10c) 

It k dear that inasmuch as die viscosity of a mixture depends upon the 
hat^ual aodon of ^ molecules oonstitutii^ iff, the rMuldng vkcosity 
ca^Boknt #* cannot be expressed accivately with the fae^ of the 
viioodty ebeffioients #*, uid #*« aloqe, as assumed by .^henius, but 
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must necessarily involve a quantity of the type specifying the 
fnutual action between unlike molecules. 

4. Chemically Complex Substances and their Solutions 

We have limited ourselves heretofore mainly to relatively simple 
substances, monatomic (Uke metals) or diatomic (binary salts), in the 
solid and liquid state. We shall now investigate some of the charac- 
teristic properties of chemically complex substances having big mole- 
cules constituted by a large number of atoms. 

Such ‘macromolecules’ (like the molecules of protein and other poly- 
meric substances) cannot exist in the gaseous state. Even in such cases 
where they are bound vdth each other in the condensed (solid or liquid) 
state by relatively weak forces of the van der Waals type, their evapora- 
tion energy, which according to Langmuir’s theory (discussed in § 6 of 
Ch. VI) is proportional to their surface (g), can be larger than the 
energy required for the breaking up of one of the chemical bonds which 
hold together the separate atoms or radicals out of which the molecule 
is built up. In such cases the evaporation of the condensed body must 
be accompanied — or rather preceded — by a partial dissociation of the 
superficial molecules. The minimum size of the latter which corresponds 
to this condition can easily be estimated. Let us suppose, for example, 
that the molecule has an approximately spherical shape with a diameter 
d. Then the area of its surface q must be of the order d*, and the 
evaporation energy of the order od*, where a is the surface tension 
of the corresponding substance (in the liquid state). Evaporation 
without dissociation can take place only if ad^ is smaller than IT, 
the energy of the weakest chemical bond holding together the atoms or 
radicals in the molecule. We thus see that d must be smaller than 
yJ(Wla). Putting here W = 10* cal./mole = 7.10"*^^ erg, and or = 30 
erg/cm.* we get d < 4.10-* cm. This is a very high limit, which is 
actually reached by the molecules of globular protein. In reality the 
disintegration of the molecules in the process of evaporation takes 
place at much smaller sizes. This refers, in particular, to the ionic 
molecules of the NaCl type, which, however, differ from the macro- 
molecules we are discussing in this section by the loss of their integrity 
(self-dissociation) in the condensed state. In the case of NaCl and 
other somewhat more complicated ionic compounds, the dissociation of 
the mo|eculeB disappears in the gaseous phase at not too high a tem- 
perature. 

An entirely different situation is met in the case of high molecular 
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compounds. If the macromoleoules could exist in the gas phase, they 
would behave as small solid particles at the corresponding temperatures: 
Accordingly, if the latter is not too low they would ‘evaporate’ indi- 
vidually, thus giving rise to a vapour phase consisting of the products 
of their partial dissociation. The degree of this dissociation can be 
estimated with the help of the general formulae of the theory of chemical 
equilibrium in gaseous systems. A more instructive way of estimating 
it consists in applying the thermodynamical theory of the equilibrium 
between the solid and the vapour phase to the individual macromole- 
cules, treated, for the sake of simplicity, as solid bodies constituted by 
atoms of the same kind. It can easily be shown that the macromolecules 
could more or less preserve their integrity in the gas phase at very low 
temperatures only, when their number in the gas phase would be 
extremely small. Besides, under such conditions, their concentration 
would decrease with height so rapidly, owing to the action of gravity, 
that they would be found only in the close neighbourhood of the surface 
of the condensed body, formed by them.f 

For both these reasons the high molecular compounds can exist in 
the condensed state only as chemically pure substances or as solutions 
(both liquid and solid), the solvent serving to decrease their disaggrega- 
tiob energy (by redacing it to the difference q(u—a), where u is the 
surface tension between the solvent and the solute) and to support 
them against gravity (just as in the case of Brownian motion of colloidal 
particles suspended in a liquid medium). 

It must, however, be kept in mind that even in the condensed state 
the macromolecules must be partially dissociated. This refers, in par- 
ticular, to the pure form of the corresponding high molecular substance, 
the degr^ of ‘self-dissociation’ of the macromolecules in a medium 
formed by themselves being, as a rule, larger than in a foreign solvent. 
This result foUows from the general principle of the antagonism between 
the external and internal bonds which has been discussed in § 1, 
especially in that case when the binding between the adjacent macro- 
molecules (specified by the surface tension of the corresponding sub- 
stance) is large. 

Just as in the case of simple molecules, preserving their integrity in 
the solid state, such as HCl, this self-dissociation gives rise to ‘dislocated ’ 
atoms- moving in the interstitial space between the maoromolecules, 
i.e. creeping, as it were, over their surface, and, t6 some extent, even 
throughout their volume, and to atomic holes. If the Holes lie close to 
t Just as in the case of suspensions and emulsions. 
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, atoms of the same kind (as, for example, in the case of H atoms in a 
paraffin chain)," these holes can move within a macromolecule and travel 
from one of them to another in the same way as in a simple crystal. 
These two types of diffusion motion ensure the mixing up between all 
the like elements out of which the body (crystal) is built up. The impor- 
tant point to note is that this mixing up by the process of self-diffusion, 
in the case of chemically complex substances in the solid (crystalline) 
state, takes place not by a displacement of whole molecules,! but by a 
rambling (including dissociation and association) of the separate atoms 
out of which they are built up. 

It is clear that the viscous flow of molecular — and especially high 
molecular — liquids cannot be described as due to this type of ‘partial’ 
self-diffusion motion, furthered in some direction by external forces, as 
in the case of simple (monatomic) bodies which has been considered 
in §§ 1 and 2 of Ch. IV. The only mechanism capable of ensuring the 
mobility of molecules as wholes in the case of large molecules is the 
mechanism of cavitation fluctuations discussed in § 4 of Ch. IV. As has 
been stressed there, these cavitations must be sharply distinguished 
from the atomic holes, which are found in crystalline substances at 
elevated temperatures, and which can also exist in the liquid state of 
macromolecular substances without, however, affecting their fluidity. 
It is clear that at a given temperature the latter must in general be 
smaller the larger the molecules. In fact, the cavities (holes, cracks) 
due to the thermal motion must have a size practically independent of 
the size of the molecules themselves and determined only by the surface 
tension (which does not vary excessively for different liquids). If the 
number of such cavities is identical with the number of molecules (as 
has been assumed in § 10 of Ch. Ill), then the total volume occupied 
by them, i.e. the free volume of the liquid, must be inversely propor- 
tional to the volume of the separate molecules. Hence it follows that 
the mobility of the latter must be inversely proportional to this volume, 
and, consequently, the viscosity coefficient of the liquid formed by 
them directly proportional to their volume, i.e., roughly speaking, to 
their molecular weight. This conclusion is in a qualitative agreement 
with the experimental facts. It explains, in particular, the fact that 
high-molecular substances are practically solid at room temperatures. 
While some of them with a rise of the temperature become sufficiently 
fluid to be treated as liquids, others are completely dissociated at such 
temperatures, so that they can be said to exist, as macromolecular 

t la this iuuw the prooesB of mixing would not be complete. 
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^ . substances, in the solid (amorphous or crystalline) state only. This 
refers especially to macromolecules v/iiti a complicated shape and 
internal motions (such as the polymeric chaiii-like macromolecules con- 
sidered in the next sections). It should be mentionedr that the intra- 
molecular mobility of such bodies (due to the flexibility of their mole- 
cules) gives rise to peculiar mechanical properties, which distinguish 
them from common solids, and which can be described by denoting 
these bodies not as solid (i.e. rigid) but rather as ‘soft* or ‘rubber-like*. 

By mixing a macromolecular substance with molecules of a relatively 
simple substance, the viscosity of the resulting body can be greatly 
lowered, until, at low concentrations of the macromolecular component, 
solutions with a relatively small viscosity, which remain liquid at 
ordinary and even low temperatures, are obtained. Such liquids display, 
as a rule, remarkable deviations from the behaviour of ordinary simple 
liquids. Their viscosity, for example, is not constant, but decreases 
with increase of the velocity gradient, or they begin to flow under a 
shearing stress exceeding a certain critical value only. Liquids with 
' such abnormal properties are usually denoted as ‘non-Newtonian*. 

It should be mentioned that in the case of pure macromolecular 
substances, such as rubber, the process of melting consists in a transition 
from the crystalline to a practically 8olid amorphous state (unless the 
substance becomes highly dissociated or depolymerized), so that the 
usual conception of fusion, as a transition from the solid to the liquid 
state, is here inapplicable. 

5, Solutions of High Polymeric Substances 

When the molecules of the solute are very large compared with the 
solvmit molecules, approaching colloidal particles, the usual concep- 
tions of thermal motion in liquids become inapplicable to them, and 
their influence on the viscosity of the mixture (solution) must reduce to 
an alteration of the factor A in the formula p — while the 

activation energy AI7 preserves the value characteristic of the pure 
solvent. The mec^nism of this influence consists in a change of the 
character of the viscous flow of the solvent, under given boundary 
ocmditions, owing to the feust that its molecules stick to the surface of 
the dissolved particles (in the same way as to the walls of the vessel 
containing the liquid, or to the surface of mabroscopic solid bodies 
immersed in it). As a result, the mooth distribution of the velocity 
gradient, which woi^ exist m the absence of the dissolved particles, 
nndmr given external conditions, is modified to an extmit whichincreases 
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with the size of the dissolved particle (and also depends on their 
shape). 

Leaving aside the possible rotation of these particles, and noting 
that their translational motion is that of a small rigid body, with no 
velocity gradient we see that the presence of each particle of this kind 
destroys the velocity gradient which would exist in the volume w of 
the solvent which is occupied by it. If the velocity of the liquid (solvent) 
is ung-ltered in distant points, the destruction of the normal velocity 
gradient within the volume to must be compensated by the increase of 
this gradient in the adjacent layer of the liquid. Let us assume, for the 
sake of simplicity, that this compensation takes place within a layer 
with the same volume to. Since the heat evolved in a unit volume of 
the liquid, as a consequence of its viscosity, is proportional to the square 
of the velocity gradient, the evolution of heat in the layer under con- 
sideration must be four times as large as it would have been in the 
volume to, were it not occupied by the ‘dissolved’ particle, or twice 
as large as the total heat which would be evolved under this condition 
in the total volume 2to (including that occupied by the particle and the 
volume of the adjacent layer). 

We thus see that owing to the presence in the solution per unit 
volume of n particles with a relatively large volume co, the heat losses 
due to the viscosity of the solvent must increase by a factor nu). This 
means that their presence must be equivalent to an increase of the 
viscosity of the solvent p, in the ratio 

The effective viscosity coefficient of the solution must, therefore, be 
determined by a formula of the type 

where y is a numerical factor of the order of 1. 

This formula was derived for the first time by Einstein in 1905 for 
spherical particles; the factor y turned out in this case to be equal to 
6/2. It can be applied with fairly satisfactory results to particles of 
moderate size, such as the molecules of sugar (with a molecular weight 
of the order of 400), the size of these particles, calculated according 
to (11), agreeing with those obtained by various other methods. 

A spherical shape can by no means be ascribed to all macromolecules, 
i.e. molecules of veiy large size. Such molecules can often be treated 
as rod-shaped or as prolate eUipsoids of revolution. Considerations 
similar to those mentioned above show that in such cases the increase 
of the viscosity of the solution can be represented by the same formula 

8695 39 3 m 
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(11), the value of the coeflScient y being, however, a certain function 
of the shape of the macromolecule, and also, to some extent, of its 
size, or rather mass, inasmuch as the latter determines the energy of 
its rotational Brownian motion, which influences the average orientation 
of the macromolecule with respect to the direction of viscous flow 
(cf. Ch. V, § 8). Thus, for example, in the case of very large rod-shaped 
macromolecules, whose orientation is practically not influenced by the 
rotational Brownian motion, according to calculations of Gold and 


Guth,t 


2 / 


(11a) 


where/ = Ijd is the ratio of the length of a molecule to its ‘thickness' d. 
For smaller molecules of the same shape with a relatively intense 
rotational Brownian motion Kuhn and Guth} obtain the expression 


y = i+^f. 


(lib) 


The difference between these expressions is explained as follows. If 
the rotational Brownian motion is ineffective, then in a liquid flowing 
with a constant velocity gradient (in a direction perpendicular to that 
of flow) they are more or less parallel to the direction of flow. In this 
case they must perturb the latter to a much smaller extent (for given 
values of I and d) than in the opposite case in which they are agitated 
by a violent rotational Brownian motion, so that all the orientations 
of their long axes have practically the same probability (with a certain 
tendency to an orientation at 45^ to the direction of flow, of. Ch. V, 
§ 8). Under such conditions, the perturbation of the viscous flow of the 
solvent due to a strongly elongated particle must be the same as that 
which would be produced by a spherical particle with a radius equal 
to its long axis i, that is, with a volume of the order P. Now, since the 
volume of the rod-shaped particle is equal to dH, we see that the 
coefficient y must in this case be of the order of Pjd^ = /*, in agreement 
with formula (11b). 

The preceding results are of special interest in the case of solutions 
of high polymeric substances, forming in the condensed state natural 
and synthetic resins, including caoutchouc, cellulose, the keratin of 
hiur and feather, the myosin of muscles, and a large number of various 
plastics. 

These substances can be typified by the saturated long-chain hydro- 
carboDB (paraffins) CH,(CH,)„CH8 ' 


t KdO. Z. 74, 266 (1936). 

t Ibid. 63, 269 (1933); Z.f. phut. Ohm. A. 161, 1 (1932). 
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witli a very large number of links n, of the order of hundreds, thousands, 
and more (molecules of this simplest type constitute a synthetic rubber- 
like product called opanol). Such high polymeric molecules, or ‘linear* 
macromolecules are usually obtained from unsaturated ‘dimeric* mole- 
cules of the type CH2=CHX (where X denotes some radical — OH, 
CgHj, OCH3, Cl, etc.), by a process of jpolymerimtion, according to the 

RPnATYl A 

7i(CH2=CHX) -[(CH2~CHX)„]. 

The polymerization is thus realized by a destruction of double bonds, 
the free valences of the two C atoms which are released in this process 
being used to bind the resulting radicals — CHg — CHX — with each 
other in exactly the same way as two successive links of a chain. 

If the resulting chain is very long, it can be treated as a regulai 
one-dimensional crystal (disproving the opinion that such crystals 
cannot exist, cf. Ch. Ill, § 8). 

Such linear or chain-like macromolecules cannot exist in the gas 
phase, for instead of evaporating they must be disintegrated or de- 
polymerized into smaller units, mainly monomeric or dimeric. This 
assertion seems fairly obvious; it can, however, be justified more 
strictly by means of the following simple argument. The evaporation 
energy of a chain-like macromolecule, consisting of z monomeric 
links, must be obviously proportional to 2 , i.e. equal to zUi where 
is approximately equal to the evaporation energy of a monomer. This 
energy, which is due to the van der Waals forces, is much smaller than 
the dissociation energy WJ, which is due to the chemical (valence) 
forces, binding two monomers together into a chain. If, however, z is 
larger than the ratio WilU^y the dissociation of the polymeric molecule 
into two smaller units turns out to be easier than its evaporation. It 
must be expected, accordingly, that in the case of a polymeric substance 
the vapour phase will consist of relatively small chain fragments, con- 
taining WijV^ links each. 

While the evaporation of a polymeric substance is thus impossible, 
its dissolution in an adequate liquid solvent, without loss of the integrity 
of the molecules, can easily be achieved, if the heat of solution is 
sufficiently small compared with the latent heat of evaporation* Of 
course, a partial dissociation or depolymerization of the macromolecules 
must take place even in this case; it may, however, be negligible if 
is not large compared with WJ. 

It is found experimentally that the solubility of high-polymeric 
substances, like rubber, in organic solvents rapidly decreases as a rule 
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with increase of the degree of polymerization. This result shows that 
the energy of solution Z7J remains positive, and hence increases with z. 
Just as in the case of the evaporation energy, we can put Ug = zU[, 
where U'l is the energy of solution referred to a single monomer. The 
latter result follows from the Langmuir theory of solutions, if the 
surface energy of the polymeric molecule with respect to the solvent is 
assumed to be positive (and small compared with its value with respect 
to a vacuum). 

Leaving aside certain complications, which are connected with the 
fact that a long-chain polymeric molecule can assume a number of 
different configurations corresponding to the same value of the eriergy 
(see below), the solubility of a substance consisting of such molecules, 
i.e. the concentration of the latter in a saturated solution which is in 
equilibrium with the condensed phase of this substance, can be cal- 
culated, as a function of the temperature, according to the formula 

n = 


Hence it is seen that for a given temperature the solubility must fall 
off exponentially with increase of the degree of polymerization z. This 
result is in agreement with the experimental facts. 

The investigations of Staudingef and his school have shown that the 
increase of the viscosity of dilute solutions of linear macromolecules 
can be represented by equation (11) with a coefficient y which is pro- 
portional to z. This result can be explained, according to Staudinger, 
if it is assumed that the chain-like macromolecules behave as very long 
straight rods, which are orientated lengthwise in a viscous flow of the 
solution, and to which the expression (11a) for the coefficient y, corre- 
sponding to the non-effectiveness of the rotational Brownian motion, 
can be applied. 

It should be noted that the neighbouring links of a carbon chain, 
i.e. the straight segments connecting each C atom with its two neigh- 
bours, make with each other an angle of 109°, which is characteristic 
of the tetrahedral scheme of the valencies, of the carbon atom (and 
which is met with, for example, in diamond). A linear macromolecule 
with a carbon backbone must therefore be likened, not to a thread (as 
usually assumed), but rather to a ribbon (band), with a symmetry plane 
passing through the centres of the carbon atoms. The 'trans ’-position 
of the neighbouring C atoms with respect to%he axis of the molecule 
In the plane of the latter, ensuring its rectilinear shape, corresponds to 
the largest possible distance between the side groups attached to the 
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backbone C atoms (in Fig. 62 these side groups are shown by black dots), 
and to the least possible value of the potential energy of the whole 
system. If the chain is imagined to be rotated about one of its links 
with the preservation of the valence angle, these side groups must get 
closer together, until in a cis-configuration, corresponding to a rotation 
by an angle of 180°, they would lie closer than is, in general, allowed 
by their geometrical size. Hence it follows that a rotation of the 
molecular chain about its individual links must, in general, be resisted 



by the mutual repulsion of the side groups, especially if the latter are 
more or less complex. 

This result^ is in agreement with the experimental data of Klistia- 
kowsky J and of Pitzer,§ who have shown that the rotation of the carbon 
chain about the single bonds is not free, but ‘hindered ^ the activation 
energy A?7, which is necessary for rotation by an angle of 180° (per 
bond), i.e. for a transition from a trans-configuration to a cis-configura- 
tion, being of the order of 3,000 cal./mole. 

Staudinger has refused' to accept this fact and treats the parbon 
macromolecules as absolutely rigid rods on the evidence of viscosity 
data relating to their solutions (cf. above). On the other hand, Mark, 
Kuhn, Guth, and a number of other authors, who have investigated 
the behaviour of such macromolecules, both in solution and in the 
condensed phase, have assumed them to be capable of a wholly free 
rotation about the single bonds — in apparent agreement with the results 
obtained from a study of relatively simple organic molecules. This 
assumption may be a fair approximation to the truth at sufficiently 
high temperatures, and it has been very useful for the understanding 
of the mechanical properties of high polymeric substances in the con- 
densed state (see below). The evidoRc® relating to the viscosity data, 

t Which has been stressed by Bresler and Frenkel, Acta Physicochimica U.R,S,S., 11, 
485 (1039). 

t Kistiakowsky, Lauber, and Stitz, J. Chem. Phya, 7, 289 (1939). 

§ Fitzer, ibid. 5, 469 (1939). 
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which seems to support Staudinger’s hypothesis of absolutely rigid 
maoromoleoular chains (or ribbons), does not, in reality, contradict the 
opposite view of absolutely flexible chains, advocated by Mark, Kuhn, 
and Guth. In fact the coefficient y in equation (11) would be proportional 
not to z (as found experimentally) but to z*, if Staudinger’s rod-like 
rigid molecules were supposed to be agitated by a sufficiently violent 
rotational Brownian motion. On the other hand, no reliable calcula- 
tions of y exist for the case of flexible molecules, which could assume 
with equal probability all configurations corresponding to given lengths 
of the individual links (a = 1*52 A) and given angles between the 
successive links (109®). 

We believe these two views to represent extreme cases, corresponding 
to either very low temperatures (rigid molecular chains) or to very high 
ones (flexible chains); in the general case of moderate temperatures the 
long-chain carbon molecules must behave as elastic ribbons which can 
be bent by a twisting of the successive links (or, more exactly, of the 
planes passing through the successive pairs of links) with respect to 
each other, the sign and magnitude of these elementary twists varying 
irregularly with the time. 

It should be remarked that the shape and orientation of the chain- 
like macromolecules in a solution is modified by the viscous flow of the 
latter, the molecules being partially orientated and extended in the 
direction of flow. This must result in a decrease of the viscosity 
coefficient from a value corresponding to y z*, say, for small velocities, 
to a much lower value, proportional to z (according to (11a)). It is 
possible in this way to explain the abnormal behaviour of solutions of 
high pol 3 nneric substances with respect to viscous flow, which is charac- 
terized by a deviation from Newton’s law in the sense of a sharp decrease 
of fi with the increase of the velocity gradient in a certain transition 
range of the latter. 

6. Statistics and Kinetics of the Configurations of Long-chain 
Polymeric Molecules in Solution 

The question of the configurations assumed by a linear macromolecule 
in a dilute solution is intimately bound up with the character of its 
thermal motion. In the case of small molecules the latter is reduced to 
a vibration-translation motion of the centre of gravity, angular vibra- 
tions interrupted by shaip changes of the equiliMum orientation, and 
intramiolecular vibrations of small amplitude which do not affect the 
shape of the molecule. In the case of macromolecules, especially of 
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the linear (chain-like) type, the main feature of the heat motion consists, 
on the contrary, simply in a continuous change of shape, effected by a 
gradual rotation of the consecutive links (along with the remaining 
parts of the chain) with respect to each other. This rotation (which, 
in general, is hindered by the mutual repulsion of the side groups — 
forming, as it were, the ‘ribs’ of the backbone) can be treated as a 
specific intramokculur Brownian motion^ with an essentially oscillatory 
charapter, the equilibrium orientations of the individual linka about 
which they perform small elastic vibrations being more or less sharply 
changed from time to time. 

Each possible configuration of a macromolecule (which is compatible 
with the condition of the permanence of the length of the individual 
links and of the angles between the contiguous links) corresponds to a 
definite value of the distance between its ends A, which wiU be called 
the ‘effective length’ of the molecule. This correspondence is, of course, 
not single valued, for the same value of A can be realized for a large 
variety of different configurations. From the point of view of the 
theory of ‘free rotation’ all these configurations are a priori equally 
probable; the probability p{X)dX that the effective length of the macro- 
molecule lies in the range between A and X+dX must in this case be 
simply proportional to the number of different configurations, or more 
exactly to the volume of the configuration space, which corresponds to 
this range of A values. It is clear that under such conditions the maxi- 
mum possible value of A, which is equal to the length of the macro- 
molecule (in the extended form), has a vanishing probability of being 
actually realized, and that entangled forms with a much smaller effective 
length must be considered, on the assumption of free rotation, as the 
most probable. 

The situation is substantially altered, especially at low temperatures, 
if account is taken of the increase of the potential energy of the mole- 
cular chain (ribbon) when it is bent (or twisted) about the individual 
links; in this case extended configurations may prove to be the most 
probable. 

Since the macromolecules are very complicated systems with an 
extremely large number of inner degrees of freedom, it is possible to 
apply to each of them, taken separately, the thermodynamical notions 
and relations. In particular a single macromolecule can be characterized 
by its free energy 0 as a function of the effective length A and of the 
temperature T» Since, when a maoromolecule is extended, it must, 
owing to the thermal motion of its links, tend to contract, this thermal 
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motion must be imagined as causing a tension F along the straight line 
which connects its ends. The work FdX which must be done against 
this tension in order to increase the effective length from A to A+dA is 
equal to the increase of the free energy at a constant temperature. 
The force F can thus be defined with the help of the function ijt according 


to the formula 



( 12 ) 


Mark, Kuhn, and Guth’s assumption of the free rotation of the links of 
the molecular chain (under the constraints imposed by the constant value 
of their length and of the valence angles) can be expressed, from this 
thermodynamical point of view, by the condition that the internal energy 
of a macromolecule W is independent of its length A. This hypothesis 
has been advanced by Wohlischf and independently by Meyer, J on the 
evidence obtained by an experimental study of the thermomechanical 
properties of rubber and similar high-polymeric substances, before the 
chain theory of their molecular structure had been developed by 
Staudinger and others. 

Noting that ^ = IF— TS, where 8 is the entropy of the macro- 
, molecule, we see that equation (12) reduces in this case to 


Using the relation 


F=:-T 


dS 


dX 

ex dT 


(12a) 


which follows from the general formula dijt = —SdT+FdX, and noting 
that, according to (12 a), 


we see that 


dT 


dS « d^8 
dX dTdy 


^d_S 

dT dX 


- 0 , 


i.e. that if the energy is independent of A, the entropy must be a function 
of A alone, not containing the temperature, and that consequently, 
according to (12 a), the force F must be proportional to the absolute 
temperature. Putting 


we can rewrite equation (12 a) in the form 

F = ^{X)T, 

t Z.f. Biologit, 87. 353 (1928). 

X Usyet, Suvich, and Valko, KoU, Z. 59. 208 (1932). 


( 13 ) 
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With respect to the dependence of F on T this equation is quite 
similar to Clapeyron’s equation for the pressure of an ideal gas, F 
playing the role of the pressure (with a negative sign) and A that of the 
volume. As regards the dependence of ^ upon A, it can be derived 
theoretically on the basis of a definite mechanical model only. Leaving 
the latter aside for a moment, we shall assume it to be linear, i.e. shall 

<I>W = (13 a) 

where A is the normal value of A, corresponding to the minimum of tp 
(in the absence of external forces, i.e. to i?" = 0), while A is a certain 
proportionality coefficient, the product of which and T plays the role ' 
of the elasticity modulus of the molecular chain E = AT. 

The preceding formula corresponds to the expression 

S = -iA(A-A)2 (14) 


for the entropy as a function of A. Now, since the entropy is connected 
with the probability P(A) by the relation S = klogP, we see that the 
assumption of a free rotation, in conjunction with the assumption of 
Hooke’s law (13a), proves to be equivalent to Gauss’s law for the 
distribution of the effective lengths A of the macromolecules about the 
mean value A: _ gg-^(A-A)»/ 2 Jk^ 


where c is a proportionality coefficient which is determined by the 
condition J P(A) dA = 1. 

If A is small compared with Aj^ax compared with (= 0), 

the integration with respect to A~A can be extended from — oo to + 00 , 
which gives c = -y/(A/27rifc). We thus get finally 

The mean value of (A— A)® is hence found to be 

(A=A)^ = ^. (14b) 


We shall now drop the assumption of the validity of Hooke’s law 
(13 a), and shall derive the equation of state of a macromolecule 
P(A, T) using the mechanical model of its chain-like structure. For the 
sake of simplicity we shall treat it as a one-dimensional system, con- 
sisting of a number z of links, which are directed either in the positive 
or in the negative sense of the a;-axis, i.e. as a folding ruler. 

The hypothesis of free rotation is equivalent in this case to an equal 
probability of the two opposite directions of each link, and the problem 



4ff8 


PROPERTIES OF SOLUTIONS 


vm. 


of the determination of the probability of different values of the effec- 
tive length of the chain turns out to be wholly identical with the 
problem of the diffusion of a system of particles in one direction (in 
the absence of external forces), the length of a link a corresponding to 
an elementary displacement. Taking the respective time as unit, we 
obtain the expression D = fa* for the diffusion coefficient. The mean 
square of the displacement of a particle in the direction of the a;-axis 
duringatimez ^^2Dz = ah 


corresponds to the mean value of the square of the distance A from one 
end of the chain to the other (this distance may be either positive or 
negative). We thus take _ 

A* = ah, (15) 

If the diffusing particles are'initially concentrated in the point a; = 0 
the probability of finding one of them at some later time t in the range 
between x and x+dx is equal, as is well known, to 

e-^^dx. 

Replacing a; by A, < by 2 , and D by fa*, we get 

, This formula can be derived directly from the expression 



P(2,) = 


z! 


Zjlzj! 


3 ' 


for the probability that out of the z links of the chain links are 
directed to the right, say, and Z 2 = z—z^ to the left, under the assump- 
tion that the two opposite directions of each link have the same 
probability f. The corresponding value of A is equal to aizi—z^). 
Putting Zi = f(«+£) and Zg = f{2— £) and assuming that £ <<z, it is 
^y to reduce the preceding expression, with the help of Stirling's 
formula, to the form (16). 

Tte expression (16) is identical with (14a) if we put in the latter 
(which is characteristic of the one-dimensional case, both positive 
and n^ative values being here admissible and equally probable) and 
A = Jk/A* = i/aV in agreement with (14 b). This coincidence can be 
Tegardcd as a justification of the assumption, previously made, of the 
projj^rtionality between F and A. We have accordingly 

F = ATX = ^A. 


(17) 
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Introducing the mean square value of A, \ = a V 2 , as a measure 

of the mean absolute value of the length of the molecular chain, and 
defining the elasticity modulus with the help of the relation 


we obtain for it the expression 


Xq a^z 


(17 a) 


Quite similar results are obtained in the case of a three-dimensional 
model of the molecular chain if all the directions of each link (bond) 
with respect to the preceding one are assumed, for the sake of simplicity, 
to be equally probable (which is, of course, contrary to the condition 
of the permanence of the valence angle, but does not alter the funda- 
mental properties of the molecular chain). Making use of the corre- 
sponding solution of the three-dimensional diffusion problem, and noting 
that equation (16) remains valid for each of the three components of 
the vector X, if a* is replaced by a^cos^d = we get 


P{X^XK)dXJ\ydK = P(X,)P(\)P(K)d\J\dK 

that is. 

where Q(\) dX is the probability that the effective length of the chain 
lies between the limits A and A+dA irrespective of its direction. 

The average value of A (which is now an essentially positive quantity) 
is equal to 

A = a 


j(t\ 


whereas A^ = ah 


as in the one-dimensional case. 

The preceding formula for Q corresponds to the following expression 
for the entropy 

8 = klogQ = jfc|-^+2logAj+const., (18a) 

whence there follows F = 

The normal length of the chain, for which the tension between its 
ends vanishes, is thus equal to 

'2z 
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i.e. lies very close to X. If A does not greatly differ from A^, formula 
(19) can be replaced by the approximate one 

= (19a) 

with an expression for the elasticity modulus 

E = hTI\ = kTja^ilz) (19 b) 

which differs from (17 a) by a factor only. 

The preceding result can be obtained in a more straightforward way 
with the help of the following argument. 

Let us suppose that the ends of the chain are pulled in opposite 
directions parallel td a definite axis with a force F, This pulling force 
is transmitted from the end links to all the inner ones, so that each 
link of the chain is acted on by a pair of forces with a torque 
J^asintf, where a is the length of the link. Under such conditions each 
l i n k must become partially orientated in the direction of the force in 
exactly the same way as an electric dipole of the same length under the 
infiuence of an external electric field E = F/Cy where ±e is the charge 
of the dipole. 

This orientating action of the force is resisted by the heat motion. 
If each link of the chain is supposed to rotate freely about the points 
of junction with the neighbouring links, then the mean value of the 
cosine of the angle 0 is expressed by the Langevin formula 


COS0 = = coth^- 

\kT) kT 


aF' 


or cosfl = aFjZkT if aF ^kT. Multiplying this expression by aZy 
where z is the number of links, we obtain the mean value of the length 
of the chain in the direction of the extending force 


_ za^F 


Rewriting this expression in the form 

ah 

we see that it differs from (19) by the absence of the second term in 
^fae brackets only; this difference is explained by the fact that in the 
present derivation *the force F has been assume^ to be parallel to a 
fixed direction, whereas in the preceding one iti| direction was defined 
to be that of the line connecting the two ends of the chain. 
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If the extending force is very large, so that the condition aF < kT 
is not fulfilled, the preceding expression must be replaced by 

A = azL\—i 
\kT) 

Hence it is seen that the expression (18 a) for the entropy and conse- 
quently the expression (18) for the probability of various configurations 
of the chain can be applied to the evaluation of the elastic tension 
produced by the extended chain, as a function of its extension, for 
small values of the latter only. This is connected with the fact that 
the’expression (18) is only an approximate form of the exact expression 
for the case of a very long chain. We shall not, however, need this 
exact expression in the sequel. 

Similar results are obtained in the case of a molecular chain, the 
successive links of which are constrained to make a given angle o) with 
respect to each other, while the azimuthal angles between the planes, 
containing two successive pairs of links, can be varied at random. 
Formula (18) remains valid in this case if the effective length of a 
link a is defined by the formula 



where I is its actual length. 

We have considered thus far the configurations of a chain-like macro- 
molecule from the thermodynamical or statistical point of view, i.e. 
from the point of view of the probability of various configurations. 
We shall now consider this question from the kinetic point of view, 
and shall determine the velocity with which a given initial distribution 
of configurations in a solution of chain-like molecules changes with the 
time, and in particular shall determine the ‘relaxation time* which 
is required for the realization of the final equilibrium distribution, 
described by Gauss’s law (18). 

As before, we shall assume the rotation of the links about each other 
to be free in the sense that the energy of the chain W is independent 
of its configuration. For the sake of simplicity we shall limit ourselves 
to the one-dimensional case (model of a folding ruler), and treat its 
length A as a continuous variable. 

One end of all the chains will be supposed to be fixed at a definite 
point (or plane) a; = 0, while the other is free to move in the range 
between — a« and,-faz. 

Let us denote the number of chains whose free ends are enclosed 
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between z and z+dx at a time t by n{t,z). These free ends can be 
treated as small molecules diffusing in the solvent without any inter- 
action with each other, and pulled to the origin a; = 0 by a force F 
proportional to the distance z; according to (17) 



Under such conditions the variation of the concentration with the time 
can be represented by the generalized diffusion equation 


where q — DjkT is the ‘mobility’ of the free ends. Substituting in this 
equation the preceding expression for F we get 


I dn ^ 

D dt ~ dz^ ah dz 


(20 a) 


If this equation is multiplied by z and integrated with respect to x 
between the limits —az and +az, or practically — oo and -f oo, we obtain, 
making use of the formulae 



the following equation: 


dz ^ D - 
dt ~ 


(20 b) 


where 



is the mean value of the length of the chains at a time L 
Equation (20 b) shows that this mean length tends to its normal value 
a? 0 (corresponding to an equal number of free ends on the right and 
on the left of the fixed ones) according to the law 

X = ZqC'^^, 


where the relaxation time r is given by 



( 21 ) 


a free end of a macromolecule is represented by one of its end 
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monomeric links, then its diffusion coefficient D can be defined by the 
usual formula referring to small molecules 

= (21a) 

6ti 

where is the relaxation time of the solvent. 

The relation (21) can thus be written as follows: 

t' = 62 Ti. (21b) 

It shows that the relaxation time of polymeric molecules (in the 
sense defined above) is proportional to their length. 



The preceding calculations refer to the case of absolutely flexible 
macromolecules. We shall now briefly examine the general case in 
which the rotation of the links, or rather their twisting with respect to 
each other, is resisted by the elasticity of the molecular ribbon. The 
influence of this resistance can be illustrated on a plane model (Fig. 53); 
the twisting is replaced here by a rotation of the successive links in 
the plane of the model, the most advantageous configuration, corre- 
sponding to the minimum of the potential energy, being an extended 
one, when they are arranged in a straight line. 

We shall not make any special assumptions about the dependence 
of the potential energy on the angles between the successive links 
(the jfcth and the (ik~l)th). These angles will be treated as positive if 
the rotation from one link to the next is anti-clockwise, just as the 
rotation from the a?'-axis to the a:''-axis. The links of the chain can be 
defined by complex numbers Xj^ = where iftff is the 

angle between the jfcth link and the real (x') axis. The square of the 
effective length of the chain is thus given by the formula 

A> = {x^+x^+...+x,)(x*+x*+...+x*), 
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where The preceding expression can be rewritten in the 

form P j 

A» = 2 2 

The angle is ©Qual to the sum of the angles ^3,..., We 

thus have, if A > i, 

If opposite values of the angles ^ are assumed to be equally probable, 
so that the mean values of their sines vanish, and if different angles 
and <l>fg are independent of each other, the following expression is 
obtained for the mean value of A*: 


~ 2+2 V V COS(^^4.1+^^+2+...+^^) 

== «+ 2 2 2 cos ^^+2 — cos 


i<k 


Putting cos^i =. cos ^2 = - = we get 


that is, 


or finally, 


i<k 

1* _ _ , 2zl 2i(l-{») 

■^i-C (!-£)»’ 


A* 


, 1+5 

' 1 - 5 ' 


= z_:_:_2{ 


1-C* 


(22) 


'( 1 - 5 )*' 

For lai^e values of z the second term of this expression can be neglected 
compared with the* first one, unless the parameter J lies close to 1, i.e. 
the angles <f> are very small. In the latter case, putting f = 1—8, where 
8 < 1, we have 

■ {*- 1 « l-(a- 1)8 


and consequently, A*/o* « z*. 

It should be noted that the formula 

1 -r 


(22 a) 


ebinoides with the formula ( 15 ) for the linear model (Tolding ruler’) 
if the length of a link a is replaced by J 

In the case of the three-dimensional problem^^.e. of the model of an 
elas^o band which corresponds to a hindered rotation of the links of 
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the carbon chain with fixed values of the angles between them, a rather 
complicated calculation leads to the following formula :'j’ 


A® = ah 


1+C 


1— £ 1— cosoi 




2 £ 1 

1— £ 1— coscu’ 


(22 b) 


where co is the complement of the valence angle and £ the mean value 
of the cosine of the torsion angle € between two successive pairs of 
links (€* is the angle between the planes (k--l,k) and (k,k+l), where 
^ ~ 2 ;— 1). The factor 1— cosoj in the denominator corresponds 

to the fact that the torsion of the chain leads to its bending only when 
the consecutive torsion axes (Hnks) are inclined with respect to each 
other; if, instead of being a zigzag line, as shown in Fig. 53, the 
carbon backbone of the macromolecule were a straight line (oi = 0), it 
would not be bent by twisting c (just as in the case of the torsion' of 
a straight rod). Formula (22 b) is not absolutely exact, for in this case 
it gives A = 00 , instead of A == az. So long, however, as z is very large, 
it remains a good approximation even for smaU values of the angle J. 

If the potential energy (due to the mutual repulsion of the side groups 
attached to the carbon backbone) can be represented as a function of 
the angle of twisting € by the formula 


U = J^7o(1-cos€), (23) 

where Uq is the energy required for a transition of two successive links 
from a trans-configuration into a cis-configuration, then £ = cos€ is 
given, as a function of the temperature, by the formula 


cos€ = J e~^^/^^cos€ J c-wr 

= j d€. 

It differs from the Langevin-Debye formula by the absence of the 
factor sine, in the integrand, which is explained by the fact that the 
twisting angle e corresponds to a single rotational degree of freedom 
(playing the role of an ordinary azimuthal angle), whereas the orienta- 
tion angle 0 of the Langevin-Debye theory defines the orientation in 
space. 

The preceding expression can be evaluated exactly with the help of 
Bessel’s functions of an imaginary argument. We shall limit ourselves, 
however, to the consideration of two extreme cases, namely of low and 
high temperatures. The temperature will be defined as low when the 


t Cf. Brealer and Frenkel, Acta Physicochimka^ UM.S,S» 11, 487 (1939). 
" 3 0 
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parameter a = UJ2kT is large compared with 1, and high when it is 
of the order of 1 or still smaller. 

In the former case the angles c must obviously remain small. We can 
therefore replace cose by 1— which gives 


COS€ 




e-»"‘ de. 


In view of the rapid decrease of the function with e, the integra- 
tion limits can be extended from — oo to + 00 , which gives 

kT 


I 


C08€ 




1 - 




that is, 


and consequently 


1 Y 

1 — L 

b — rr 


kT 


X^c^a^- 


2zU. 


(24) 

A;T(1— cosa>) 

If Uq = 3,600 cal./moie, as follows from the experiments of Kistia- 
kowsky, the preceding formulae can be applied to room temperatures 
(kT » 600). 

In the contrary case (a < 1) the rotation (twisting) about the succes- 
sive links can be treated as practically free, in agreement with Mark- 
Kuhn’s views, and can be expressed with sufficient approximation 


by the formula 


A2 = za2 


1+cosw 
1 — cos CO 


(24 a) 


which does not contain the temperature (and which is obtained from 
(22 a) if C is replaced by cosco). _ 

In the following table the values of ^J(X^)l(i calculated according to 
(24) for room temperature (and U^IkT — 6) are compared for different 
values of z with those which correspond to the hypothesis 6f free rotation 
and are given by (24 a). The latter values must be considered as wrong, 
if %lkT is of the order of a few units. 


z 

16 

100 

1,000 

^iX*)fa according to (24) 

8 

22 

63 

^(A®)/a according to (24 a) 

14 

38 

110 


It should be remembered that formula (24 a) is valid only for values of 
l->coso> that are not too small, satisfying the condition 2 ( 1 — cos co) < 1* 
If oosco ^ 1, the quantity A* turns out to be propoi^ional not to z but 
to 2 * (a. practically rigid chain). 




§7 MECHANICAL AND THERMODYNAMICAL PROPERTIES 467 

7. The Mechanical and Thermodynamical Properties of Rubber - 
like Substances 

High polymeric substances constituted by chain-like molecules dis- 
play in the condensed state (and also to some extent in solution of a 
sufficiently high concentration) peculiar mechanical properties, con- 
sisting of an extremely high elasticity with respect to extension witfwut 
a change of volume. Thus, for example, a piece of rubber can be extended 
10-fold and even more. This fact would be sufficiently remarkable by 
itself; another remarkable feature of this rubber-like elasticity is the 
fact that it corresponds to extremely low values of the elasticity 
modulus. For small extensions the latter (referred to the initial cross- 
section of the sample) is of the order of 10 kg./cm.^, i.e. about 100,000 
times smaller than Young’s modulus of ordinary solid bodies. 

It must be borne in mind that between the extension of a piece of 
rubber and that of an ordinary elastic solid there exists a very important 
difference, which consists in the fact that in the latter case the trans- 
verse contraction does not compensate the longitudinal extension, 
which results in a certain increase of the volume, whereas in the case 
of the extension of rubber the volume remains practically constant. 
This difference can be reduced, in a formal way, to the fact that in the 
case of ordinary elastic solids Poisson’s coefficient is smaller than J 
(usually of the order of J), whereas in the case of rubber and other 
rubber-like substances it is equal to I — just as in the case of liquid 
bodies. 

It should be mentioned that in the case of an all-sided extension or 
compression of a piece of rubber, which alters its volume without 
changing its shape, it behaves in exactly the same way as an ordinary 
solid or liquid body with a compressibility modulus of the order of 
10®-10* kg./cra,^ Its specific high elasticity with a modulus of the 
order of 10 kg./cm.^ is displayed, consequently, in such deformations 
only as are reduced to a simple shear, i.e. to a change of shape not 

accompanied by a change of volume. 

We thus see that with respect to high elastic deformation rubber can 
be likened to a practically incompressible liquid, endowed, however, 
with a characteristic elasticity of shape. The latter can be desenbed 
as a ‘reversible’ or ‘relaxational’ fluidity which has been examined m 
§ 7 of Ch. IV, and which can be characterized by a relatively small 
relaxational rigidity modulus 0 in conjunction with a certain relaxation 
time t', or. more exactly, by two different rigidity moduli 0 , and 0 ,. 
and'a viscosity coefficient /i, coupled together as shown m t e sc erne 
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of Kg. 29 (if the ordinary viscosity corresponding to an irreversible 
flow, is trea^ as inflnite). This question has already been discussed 
in J 7 of Ch. IV from the formal point of view of the general macroscopic 
theory, with the result that the characteristic distinction of rubber and 
rubber-like substances consists in the extreme smallness of 0^ and 
compared with 0^ (the latter being of the same order of magnitude as 
in ordinary solid bodies) and respectively. We must now examine 
the same question from the point of view of the molecular kinetic 
theory, starting from the chain-like model of high polymeric molecules 
which has been considered in the preceding section in connexion with 
dilute solutions of such molecules in ordinary liquid solvents. Rubber 
or any rubber-like substance in the pure (condensed) state can be 
regarded as a solution of chain-like macromolecules in a solvent made 
up of the same macromolecules. In order to describe quantitatively 
the properties of such a body, it is not sufficient to know the properties 
of the individual molecules; it is necessary, moreover, to have some 
idea of their interrelation and mutual action. 

Now, it is clear that in non-vulcanized rubbef* this interaction must 
reduce to the van der Waals forces acting between the separate links 
of different molecules which are in contact with each other. We must 
obviously imagine that the molecules are interwoven in a chaotic way; 
nevertheless, under normal conditions, corresponding to a state of 
statistical equilibrium, the molecules must be curled or folded in exactly 
th^ same way as if they were free or dissolved in an ordinary liquid. 
Hence it follows that each molecule must be in contact with a very 
large number of other molecules, each link being surrounded by a few 
(4-6) links, belonging to certain other molecules, which cross each 
other near the corresponding point in various directions. 

In spite of this ^entanglement the molecules must preserve a certain 
degree of individual mobility which is necessary to enable them to 
assume the equilibrium — folded or curled — shape in a finite time r', 
which may be denoted by the term ‘structure relaxation time’. The 
character of the thermal motion of each macromolecule, which ensures 
the possibility of assuming various configurations consistent with a 
given length of the separate links and a given valency angle between 
them, depends on the one hand on the interaction between its successive 
links (valency forces) and on the other hand between its links and those 
of the surrounding molecules (van der Waals forces); it must, however, 
be ind^ndent of the way the links of the othei^ molecules are bound 
with each other. Hence it follows that the relaxation time t' of a pure 
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polymeric substance must be approximately the same as for a dilute 
solution of this substance in a completely depolymerized solvent, i.e. 
in a liquid constituted by monomeric molecules. It can be calculated 
accordingly with the help of the formula (21 b) of the preceding section. 
Putting z = 1,000 and ti = 10-^^ — ^which corresponds to a monomeric 
liquid at room temperatures — we get r « lO-*^ sec. This figure is in 
good agreement with the experimental data obtained by Kornfeld for 
rubber at room temperatures. At a temperature of —60® C., t' becomes 
of the order of 1 sec., so that rubber loses its characteristic high 
elasticity; it is well known that it becomes brittle as glass after immer- 
sion in liquid air. 

The ‘structure relaxation time ’ t which determines the rate at which 
the chain-like macromolecules tend to resume their normal curled shape, 
or rather the normal (Gaussian) distribution of their effective lengths, 
must not be confused with Maxwell’s relaxation time r, which deter- 
mines the viscosity coefficient for ordinary irreversible flow according 
to the formula iii = Q^r. Under ordinary conditions (room tempera- 
ture) T must be enormously larger than t', as follows from the extremely 
high — practically immeasurable — viscosity of rubber. Its fiuidity be- 
comes apparent at higher temperatures only; it must, however, be kept 
in mind that at high temperatures rubber must become practically 
depolymerized, so that a simple relation between the viscosity /ii and 
the temperature cannot be expected. 

Using long-chain paraffins with relatively low values of z Flory has 
shown experimentally! that the dependence of /i (= f^i) on T can be 
represented by the usual formula 

fx = 

where the activation energy W proves to be independent of z, while 
the factor A increases with z exponentially, i.e. according to the formula 

A = A^e^. (25) 

The fact that W is independent of z is explained by Eyring and 
Kauzman{ with the help of the conception that polymeric molecular 
chains are not moved as a rigid whole, but ‘partially’, as a caterpillar, 
an elementary displacement being due to a relatively small number of 
links z^ which is independent of z, if 2 ^ Zi, Putting W = Uzi, where 
U is the activation energy for the self-diflFusion motion of simple hydro- 


t Flory, 62, 1067 (1940). 

J Eyriog and Kauzman, J,A,C,8, 62, 3113 (1940). 
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carbons (aa^revealed by the viscosity of a monomelic liquid), Eyring 
obtains ior zi values of the otder 20. 

The exponential dependence of A on 2 , found by Flory, can be 
explained on the basis of Einstein’s theory of the viscosity of solutions 
of macromolecules, which has been considered in the preceding section, 
if a pure polymeric substance is treated as a concentrated solution. 

Einstein’s formula for the increase of viscosity due to an increase of 
the concentration of the dissolved substance by the amount dn runs 
as follows: 1 y 

afjL ~ fi^ywan, 

where fiQ is the value of fi for n= 0. 

This result refers to the case of small concentrations only. Its exten- 
sion to the case of high concentrations can be obtained in the simplest 
" and most natural way if /aq is replaced by /t. Since y and cj are indepen- 
dent of n, the integration of the resulting equation gives 

Noting that w is the volume occupied by 1 macromolecule and n 
their number in unit volume of the pure polymer, we get cun = I and 
consequently /i = (25®) 

Now according to formula (11a) for rod-like particles we have, if z 
is of the order of 10^ or larger, 

y = KT^. (25 b) 

2l0g2 

while ilory’s results can be represented by the empirical formula 

y = \<z. 

The d^repancy between this formula and the theoretical formula 
(25 b) i^y be due to a partial curling of the molecular chains. 

In applying the preceding theory to rubber and other high polymers, 
it is necessary to take into account the decrease of the degree of poly- 
merization {z) with a rise of the temperature. Putting 

where ^ 1, while U is the polymerization energy, we obtain in the 
preceding formula a complicated dependence of a type found experi- 
mentally by Waterton. 

4 Item the point of view of a strict thermodynamic theory the rubber- 
lil^liydiate of a polymeric substance is not always a stable one. In the 
s^se of § sfch. in, it should be described as ‘re&tively stable’, the 
absolutely stable state corresponding, within the same temperature 
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range, to an absolute minimum of the free energy, being either a liquid 
state with a relatively simple molecular structure or a crystalline one. 

Let us consider, for example, the case of sulphur. By heating sulphur 
to a temperature exceeding 262° C. it is transformed from a transparent 
liquid with a low viscosity into a brown liquid with a very high viscbsity . 
This transformation is explained as follows. In the crystal or in the 
melt at a temperature below 252° C. the molecules of sulphur are 
constituted by eight atoms, forming a closed octagon (more exactly, 
two squares, one of which dies on the top of the other and is rotated with 
respect to it by an angle of 45°). Above 252° C. these octagons are 
broken up and become open chains with two free valencies at the ends. 
Owing to these free valencies such chains are polymerized, i.e. combined 
‘in series’, into chains consisting of a very large number of successively 
bound atoms (z — Szi, where z^ is of the order of 10-100-1,000). This 
polymerization results in an enormous increase of the viscosity. 

If now the liquid is rapidly cooled down, it does not return to its 
original structure, unless kept for a sufficiently long time just below 
the transformation point (252° C.), but remains in the polymerized 
state and becomes rubber-like if cooled farther down (to room tempera- 
ture and even below). This is explained by the fact that the restitution 
of the original ring-like structure of the sulphur molecules, which is a 
pre-requisite for its transition into the ordinary (fluid) liquid or crystal- 
line state, requires a breaking up of the polymeric chains, i.e. is con- 
nected with a large activation energy U, and therefore proceeds at a 
relatively slow rate. As the temperature is lowered the degree of 
polymerization z and the viscosity jx increase so that the overcooled 
amorphous polymeric sulphur becomes a genuine rubber-like body, 
unless the temperature is so low that the structure relaxation time t 
becomes of the order of seconds or minutes and the high elasticity 
vanishes — ^just as in frozen rubber. 

The preceding conception, which is certainly correct with respect to 
the rubber-like state of sulphur, may be inapplicable to such high 
polymeric substances, including ordinary rubber, as can crystallize 
without a fundamental reconstruction of their molecules, but by a 
simple straightening out and parallel arrangement of the molecular 
chains. The actual length of the latter is immaterial for the crystalline 
structure, the elementary cell containing, as a rule, only a few (two at 
least) monomeric groups, the end groups of each chain remaining,^ a 
somewhat singular— not wholly regular— position. This point of view 
is borne out not only' by an X-ray analysis of the structure of crystal^ 
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lized rubber, but also by the fact that the oharaoteristio crystal structure 
is partially obtained when ordinary amorphous rubber is stretched to 
an extent of 200-300 per cent. Such a partial crystallization as a result 
of extension can be explained, from the molecular-kinetic point of view, 
by the resulting more or less parallel alinement of the molecular chains, 
which facilitates a further increase of regularity by way of a spon- 
taneous rearrangement due to the thermal motion. It can also be 
explained from the thermodjmamic point of view as a result of a rise 
of the crystallization point owing to the application of the extending 
force, in accordance with the equation 


dT TM 
Q ' 


(26) 


where AL is the change of length due to crystallization under a given 
value of the extending force JP, and Q the resulting latent heat. TJiis 
equation is obtained in the same way as that of Clausius-Clapeyron, 
if the specific thermodynamic potentials of the two phases = 1,2) 
are treated as functions of T and F, in conjunction with the relation 
= d<l>JdF, which follows from the expression F dL for the work done 
by the system when extended by the amount dL by an external force F 
(the latter being reckoned positive in the case of a pull). The corre- 
sponding change of the free energy T is therefore given hy dV = F dL, 
' or in the general cai^ by 

dY:= FdL-SdT, 

where 8 is the entropy; defining the thermodynamic potential by the 
formula 0 _ Y—LF 


we thus get d® = —L dF S dT, 

whencQ L = The equilibrium between the amorphous and 

the crystallized phase is defined by the condition 

‘ UT.F)^UT.F), 

fiurn which (26) directly follows by differentiation, in conjunction with 
Q = TAff. Q is positive if a transition from the crystallized to the 
amorphous phase is considered. This transition (melting) under a 
constant value of F corresponds to a decrease of the length (AL < 0), 
so that dTjdF > 0. 

Equation (26) has not yet been checked quantitatively, for this 
irequir^ a caleM measurement both of Aiy and of Q, It should be borne 
in mind, further, that rubber is not a strictly homogeneous substance. 
It consists %f a large number of macromolecules of different lengths 
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(degrees of polymerization); hence it follows that it must be charac- 
terized not by a definite crystallization point, but rather by a certain 
range of temperature, corresponding (for a given value of J) to a 
gradml crystallization. 

This result is in agreement with the experimental facts as revealed 
not only by the X-ray analysis, but also by the gradual hardening of 
rubber w;ith increase of its extension (the fully crystallized substance 
is wholly devoid of the characteristic high elasticity). 

^om the point of view given above it follows that the extension of 
rubber must be accompanied by its heating, as a result of the (gradual) 
ev6lution of the latent heat of crystallization. This inference is also in 
agreement with the experimental facts, the heating of rubber and other 
rubber-like substances on extension being in striking contrast to the 
cooling of ordinary solid bodies under similar conditions.! 

8. The Elasticity of Rubber-like Substances 

In spite of this agreement, the preceding theory can hardly be 
regarded as fully satisfactory, for it leaves out of account the charac- 
teristic mechanical properties of rubber, namely its high elasticity, 
and does not correlate these mechanical properties with the thermo- 
mechanical ones. 

Now it is possible to obtain an explanation of the latter without 
recourse to the crystallization process, but on the basis of that picture 
of the structure and thermal motion of the chain-like macromolecules 
which has been developed in § 5 for the case of solutions and which has 
been shown in the preceding section to be applicable, with certain 
modifications, to the case of pure polymers in the rubber-like state. 

From the molecular-kinetic point of view the characteristic properties 
of this state are due to the tendency of the chain-like macromolecules, 
as a result of their intramolecular thermal motion, to assume curled 
(folded) shapes, corresponding to a decrease of the effective length A 
compared with its maximum value in the fully extended state (A^^x = 

The only difference between the behaviour of such molecules in a 
dilute solution and in the condensed phase of a pure polymer consists 
in the fact that in the former case a macromolecule can be extended 
either by kinetic forces, due to the viscous flow of the solvent with a 

I The singularity of these conditions is merely apparent. When ordii^ury solid 
body is extended its volume is increased, and the accompanying cooling is connected 
with the resulting increase of the potential energy, whereas in the case of rubber the 
volume, and consequently the pot^tial energy of the molecular forceS||.STO practically 
unaffected by the extension. 

9696.29 3 p 



474 


PROPERTIES OP SOLUTIONS 


vni. 


certain velocity gradient, or by statical forces of electrical origin, 
applied (in opposite directions) to its ends, whereas in the latter case, 
owing to the practically infinite viscosity of the polymer, such statical 
forces can be produced and transmitted by the mutual (van der Waals) 
interaction between the macromolecules. 

When a dilute solution of polymeric molecules in an ordinary liquid 
solvent is extended in one direction, for instance by pressing the 
solution through a narrow opening, the macromolecules must get 
orientated and extended in the direction of fiow — owing to the resulting 
viscous stresses — but only for the duration of this fiow, returning to 
their usual disorientated and curled arrangement as soon as the liquid 
comes to rest or, more exactly, after a certain relaxation time r', which 
— has been considered above. If, on the other hand, we extend a piece 
of rubber by applying a pulling force F (or rather two such forces of 
opposite directions) to its ends, the resulting orientation and extension 
of the macromolecules preserves a constant magnitude, corresponding 
to an equilibrium between the external pull and the internal forces, 
due to the curling tendency of the macromolecules, i.e. to their intra- 
molecular thermal motion. It may seem, at first sight, that this asser- 
tion contradicts the theoretical conclusion, reached in the preceding 
section, that the relaxation time r\ in the case of a condensed polymer, 
m^st be of the same order of magnitude as in a dilute solution of its 
macromolecules, for the latter should in both cases return to their 
irregular disorientated and curled arrangement within practically the 
same lapse of time (10*^'^ sec. for rubber at room temperature). 

This would be true, however, if in both cases no extending force were 
exerted on the macromolecules by the surrounding molecules after the 
deformation has reached its final value. This condition is actually 
realized in the case of dilute solutions, where each macromolecule is 
surroimded by ordinary simple molecules, and where the viscosity is 
thmfore relatively smaU. In a condensed polymer, on the other hand, 
the viscosity is so large that the centres of gravity of the macromolecules 
cannot be rearranged in a finite length of time. Now, without such a 
^translational rearrangement’ an effective inner rearrangement of the 
nmeromolecules which should alter their effective length or degree of 
(Hientation is impossible. So far as this inner rearrangement is con- 
. oemed, they behave in the same way as if they were imbedded in a 
simple solvent but kept under constant pulling forces, which are deter- 
mined by the resulting deformation of the sample*^ 

This kinetic origin of the pulling force in extended rubber and other 
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rubber-like substances can be illustrated with the help of the working 
of a centrifugal regulator (Fig. 54), which corresponds to two consecutive 
links of a molecular chain. If the regulator is revolving freely with a 
linear velocity v, a centrifugal force mv^jr arises in a direction per- 
pendicular to the axis of revolution (r is the distance from the latter 
of the moving mass m). 

Let 6 denote the angle between the axis of revolution (which corre- 
sponds to the average direction of the chain axis near a given point) 



Fig. 64 


and the two adjacent links, represented in Fig. 64 by the arms AB and 
BC of the regulator. The force / is equivalent to two forces, acting in 
the direction AB and CB, and equal to 



Resolving them into two components in a direction perpendicular and 
parallel to the axis of revolution, we obtain for the latter the expression 

=/'cos^ = ifcotO = ^cot0, 

or, since r = asin^ (a = AB = BG), 

ff _ cos^ 

““ 'M sS^* 

This force, or rather these two forces, acting in opposite directions on 
the points A and C, tend to bring them closer together, and thus 
correspond to a pull along the axis of the molecule, the magnitude of 
the piill being proportional to the kinetic energy of revolution 
that is, consequently, to the temperature, if this revolution represents 
the thermal motion of the two links. 
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This result is not altered if the free rotation (which cannot take place 
in reality) is replaced by rotational oscillations, to which the thermal 
motion of the separate links must be reduced, if their mutual action 
with more distant links of the same macromolecule, or with those 
belonging to the neighbouring macromolecules, is taken into account 
(since the magnitude of the centrifugal force mv^/r depends on the 
square of the velocity irrespective of its direction). 

We thus see that if the ends of a molecular chain are kept at a ^xed 
distance apart, by virtue of their mutual action with other macro- 
molecules, which transmit from one of them to another the pull exerted 
by the external forces, the chain, owing to the thermal oscillations of 
its links, produces a tension proportional to the absolute temperature. 

^It is clear, further, that this tension is not affected by the mutual 
action between the different macromolecules so long as this mutual 
action does not alter the character of the thermal motion. It must be 
remarked, finally, that it does not prevent the macromolecules from 
changing their configuration, nor alter — with respect to the order of 
magnitude, at least — ^the relaxation time r which characterizes the 
kinetics of this process, inasmuch as the latter is not connected with 
such a motion of the centres of gravity of the macromolecules as is 
prevented by the practically infinite translational viscosity. 

* A detailed analysis of this question cannot be achieved until a clearer 
understwding is gained of the relationship between the translational 
motion of the centres of gravity of complex molecules and the associated 
variation of their orientations .and inner configurations (in the case of 
flexible macromolecules), which has been indicated in its broad features 
in Ch. V. 

Leaving this question aside, we shall now investigate the quantitative 
aspect of the theory of the mechanical and thermomechanical properties 
of rubber and similar substances on the basis of thermodynamical 
considerations, which have been introduced in their application to 
individual ohain-like macromolecules in § 5. 

These considerations were set forth originally by Meyer in 1932 and 
by Wdhiisch (who, however, treated the molecular chains as rigid), 
and have been subsequently developed by Kuhn, Mark, Guth, and the 
present author.f 

Mcyef and Wdhlisch did not take into account the possibility of a 
partial crystallization of rubber as a result of a large extension, and 

t Mayer, Suvich, and Valko, KoU. Z. 59, 208 (1032); Wdhliaoh, Verh. d. Phya^’ 
Mtdw. (hr., Wurzburg, 1, 53 (1927) ; Z . /. Budoyie, 87, 363 (1928). 
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assumed, further, that its internal (potential) energy W is not changed 
so long as its volume is not altered by such an extension. Hence it 
follows that the elastic force resisting the deformation is connected not 
with an increase of the potential energy, as in the case of ordinary solid 
and liquid bodies, but with a decrease of the entropy, just as in the 
case of ideal gases. In fact, denoting the free energy of a piece of 
rubber by T = W—TS, where 8 = —dYjdT is its entropy, we can 
deterpiine the force arising when it is extended to a length L at constant 
volume and temperature by the formula 



If the energy W does not depend on L, being a function of V and T 
only, this formula is reduced to 



Since F has a positive value, the entropy must decrease with increase 
of the length. Hence it follows that an adiabatic extension of rubber 
must be accompanied by an evolution of structural heat, even if the 
rubber remains in the amorphous state. A similar effect is found in 
gases which are cooled by an adiabatic expansion. In this case the 
cooling is due to the transformation of the energy of thermal motion 
into external work, as a result of the increase of the volume. The 
molecular mechanism of this cooling or heating effect is explained by 
considering the change of the velocities of the gas molecule when they 
are reflected by the wall of a moving piston. In the case of stretched 
rubber the external forces amount to a pull, and the work done by 
them when the corresponding piece of rubber is further extended 
adiabatically is transformed into heat. The corresponding molecular 
mechanism can be illustrated by the example of the centrifugal regulator 
considered above: when the distance AC (Fig. 54) is increased, which 
corresponds to a stretching of the molecular chain, i.e. when the 
distance r from the axis of revolution is decreased, the velocity of 
revolution must increase (as a consequence of the law of conservation 
of angular momentum mrh), and vice versa. 

The thermomechanical effect can be determined quantitatively with 
the help of the equation 

TdS = dW-FdL+pdV, (26b) 

which, if V arid 8 are kept constant (adiabatic extension), is reduced to 

dW == FdL, 
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or since dW = c^dT (where is the specific heat at constant volvune) 

dT = -dL. (20c) 

The experimental data obtained by Meyer for small extensions are 
in good agreement with this formula. It is possible, however, that for 
larger extensions (exceeding 100 per cent., say) the situation is com- 
plicated by a partial crystallization such as has been previously con- 
sidered. From the general expression 

for the differential of the free energy, there follows the relation 



which, in conjunction with (26), shows that the entropy is independent 
of the temperature and that the force F is directly proportional to the 
latter. The available experimental data are not sufficiently accurate 
to check this point exactly, the more so because the range of tempera- 
tures in which the high elasticity of rubber is manifested is relatively 
limited. They do not, however, contradict the theoretical relationship. 

Since for small extensions (where is the normal length of 

the sample under consideration) the force F must be directly propor- 
tional to it, it follows from (26 a) that the entropy can be represented as 
a function of L by the quadratic expression 

We thus see that, starting from the hypothesis of the independence 
of the energy of a piece of rubber on its shape (length), we obtain results 
quite similar to those which have been found in § 5 for individual 
mac|X)molecule8 in dilute solution. This is explained simply by the 
fact that so long as the energy of the mutual action of the macro- 
molecules constituting a piece of rubber remains constant (along with 
its volume), its thermal and mechanical properties can be treated as 
additive. This refers, in particular, to the entropy 8, which can be 
defined as the sum of the entropies of the individual macromolecules s, 
ot thb product of the mean value of 8 and the number of molecules N, 

For a quantitative determination of this entropy it is necessary to 
make a certain assumption about the configui^tions of the mabro- 
molecules in the unstrained sample. Let us assume, for the sake of 
simpUcity, that the latter has in this case the shape of a sphere with 
a diameter and that the average effective length of the molecules 
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is equal to Aq = a^z (which corresponds, Strictly speaking, to the one- 
dimensional model of a folding ruler). 

We shall assume further that when the sample is stretched to a 
length Ly the effective length of the molecules (in the corresponding 
(Urection) is increased on the average in the same ratio 

A 

Ao •f'o 

This •Corresponds to a decrease of the entropy of each macromolecule 
by’the amount 

ah A§ 

according to (14), and consequently to a decrease of the entropy of the 
whole body by the amount 

8 - 8 ^ = 

Hence, according to (26 a), we obtain the following expression for the 
resulting elastic tension: 

F = ^(L-L,), (27) 

where R = kN, 

The ratio of F to the initial value of the cross-section of the sample 
JttjLJ can be defined as the normal stress, and the proportionality 
coefficient between it and the relative extension (L—L^jL^ 


E = 


2RT 

JttLq 


as the initial value 
JttLJ = F we get 


or 


of the elasticity (Young’s) modulus. Noting that 


^ ” 3 F 


3 z 


(27 a) 


where n is the number of monomeric links in all the molecules contained 
in unit volume. Hence it follows that the elasticity modulus of a piece 
of rubber is equal (approximately) to the pressure which it would exert 
at the same temperature and concentration in a gaseous state without 

being depolymerized. ^ 

Putting n = 10^® (which corresponds to the usual concentration of 
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ordinary ‘micromoleoules* in a condensed body) and T = 300® K. 
(kT = 4.10“^^) we get 

E — 

'% cm.* z cm.*’ 


which for z » 100 gives a value of the order of a few kg./cm.* 

This result agrees in respect of the order of magnitude with the 
experimental data. A quantitative agreement can hardly be expected 
having regard to the roughly simplified character of the calculation. 

A better approximation to the actual conditions can be obtained if 
the molecular chains are treated as three-dimensional systems. I^no 
restrictions are imposed on the values of the angles between the succes- 
sive links, the entropy of a macromolecule can be determined as a 
function of its effective length by the formula (18 a). Multiplying it by 


N and replacing kN by R and A by we 

get, if Aq is identified 

with a-7(2/3), 

^ I L\ 




(28) 

whence 


(28 a) 


This expression corresponds to the definition of Lq as the equilibrium 
value of L for which F vanishes. For small values of the difference 
*L—Lq it reduces to 




which differs from (27) by a factor 2 only and corresponds, accordingly, 
to an 'initiar elasticity modulus 


E: 


8 ^ 
3 V • 


(28 b) 


T^ expression (28) has, among other advantages, that of representing 
in an apparently correct way the asymmetry of the relation between 
deformation and force for deformations of opposite sign, i.e. extensions 
and compressions (one-sided). It is, moreover, not restricted to small 
deformations, as is the expression (27). 

^ The preceding derivation of £ is based on the assumption that the 
individual molecules of rubber are lengthened in the direction' of the 
pulling force by the same fractional amount as the whole body con- 
stituted by them. Now, it is clear that this relation cannot hold 
ex^ly. In fact, those molecules which are u|itially extended in the 
direction of the annlied null cannot be extended anv more. 
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The relation between the deformation of the individual molecules 
and that of the whole body can be stated in the following more rigorous 
way.f 

In the unstretched state the arrangement of the molecules is described 
by the simple Gauss law 

dP^ = (29) 

where G = (y/Vn-)®. Let us now assume that when the body is extended 
in the longitudinal direction in the ratio a = L/Lq and simultaneously 
compressed in the transverse direction in the ratio Vot (so that its 
volume remains unaltered) the preceding isotropic Gaussian distribution 
is replaced by the following anisotropic one: 

dP = dxdydz, (29 a) 


The physical meaning of this assumption is the same as that of the 
simple assumption made before as to the proportionality between the 
extension of the individual molecules and that of the whole body; it 
has, however, the advantage of taking into account the statistical 
character of the distribution of the molecules both in the normal and 
in the stretched state of the body. The entropy of an individual 
molecule as a function of a;, y, z is given in both cases by the same 
expression 

5 = = k\ogC-k^{,x^+y^+z% 

The total entropy of the whole body in the normal state is thus 

-So =JsrfP,. 

while in the stretched state it is given by 

S = I « dP. 

Substituting here the preceding expressions for dP^ and dP , we obtain 
after an easy calculation 


that IS. LI l\ 

This expression differs from (28) by the substitution of the ratio 

t Of. W. Kulm, KM. Z. 68, 2 (1934) : 76. 268 (1936). and also WaU. J. Cbtm. Phy,. 
10 . 1982 (1942). 
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LJL for the logatitfunio term log{LJL). Using the equation’(2d) we 
ebtun from (30) the following expression for the pulling force 

which is practically identical with (28 a). 

The introduction of the restriction about the constant value of the 
valence angle does not alter the preceding results substantially, the 

‘effective* length of a link a being simply defined as I J 

preceding theory must, however, be modified much more seriously if 
we wish to allow for the hindered rotation (twisting) of the separate 
links of the chain, due to the mutual repulsion of the side groups 
^attached to the backbone carbon atoms and characterized by the 
activation energy Uq of the cis-configuration with respect to the normal 
trans-configuration. 

The elasticity modulus can be found in this case most simply with 
the help of the analogy, already used, between the geometry of the 
configurations of a molecular chain and the kinematics of diffusion. 

Putting A* == fiJDz, 

where the number of links z stands for the time and using equation 
(Mb) we get ^ 

^"^3(1 -0(1 -0080*)’ 

average length of the chain stretched by an external force / can 
be determined with the hdp of the expression 

far tbf average displaoement of a particle during the time z under the 
ipflumtoe of the force / {DIkT ia the mobility of the particle). The 
elaatioity tnodulua ia ^termined by the ratio //A, which in our case 
toriia <nit to be 

3i!r(l— OOB<tf)(l— {) 8(1— 008w)j^m 

za* ~ za'Vo 

. wheroaa in the caae of ficee rotation it ia equal to 

kT 1— coBo 
a*i 14 -cobo»* 

St il thua seen that the exiatence of an activation energy U, tor 
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rotation (twisting) leads to a decrease of the elasticity modulus by a 
ZkT 

factor -y^(l+cosw), if UQ^^kT; it should be noticed that under 

such conditions this modulus proves to be proportional to the second 
power of the temperature instead of the first. 

Rubber is usually obtained from caoutchouc, both natural and syn- 
thetic, by a process of vulcanization^ which consists in the introduction 
of sulphur atoms, binding together different chains, if the latter contain 
dQuble bonds, according to this scheme: 

RCv /CR 

* RC=CRi+RC=CRi+S — > I )S( I 

RiC;/ \CR, 

The number of such side bonds in each molecular chain depends on 
the number of unsaturated links (containing double bonds) and on the 
number of sulphur atoms. In the case of vulcanized rubber it is usually 
of the order of 1 per cent. 

The vulcanization leads to a strong increase of the (translational) 
viscosity of rubber and to an increase of its ‘hardness’, i.e. of its 
elasticity modulus. With a further increase of the sulphur content the 
chain molecules become fastened to each other in a practicaUy three- 
dimensional framework, which corresponds to a complete disappearance 
of the characteristic mbber-Uke elasticity. By over- vulcanizing rubber 
a hard body with ordinary mechanical properties — ebonite — ^is obtained. 

The cause of these changes is simply explained if it is assumed that 
the portions of each molecular chain, contained between two con- 
secutive points where it is bound to two other chains, behave in exactly 
the same way as firee molecular chains of the corresponding reduced 
length, bound ydth each other by van der Waals forces. In fact, it has 
been shown above that the elasticity modulus of a piece of rubber is 
inversely proportional to the degree of polymerization z. Now, if each 
chain is tied up to other chains, crossing it, by sulphur atoms in 
s equidistant points, it is equivalent, so far as the elasticity modulus 
is concerned, to s chains consisting of = zjs links each, so that the 
^asticity of the sample must suffer an a-fold increase. 

This idea was applied by the author in 1938 to the explanation of 
the mechanism of muscular contraction.f 

The muscles are formed by a substance — ^myosin — essentially similar 
to rubber with respect to its molecular structure, the inyosin molecules 
being bhain-like maoromoleoules formed by the polymerization or rather 
t J. Fwnkd, Ada Phys. Ohim, 9, 251 (1938). 
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oondensation of amino-acida. This oircumstanoe immediately explains 
the analogy between the meohanioal and thermomechanioal properties 
of rubber and of muscles in the normal, non-exoited, state. It is well 
known, for example, that the elasticity modulus of a relaxed muscle 
for such deformations as leave its volume unaltered is of the order of 
10 kg./cm.^, i.e. of the same order of magnitude as that of ordinary 
soft rubber. When the muscle is extended by an external force (while 
remaining in the relaxed state) it is heated, exactly as is rubber, while 
its contraction (without excitation) is accompanied by cooling. 

The specific peculiarity of muscle, with respect to rubber, consists in 
the fact that it can be brought from the normal (soft) to an excited 
(hard) state, this transition usually leading to contraction (unless the 
“"length of the muscle is kept constant by some external force). It seems 
natural to assume that the mechanism of this excitation is similar to 
that of vulcanization, i.e. consists in the binding up of the myosin 
chains by the molecules of some substance contained in the muscle.f 
This process differs from ordinary vulcanization by its reversibility, 
enabling the muscle to relax as a result of the rupture of the side bonds 
which arise in the process of excitation. The fact that the latter is 
accompanied by the contraction is easily explained, if it is assumed 
that even in the relaxed state the muscles are somewhat extended by 
the bones or other tissues supporting them.| This extension A£ corre< 
spcmds in the relaxed state to a certain force E ALjL which is balanced 
by an external pull F, If now E is increased, as a result of a process 
similar to vulcanization, this balance is destroyed and the muscle must 
contract. Its hardening is a direct indication of the accompanying 
increase of the elasticity modulus. 

The fact that myosin molecules can pass from an extended to a 
contracted state has been established experimentally by Astbury with 
the jtelp of X-ray analy8is.§ The contracted form is described by 
Astbury as corresponding to a curling of three consecutive links, with 
preservation of the value of the valence angles, into nearly closed rings 
as shown in Fig. 55a (Fig. 555 refers to the extended form). 

Such a picture would be inconsistent with the kinetic theory of the 
or^^ of muscular force if the contraction was supposed to be wholly 

t Hub Bubftaiice is probably phospborio acid, or, more exactly a more complicated 
substaaOe, cbangins from one foon to another by Uie addition or subtraction of a 
HtFOi radical ^ 

I Hds assun^ion mem» to be in agreement witii the ^^qperimental facts even m 
tlioae oases where the muscles are sii|^>orted by connecting tissue, 
f asthmy, Pne. A, 170» 69 (1939). 
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uniform, as assumed by Astbury. It seems, however, that the X-ray 
diagrams obtained by him can be interpreted just as well on the hypo- 
thesis that a certain fraction only of the monomeric links, constituting 
the polymeric myosin chain (each link con- 
sisting in its turn of three elementary carbon 
links — CHg— CNH—COH), are curled accord- 
ing to Astbury’s scheme while the other links 
preserve their extended configuration. If a 
myosin chain consists of z links, out of which 
3a; links are curled, while the other z—Zx 
remain straight, it has a certain length /y( 2 , x) 
which is approximately equal to 

(z—Zx)a-{-xa = (z—2x)ay 

where a is the length of a monomeric link. 

Now this condition can be realized by a 
number of different configurations corre- 
sponding to different positions of the curled 
portions along the chain. The number P(z, x) 
of such equivalent configurations, correspond- 
ing to given values of z and x, is easily seen 
to increase with a; up to a certain maximum value. In order to get an 
idea of this dependence we shall simplify the problem by assuming 
each link to become curled separately. In this case the number of 
equivalent configurations would be given by 



PM 


z\ 

xliz—xy/ 


and would reach a maximum value for x = The logarithm of P(z, x) 

multiplied by fc is a measure of the entropy, corresponding to a length 
L(x) = a(z—x) of the molecule (if the length of a curled link is compared 
with a ‘straight’ one). Introducing the free energy of the chain T— • T 8 
and treating its energy W as independent of x (which seems to be con- 
trary to Astbuiy’s views), we obtain for the dependence between the 
tension and the length L a relation of the same form as that previously 
examined in the case of rubber on the basis of the model of a ‘folding 
ruler’. The situation is not substantially altered if a certain relatively 
small activation energy Uq (per link) is introduced for a transition from 
an ei^tended to a curled form, the resulting correction being similar to 
that which corresponds to the model of a chain-like molecule with 
hindered rotation (twisting). 
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